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Why factor models?

e Factor models decompose the behaviour of an
economic variable (x, ) into a component driven by few
unobservable factors (f,), common to all the variables
but with specific e"ects on them (A, ), and a variable
specific idiosyncratic components (&, ):

Xy =4S, + S,
t=1...,T; i=1,..,.N

e Idea of few common forces driving all economic variables
is appealing from an economic point of view, e.g. in the
Real Business Cycle (RBC) and Dynamic Stochastic
Genereal Equilibrium (DSGE) literature there are just a
few key economic shocks a"ecting all variables
(productivity, demand, supply, etc.), with additional
variable specific shocks

e Moreover, factor models can handle large datasets (N
large), reflecting the use of large information sets by



Why factor models?

From an econometric point of view, factor models:

Alleviate the curse of dimensionality of standard VARs
(number of parameters growing with the square of the
number of variables)

Prevent omitted variable bias and issues of
non-fundamentalness of shocks (shocks depending on
future rather than past information that cannot be
properly recovered from VARS)

Provide some robustness in the presence of structural
breaks

Require minimal conditions on the errors (can be
correlated over time, heteroskedastic etc)

Are relatively easy to be implemented (though
underlying model is nonlinear and with unobservable
variables)



What can be done with factor models?

e Use the estimated factors to summarize the information in
a large set of indicators. For example, construct
coincident and leading indicators as the common factors
extracted from a set of coincident and leading variables,
or in the same way construct financial condition indexes
or measures of global inflation or growth.

e Use the estimated factors for nowcasting and forecasting,
possibly in combination with autoregressive (AR) terms
and/or other selected variables, or for estimation of
missing or outlying observations (getting a balanced
dataset from an unbalanced one). Typically, they work
rather well.

e |dentify the structural shocks driving the factors and
their dynamic impact on a large set of economic and
financial indicators (impulse response functions and
forecast error variance decompositions, as. in



An introduction to factor models

In this lecture we will consider:

e Small scale factor models: representation, estimation
and issues

e Large scale factor models

Representation (exact/approximate,
static/dynamic, parametric / non parametric)
Estimation: principal components, dynamic principal

components, maximum likelihood via Kalman filter,
subspace algorithms

Selection of the number of factors (informal methods
and

information criteria)

Forecasting (direct / iterated)

Structural analysis (FAVAR based)

e Useful references (surveys): Bai and Ng (2008), Stock



Some extensions

In the next lecture we will consider some relevant
extensions for empirical applications:

How to allow for parameter time variation

How to handle I(1) variables: Factor augmented
Error Correction Models

How to handle hierarchical structures
(e.g., countries/regions/sectors)

How to handle nonlinearities
How to construct targeted factors

How to handle unbalanced datasets: missing
observations, mixed frequencies and ragged edges



Let us consider the factor

Representation

model:
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where each (weakly stationary and standardized) variable x,,

i =1, ..., N, depends on r unobservable factors fjt via the
loadings )\i. ,j=1, ..., r,and on its own idiosyncratic error, fl.t.
In turn, the factors are generated from a VAR(1) model, so
that each factor f. depends on the first lag of=all the factors,



Representation

For example, Xy, i=1,..,N,t=1, .. Tcanbe:

e A set of macroeconomic and/or financial indicators
for a country —the factors represent their common
drivers

e GDP growth or inflation for a large set of countries the
factors capture global movements in these two
variables

e All the subcomponents of a price index — the factors
capture the extent of commonality among them and can
be compared with the aggregate index

e Aset of interest rates of different maturities —
commonality is driven by level, slope and curvature
factors

In general, we are assuming that all the variables are driven
byv a (emall) ceat of commaon 11inohearvable factoare nliie



H

Let us write the factor model more compactly as:

Xt = Aft + Et’
o= AU,

where: :
- /?t - (xlt"’th) is the N x 1 vector of stationary variables
UNGRTRCRYES, )
- A=A,,4,) is the r x 1 vector of unobservable factors

li - ()'il 0 lir) is the N x r matrix of loadings with

5 — ((S <§ ) (measure effects of factors on variables)

t — \DlrooM

- u, = (ult,...,uw ' is the N x 1 vector of idiosyncratic shocks
- 5[ u, is the r x 1 vector of shocks to the factors

- and are multivariate, mutually uncorrelated, standard
ortr gonal white nqise s ces (hence, uncorrelated over time and with
col Zi@ﬁ‘t@gq:ﬁilé jo%v“ﬁ" Zﬂ‘gi T%a rix);

- (factors are stationary and



In the factor model:

X, = Af+g,
A = Af_y* Uy

° /\ft is called the common component, and Al.ft is the
common component for each variable j .

e ¢, is called the idiosyncratic component, and &, is
the idiosyncratic component for each variable i.

e As f has only a contemporaneous effect on X, this is a
static factor model.



e Additional lags of f,in the X, equations can be easily
allowed, and we obtain a dynamic factor model.
Additional lags in the f, equations can be also easily
allowed, as well as deterministic components.

e If the variance covariance matrix of &, is diagonal (no
correlation at all among the idiosyncratic components),
we have a strict factor model. Otherwise, an
approximate factor model.

e As we have specified a model for the factors (VAR(1)),
and made specific assumption on the error structure
(multivariate white noise), we have a parametric factor
model.



Let us consider an even more compact formulation of the
factor model:
X =AF+¢&
where:
- X=X, Xp) is the N x T matrix of stationary
variables under analysis
- F=(f»-»/r)  isthe r xT matrix of unobservable
- .[qurﬁlya'a/lly\/ )' . . .
s E=(&,.8) s ihdR N ¥ rippiisobiRagingstas
Hlise

S



I[dentification

Let us now consider two factor models:

X =AF+¢&,and
X=AP'PF+(=0G+¢&

where P is an r x r invertible matrix, ® = AP—"and

G =PF.

The two models for X are obervationally equivalent
(same likelihood), hence to uniquely identify the factors
and the loadings we need to impose a priori restrictions
on A and/or F .

This is similar to the error correction model where
the cointegrating vectors and/or their loadings are
properly restricted to achieve identification.



e Typical restrictions are eithdr={(/:A) where | is
trdimensional identity matrix and\  isthe N— rxr
ofairirestricted loadings, or FF ‘= lr. The latter
condition imposes that the factors are orthogonal and
with unit variance, as

PIVAED W NI WA
RERD WD - A W

DIVAID WA W



e The condition FF '= | is sufficient to get unique estimators
for the factors, but not to fully identify the model. For that
additional conditions are needed, such as A'Ais diagonal
with distinct, decreasing diagonal elements. See, e.g.,
Lutkepohl (2014) for details.



Factor models and VARs

An interesting question:

e Is there a VAR that is equivalent to a factor model (in
the sense of having the same likelihood)?

Unfortunately, in general no, at least not a finite order VAR.
However, it is possible to impose restrictions on a VAR to
make it "similar" to a factor model.



Let us consider the VAR(1) model

X =BX,_ 1+ &
assume that the N x N matrix B can be factored into B =
CD, where C and D are N x rand r x N matrices
respectively, and define g, = DX,. We get:

X = Co, ;+&
9 = Qg,_;* v,

where Q=DBand v,=D¢,.

This is called a Multivariate Autoregressive Index (MAI) model,
and g, plays a similar role as f, in the factor model, but it is
observable (a linear combination of the variables in X;) and
can only affect X, with a lag. Moreover, estimation of the MAI
is complex, as the model is nonlinear (see Carriero,
Kapetanios and Marcellino (2011, 2015)). Hence, let us



Estimation by the Kalman filter

Let us consider again the factor model written as:

X = Aft . ft,
L= A
In this formulation:

e the factors are unobservable states,

o X,= Af,+&, are the observation equations (linking the
unobservable states to the observable variables),

o f,=Af_ +u,are the transition equations (governing the

evolution of the states).



e Hence, the model:

X, o= Mg,
f = Af_ tu,.
is already in state space form, and therefore we can use
the Kalman Filter to obtain maximum likelihood
estimators for the factors, the loadings, the dynamics of
the factors, and the variance covariance matrices of the
errors (e.g., Stock and Watson (1989)).



However, there are a few problems:

e First, the method is computationally demanding, so that it
is traditionally considered applicable only when the
number of variables, N, is small.

e Second, with N finite, we cannot get consistent estimators
for the factors (as the latter are random variables, not
parameters).

e Finally, the approach requires to specify a model for the
factors, which can be difficult as the latter are not
observable. Hence, let us consider alternative
estimation approaches.



Non-parametric, large N, factor models

e There are two competing approaches in the factor
literature that are non-parametric, allow for very large
N (in theory
N —) and produce consistent estimators for the
factors and/or the common components. They were
introduced by Stock and Watson (2002a, 2002b, SW)
and Forni, Hallin, Lippi and Reichlin (2000, FHLR), and
later refined and extended in many other contributions,
see e.g. Bai and Ng (2008) for an overview.

e We will now review their main features and results,
starting with SW (which is simpler) and then moving to
FHLR.



The SW approach - PCA

e The Stock and Watson (2002a,2002b) factor model is
X, =N EE,

where:

° Xt is N x 1 vector of stationary variables

° ftis r x 1 vector of common factors, can be correlated
over time

e Ais N x r matrix of loadings

° ‘ft is N x 1 vector of idiosyncratic disturbances, can be
mildly cross-sectionally and temporally correlated

e conditions on Aand ft guarantee that the factors are
pervasive

(affect most variables) while idiosyncratic errors are  not.



The SW approach - PCA

e Estimation of A and f,in the model X, = Af, + :ft is complex
because of nonlinearity (Af, ) and the fact that f, is a
random variable rather than a parameter.

e The minimization problem we want to solve is

win (> K5 /X,

AsSisfysees

e Under mild regularity conditions, it can be shown that the
(space spanned by the) factors can be consistently
estimated by the first r static principal components of X
(PCA).



The SW approach - Choice of r

Choice of the number of factors, r:

e Fraction of explained variance of X, : should be large
(though decreasing) for the first r principal components,
very small for the remaining ones

e Information criteria (Bai and Ng (2002): r should
minize properly defined information criteria (cannot
use standard ones as now notonly T but also N
can diverge)

e Testing: Kapetanios (2010) provides some statistics
and related distributions, not easy



The SW approach - Properties of PCA

e Need both N and T to grow large, and not too much
cross-correlation among idiosyncratic errors.

e As a basic example, consider case with one factor and
uncorrelated idiosyncratic errors (exact factor model):

ZAf+ (1)
Xy =Afy* €
Then, use simple cross-sectional average as factor
estimator; N N

_ 1 1
W;Txn =X _(ﬁzmzjf: +NZT6"

i=1 i=1

limx, =21 f,

N—o0

And is consistent for X (up to a scalar). We can also get
factor loadings by OLS regression of *; on X: and

lim A, = 2&
7

So, ifboth Nand T diverge %, %, — A 7.



The SW approach - Properties of PCA

PCA are weighted rather than simple averages of
the variables, where weights depend on A. and
var(e,, ).

Under general conditions and with proper
standardization, PCA and estimated loadings have
asymptotic Normal distributions (Bai Ng (2006))

If N grows faster than T (such that T'/? /N goes to zero),
the estimated factors can be treated as true factors when
used in second-step regressions (e.g. for forecasting,
factor augmented VARs, etc.). Namely, there are no
generated regressor problems.

If the factor structure is weak (first factor explains little
percentage of overall variance), PCA is no longer
consistent (Onatski (2006)).



The SW approach - Properties of PCA based

forecﬁﬁnt&)se the model is

Yt+1 = ftB *
X, Vo= ALrE,
then we can construct a forecast as
.j}z+l = .]?‘1‘ BAD
where 7 are the PCA factor estlmat,Brs and

the OLS estimator of , obtained by regressing

. %‘he asymptotic distribution of factor based forecasts is
also Normal, under general conditions, and its variance
depends on the variance of the loadings and on that of the
factors, so you need both and large to get a precise
forecast (Bai and Ng (2006)). This results can be used to
derive interval and density factor based forecasts.



The FHLR approach - DPCA
e The FHLR factor model is

Xt = B(L)ut + §t =Xt ft,
where:

° Xt is the N x 1 vector of stationary variables

° U, is the g x 1 vector of i.i.d. orthonormal common shocks.
These are the drivers of the common factors in the SW
formulation, but in FHLR the focus in on the common
shocks rather than the common factors)

o B(L)=1+BL+B,L%+.. +B,LP

° X =B(L)ut is the N x 1 vector of common components. It is
estimated by Dynamic Principal Components (DPCA),
details in Appendix A.

° ‘ft is the N x1vector of idiosyncratic shocks, can be mildly

correlated across units and over time

e Conditions on B(L) and §tguarantee that the factors are
pervasive (affect most variables) while"idiosyncratic errors



The FHLR approach - static and dynamic factors

e g can be different from r : the former is usually referred to
as the number of dynamic factors while r is the number of
static factors, with g =<r.

e Let us assume for simplicity that there is a single factor f, ,
but it has both a contemporaneous and lagged effect on
X,

X, = Mf+ At + &

We can definefg =(f, f af)’,,A#A , A,), and write
thedel in static form
as b Xi=Ag+ &

In this case we have r = 2 static factors (those in g, ),
which are all driven by q =7 common shock (u, ).
Typically, FHLR focus on g (and the common shocks v, ),
while SWon r (and the common factors g, ). The
distinction matters more for structural analysis than-for



The FHLR approach - Choice of q

e Informal methods:

-Estimate recursively the spectral density matrix of a
subset of
% am'ﬁﬁ' A A S i R R e
en the number of variables increases t e
average
over frequencies of the first g dynamic eigenvalues
diverges, while the average of the g + 11 does not.

-For the whole Xt there should be a big gap between
the

variance of X explained by the first q dynamic principal

components and that explained by the g + 1t
component.

e Formal methods:

-Information criteria: Hallin Liska (2007);-Amengual



The FHLR approach - Forecasting

e Consider now the model (direct estimation, the
common shocks have an h-period delay in effecting
X.):

t

In this conte)x(ff’éﬁ Bo%giﬁﬁ;l %ﬁ’éarxf’otefé’d’ét foruX Is X
that can be obtained, as said, by

° RB%{em with using this method for forecasting is the use
of future information in the computation of the DPCA. To
overcome this issue, which prevents a real time
implementation of the procedure, Forni, Hallin, Lippi and
Reichlin (2005) propose a modified one-sided estimator
(which is however too complex for implementation in
EViews).



Parametric estimation - quasi MLE

e Kalman filter produces (quasi-) ML estimators of the
factors, but considered not feasible for large N. No
longer true: Doz, Giannone, Reichlin (2011, 2012).

e Model has the form

X =N+ &, (2)
W(L)f=8Bn,, )

where g-dimensional vector n, contains the orthogonal
dynamic shocks driving the r factors f,, and the matrix B
is
(r x g)-dimensional, with g <r.

e Forgivenr and q, estimation proceeds in the following
steps:



Appendix A: Details on estimation of factor modelsAppendix B: Details on Monte Carlo

comparison

Parametric estimation - quasi MLE

. Estimate ft by PCA and A by regressing Xt on Ft The

covariance of @‘t = X; — AFt, denoted as Zg is also
estimated.

. Estimate a VAR(p) on the factors f, yielding ‘Y( ) and the

residual covariance of ¢, = ¥(L)F;, denoted as Zg

. To estimate B, given the number of dynamic shocks g, apply

an eigenvalue decomposition of ig. Let M be the (r X q)
matrix of the eigenvectors corresponding to the g largest
eigenvalues, and let the (g X g)-dimensional matrix P contain
the largest eigenvalues on the main diagonal and zero
otherwise. Then, B=Mx P12,

. The Kalman filter (or smoother) then yields new estimates of

the factors, and the procedure can be iterated.

. Forecasts can be obtained either by the Kalman filter or as

X7ih = Afron,
where frj, are obtained from the VAR in (3).



Parametric estimation - Subspace algorithms (SSS)

e Letus now consider again the factor model:

X, =  Cft+Du, t=|.. 4)

gT
AL

Kapetanios and Marcellino (2009, KM) show that (4) can
be written as regression of future on past, with particular
reduced rank restrictions on the coefficients (similar to
reduced rank VAR seen above):

X/ =OKX? +EE/ (%)
Where , o , . ,
th =(X1’Xt+l’Xz+2a-._)'a ti :(Xt—l’Xt—Z"")’
Etf :(“;au;na-")'

* Note that (i) X/ =OKX? +EE/ and (i) f,=KX/.
Hence, best linear predictor of future X isOKX},p, and,we need
and estimator for K ( and for the loadings X,/ = OKX/, ).



Parametric estimation - SSS

o KM show how to obtains the SSS factor estimatgs: KX *.
See Appendix A for

o OftadSestimates of the factors are available, estimates of
the other parameters (including the factor lo&dings,
) can be obtained by OLS.

e Choice of number of factors can be done by information
criteria, similar to those by Bai and Ng (2002) for PCA
but with different penalty function, see KM.



Parametric estimation - SSS forecasts

o The SSS forecasts a®é/ = OKX”, wherdd s

OLS regression on the estimatetfaictedshyas in

IP@A .MLE forecasts are obtained by iterated method (VAR
for factors is iterated forward to produce forecasts for the
factors, which are then inserted into the static model for
X,). Forecasts obtained by PCA, DPCA and SSS use
direct method (variable of interest is regressed on the
estimated factors lagged h periods, and parameter
estimates are combined with current value of the
estimated factors to produce h-step ahead forecast of
variable(s) of interest).

If model is correctly specified, MLE plus iterated

method produces better (more efficient) forecasts.

If there is

mis-specification, as it is often the case, the ranking is not
clear-cut, other factor estimation approaches plus direct
estimation can be better. See, e.g., Marcellino, Stock and



Factor estimation methods - Monte Carlo

Coampeiiamison of PCA, DPCA, MLE and SSS (based
on Kapetanios and Marcellino (2009, KM)).
e The DGP is:
x,=Cf,+¢, t=1,.,T
A(L)f, = B(L)u,
Where AL)=1-4(L)-...—A4,(L)

B(L)=1+B/(L)+...+ B (L)with (N, T ) =(50,50),
(50,100), (100,50), (100,100), (50,500), (100,500)and
(200,50). MLE for (50,50) only, due to computational
burden.

e Experiments differ for number of factors (one or several),
A and B matrices, choice of s (s =mor s = 1), factor
loadings (static or dynamic), choice of number of factors
(true number or misspecified), properties of idiosyncratic
errors (uncorrelated or serially correlated), and the way C
matrix is generated (standard normal or uniform with

(6)



Factor estimation methods - MC Comparison,
summary

e Appendix B provides more details on the DGP and
detailed results. The main findings are the following:

e DPCA shows consistently lower correlation between true
and estimated common components than SSS and PCA.
It shows, in general, more evidence of serial correlation of
idiosyncratic components, although not to any significant
extent.

e SSS beats PCA, but gains are rather small, in the
range 5-10%, and require a careful choice of s.

e SSS beats MLE, which is only sligthly better than PCA.

e All methods perform very well in recovering the common
components. As PCA is simpler, it seems reasonable to
use it.



Factor models - Forecasting performance

e Really many papers on forecasting with factor models in
the past |5 years, starting with Stock and Watson (2002b)
for the USA and Marcellino, Stock and Watson (2003) for
the euro area. Banerjee, Marcellino and Masten (2006)
provide results for ten Eastern European countries.
Eickmeier and Ziegler (2008) provide nice summary
(meta-analysis), see also Stock and Watson (2006) for a
survey of the earlier results.

e Recently used also for nowcasting, i.e., predicting current
economic conditions (before official data is released).
More on this in the next lecture.



Factor models - Forecasting performance

Eickmeier and Ziegler (2008):

e "Our results suggest that factor models tend to
outperform small models, whereas factor forecasts are
slightly worse than pooled forecasts. Factor models
deliver better predictions for US variables than for UK
variables, for US output than for euro-area output and for
euro-area inflation than for US infl ation. The size of the
dataset from which factors are extracted positively
affects the relative factor forecast performance, whereas
pre-selecting the variables included in the dataset did
not improve factor forecasts in the past. Finally, the
factor estimation technique may matter as well."



Structural Factor Augmented VAR (FAVAR)

e To illustrate the use of the FAVAR for structural analysis,
we take as starting point the FAVAR model as proposed
by Bernanke, Boivin and Eliasz (2005, BBE), see also
Eickmeier, Lemke and Marcellino (2015, ELM) for
extensions and Lutkepohl (2014), Stock and Watson
(2015) for surveys.

e The model for a large set of stationary macroeconomic
and financial varla}?l’evsis y i=1. 7)

where the fac(g'rs are orthonormal (F F =/ ) and
uncorrelated with the idiosyncratic errors, and E (e,) = 0,
E (e, et) R, where R is a diagonal matrix. As we have
seen, these assumptions identify the model and are
common in the FAVAR literature.

e The dynamics of the factors are then modeled as a
PARBF, +..BF,_ +w,  E(w)=0EWw)= v(lg)



Structural FAVAR

e The VAR equations in (8) can be interpreted as a
reduced-form representation of a system of the

fﬁT=K,Ft 4. KF,_ +u, E()=0 E(uy)=Ss,

—| p  t—p t t t (9)
where P is lower-triangular with ones on the main
diagonal, and S is a diagonal matrix.

e The relation to the reduced-form parameters in (8) is
B,=P~"K.and W=P 'SP~ This system of equations
is often referred to as a ‘structural VAR' (SVAR)
representation, obtained with Choleski identification.

e For the structural analysis, BBE assume that Xt is
driven by
G latent factors Ft* and the Federal Funds rate (i;)
asa (G + 1)th observable factor, as they are
interested in measuring the effects of monetary
policy shocks in the economy. ELMuse G =5



Structural FAVAR - Monetary policy shock
identification

e The space spanned by the factors can be estimated by
PCA using, as we have seen, the first G +1PCs of the
data X, (BBE also consider other factor estimation
methods).

e To remove the observable factor i, from the space
spanned by all G + 1 factors, dataset is split into
slow-moving variables (expected to move with delay after
an interest rate shock), and fast-moving variables (can
move instantaneously).

Slow-moving variables comprise, e.g., real activity
measures, consumer and producer prices, deflators of
GDP and its components and wages, whereas
fast-moving variables are financial variables such as
asset prices, interest rates or commodity prices.



Appendix A: Details on estimation of factor modelsAppendix B: Details on Monte Carlo
comparison

Structural FAVAR - Monetary policy shock
identification

e In line with BBE, ELM estimate the first G PCs from the
eétlow-moving variables, denoted by?‘slow
e Then, they carry out a multlple regression

gnl A Ft+€1t,
i.e.

Fof ﬁ';slowa n
d

_ frslow .
F,=aF™" +bi +v,.

® An estimate of  Fjs then given by &I:“t“""w.



Structural FAVAR - Monetary policy shock

identific@tigoint factor vectdr =[F",i ] the Federal Funds
rate i, is ordered last. Given this ordering, the VAR
representation with lower-triangular
contemporaneous-relation matrix P in
(8) directly identifies the monetary policy shock as the
last element of the innovation vector U, say U, ..
Hence, the shock identification works via a Cholesky
decomposition, which is here readily given by the
lower triangular P~ )

e Naturally, the methodology X&lsdlFalicws for other

identification approaches, such as short/long run or sign
restrictions. These can be just applied to the VAR for

e Impulse responses of the factorsto fhe monetary policy
§ﬁ§m@ted loading equations;, = Ati IE{:+ei,t,

P 9CIRR 11 AR thenFEORRILEOD I eRE S SRR dpdRE

5 +
mér‘tf‘)k’tﬁer pEefINQtoRs SREP ﬁ?%ﬂjtﬁﬂ:f?ddwmg
the bootstrap method.



Appendix A: Details on estimation of factor modelsAppendix B: Details on Monte Carlo
comparison

Structural FAVAR - Monetary policy (FFR) shock
Impulse responses from constant parameter FAVAR (solid)
and time varying FAVAR (averages over all periods,
dotted) for key variables, taken from ELM (who developed
the TV-FAVAR, discussed in next lecture)

GOP GODP deflator
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Structural FAVAR - Monetary policy (FFR) shock

Impulse responses from FAVAR (solid) and TV-FAVAR

(dotted)
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Structural FAVAR - Monetary policy (FFR) shock
Impulse responses from FAVAR (solid) and TV-FAVAR

(dotted)
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Structural FAVAR: Summary

Structural factor augmented VARSs are a promising tool
as they address several issues with smaller scale
VARSs, such as omitted variable bias, curse of
dimensionality, possibility of non-fundamental shocks,
etc.

FAVAR estimation and computation of the responses to
structural shocks is rather simple, though managing a
large datasetis not so simple

Some problems in VAR analysis remain also in
FAVARs, in  particular robustness to alternative
identification = schemes, parameter instability,
nonlinearities, etc.

In the next lecture we will consider some extensions of
the basic model that will address some of these
issues.



Appendix A: Details on estimation of factor modelsAppendix B: Details on Monte Carlo

comparison
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The FHLR approach - DPCA

e The FHLR estimation procedure (assuming q known) is
based on the so-called Dynamic Principal Components
(DPC) and can be summarized as follows:

-Estimate the spectral density matrix of Xt by
periodogram-smoothing:

M
T o—ik
ZT(G,,)= kzMI_kw ee,l h

0, = brh/(2M + 1), h=0,

where M is the window width, w, are kernel weights

is amRgtiribtor of £ (X,— X, X,_, — X)

-Calculate the first_q eigenvectors of 7 (6, )i p”
(6' 7 1,....,q,forh=0, .. 2M.
h J
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The FHLR approach - DPCA

-Define p' (L)

as .
pJT<L) — Z p],-k[—k'
k=—M
T 1 & k6
5 — . 0 ! h, k=—M,,M
Pik oM+1 =" (On)e

- pjT (L)x,,j=1, .., q, are the first g dynamic principal
components of x, .

-Regress  x, on present, past, and future p’ 1x The
fitteslue is the estimated common componerXtv t
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Parametric estimation - Subspace algorithms (SSS)

e The model X[ = OKX} + £E[ involves infinite dimensional
vectors. In practice, use truncated versions,

fo_ ) / / p / /
Xop = (X{i X{q0 - Xiys—q)" and Xo.t = (Xi_1, Xi_o,
snendRep = THED Iegress X!, on X[, and apply a singular

value decomposition to ['fFIP, where F = OK and ['f, and
I'P are the sample covariances of Xs’c’t and X;t respectively.

These weights are used to determine the importance of certain
directions in F. Then, the estimate of IC is given by

A A A A=

K =87 V1"

where USV represents the singular value decomposition of
['fFTP S contains the singular values of I'" FI'P in decreasing
order, S, denotes the matrix containing the first m columns
of S and V,, denotes the heading m X m submatrix of V.

e Therefore, the SSS factor estimates are ?t = l@ti.
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Parametric estimation - SSS, T asymptotics

p mustincrease ata rate greater than In(T ) ¢, for some

a> 1, but Np at a rate lower than T2 N is fixed for the

moment. A range of a between 1.05 and 1.5 provides a

satisfactory performance.

e sisrequired to satisfy SN > m. As N is large this
restriction is not blndlng s =1is enough.

o Ifwe defineif = KXP, then f, converges to (the

spanded by)f,. The speed of convergence is

bethEShEGUSe p grows. Note that consistency is

possible because f depends onu, .. Iff depends on
[ AP .

e The asymptotic distribution of /T*(vec(#) — vec(Hmnf))
with f = (A, ..., fr).is N(O, V¢).

e Once estimates of the factors are available, estimates of the
other parameters (including the factor loadings) can be
obtained by OLS. Bauer (1998) proves VT consistency and
asymptotic normality
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Parametric estimation - SSS, T and N asymptotics

o If Npiso(TY3), pis O(TY?), z> 3, then when N and T
diverge f; = l@ti converges to (the space spanned by) f;.
The speed of convergence is (T/Np)l/z. The intuition is that
the estimator of F = OK in X/, = Fth + EEf remains

consistent if Np = o( TY/3).

e With a proper standardization, f, remains
asymptotically normal

e Choice of number of factors can be done by information
criteria, similar to those by Bai and Ng (2002) for PCA
but with different penalty function.
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Factor estimation methods - MC Comparison

e First set of experiments: a single VARMA factor with
di"erent specifications:

la,=0.2, b, = 0.4

2 a,=0.7,b,=0.2;

3 a 103a =0.1,b,=0.15,b, = 0.15]
4a,=05a,=03b,=02b,=02
5a,=02b,=—04

6 a,=07b,=—02

7 a,=03a,=01b,=—0150b, =—0.15]
8 a,=05a,=03, b1=—0.2, b, =—0.2.

9 As 1but G = C, +C,L.

10 As 1but one factor assumed instead of p +q
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Factor estimation methods - MC Comparison

e Second group of experiments: as in 1-10 but with each
idiosyncratic error being an AR(1) process with coefficient
0.2 (exp. 11-20). Experiments with cross correlation yield
similar ranking of methods.

e Third group of experiments: 3 dimensional VAR(1) for the
factors with diagonal matrix with elements equal to 0.5
(exp. 21).

e Fourth group of experiments: as 1-21 but the C matrix
is U(0,1) rather than N(0,1).

e Fifth group of experiments: as 1-21 but using s =
linstead of s =m.
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Factor estimation methods - MC Comparison

e KM compute the correlation between true and estimated
common component and the spectral coherency for
selected frequencies. They also report the rejection
probabilities of an LM(4) test for no correlation in the
idiosyncratic component. The values are averages over
all series and over all replications.

e Detailed results are in paper: for exp. 1-21, groups 1-3,
see Tables 1-7j for exp. 1-21, group 4, see Table 8 for
(N=50, T=50)j for exp. 1-21, group 5, see Tables
9-11.
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Factor estimation methods - MC Comparison,
N=T=50

e Single ARMA factor (exp. 1-8): looking at correlations,
SSS clearly outperforms PCA and DPCA. Gains wrt
PCA rather limited, 5-10%, but systematic. Larger gains
wrt DPCA, about 20%. Little evidence of correlation of
idiosyncratic component , but rejection probabilities of
LM(4) test systematically larger for DPCA.

e Serially correlated idiosyncratic errors (exp. 11-18): no
major changes. Low rejection rate of LM(4) test due to
low power for T = 50.

e Dynamic effect of factor (exp. 9 and 19): serious
deterioration of SSS, a drop of about 25% in the
correlation values. DPCA improves but it is still beaten by
PCA. Choice of s matters:

fors =1SSS becomes comparable with PCA (Table 9).
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Factor estimation methods - MC Comparison,
N=T=50

e Misspecified number of factors (exp. 10 and 20): no
major changes, actually slight increase in correlation.
Due to reduced estimation uncertainty.

e Three autoregressive factors: (exp. 21): gap
PCA-DPCA shrinks, higher correlation values than for
one single factor. SSS deteriorates substantially, but
improves and becomes comparable to PCAwhen s =
1 (Table 11).

e Full MLE gives very similar and only very slightly
better results than PCA, and is dominated clearly
by SSS.
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Factor estimation methods - MC Comparison, other

resultsLarger temporal dimension (N=50, T=100,500),
Correlation between true and estimated common
component increases monotonically for all the methods,
ranking of methods across experiments not affected.
Performance of LM tests for serial correlation gets closer
and closer to the theoretical one. (Tab 2,3)

e Larger cross-sectional dimension (N=100, 200, T=50),
SSSis not affected (important, N > T ), PCA and DPCA
improve systematically, but SSS still yields the highest
correlation in all cases, exceptexp. 9, 19, 21. (Tab 4,7).

e Larger temporal and cross-sectional dimension
(N=100,T=100 or N=100,T=500), The performance of all
methods improves, more so for PCA and DPCA that
benefit more for the larger value of N. SSS is in general
the best in terms of correlation(Tab 5,6).

e Uniform loading matrix, No major changes (Tab 8)

e Choice ofs, PCAand SSS perform very similarly (Tab



