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Lecture 6: Transportation problem

TRANSPORTATION PROBLEMS (TPs)

Content of lecture:
1. Building of mathematical model of transportation
problem
2. Method of potentials
3. Task about oranges, cars, aircrafts
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Transportation problem applications

Demand C1 =80.000
Supply P1=160.000 3

®BT Task 1 - about oranges
Task 2 - about cars
Task 3 - about Aircraft




N Transportation Problem

Xj; = # units shipped from Planti to DCj

Boston | 5 6 4 | 300 i = B(Boston), T(Toronto) j=1(DC1), 2(DC2), 3(DC3)
Toronto 6 3 7 500

Demand| 200 300 250

o~ | DC1 DC2 DC3 1Supply

Min 5Xg, + 6Xg, + 4Xgz + 6Xpq + 3Xqp + TXp3

Subject to:
Xgy + Xgp + Xp3 < 300| (Boston's Supply)

P Demand
ST o
! :

Supply




1. Building of mathematical model of transportation
problem

Transportation problem — is a special class of linear problem that
deals with shipping a commodity from sources (e.g. factories,
departure point,..) to destinations (e.g. warehouses).

Transportation problem (logistic) — is a special class of linear tasks
that deals with transportation cargo from sources to destinations
with minimal cost

The objective is to determine the shipping schedule that minimizes
the total shipping cost while satisfying supply and demand limits.

The application of the transportation model can be extended to other areas of

operation, including TRANSPORTATION PROBLEMS (TPs)
» inventory control (management) (ynpaeneHue 3anacamu), SUBBLY SEMAND

« employment scheduling (nmanuposaHue), al o |

« distribution of resources (pacrnpedeneHue pecypcos);

« personal assignment (HasHadyeHue rnepcoHarna) ] .

Logistics




Units of
supply

Graphical interpretation of TP:

Sources Destinations

x,;,-20, i:1,2,...,m;j:],2

Units of
demand

g ’n-




The general problem is represented by the network in Figure 5.1. There are m
sources and n destinations, each represented by a node. The arcs represent the
routes linking the sources and the destinations. Arc (i, j) joining source i to destina-
tion j carrics two pieces of information: the transportation cost per unit, ¢;;, and the
amount shipped, x;;. The amount of supply at source i is a; and the amount of de-
mand at destination j is b;. The objective of the model is to determine the unknowns
x;; that will minimize the total transportation cost while satisfying all the supply and
demand restrictions.

Sources Destinations

Units of
supply

b Units of
2 demand

Factories Warehouses




Method of decision Transportation problem:
 Simplex method as method of LP
 Method of potentials
 Excel
Stages of building mathematical model of Transportation problem:

1. Variables — x; - amount of cargo was transported from 7 - departure point to j- destination
place, 1=1,...m; j=1,....n

2. Constraints - amount of cargo in 7 - departure point (proposal) - ; and 1in j- destination
place (demand) - b, ,1=1,...m; j=1,....n

n

>x, Say, =12,..,m

J

ixy <b, j=12, ..,nm
i=1

—_

3. Goal — to obtained optimal solution for transportations from all departure point to all
destination place with minimum cost (maximum profit)

Criteria - minimum cost (maximum profit)



For example, n=3, m=3:
3 - departure points (units of supply):
3 - destination place (units of demand).

Stages of building mathematical model of problem as Transport task:
1. Variables — X11 X12 X13 X21 X202 X23 X371 X32 X33
amount of cargo was transported from departure points to destination places
2. Constraints
- amount of cargo in departure point (proposal)
Xntxptxpa
X21 T X2t X3S ap
X31 X3t X33 a3
- amount of cargo destination places (demand) i
X11+x21 +x315by
X2+ X0 +tX30 <by c13; x13
X13 T X3+ X335 by
positive variables;
x11 >0
X1 >0
x13>0
X21 >0
X2 >0
X23 >0
X31 >0
X3 >0
X33> 0
3. Goal - to obtained solution with minimum cost Z
Z = cqp X1 T eaXpp F €13X13 T €21Xo1 T €20Xpn F €23X03 T €31X31 T €30X35 T €33X33 — min

departure point destination place




Mathematical model Mathematical model of our transport task (main type):

Z = ¢y X11 T c1pX12 + €13X13 + €1X21 + €X + €23X23 + €31X31 T €32X32 + €33X33 — min
Xputxntxisa
Xt Xnt+txnsa
X311t X3+ X335 a3 1 cu; xu1 |
X1t X2 +X31< by
XptXntxn £ —

X3+ X3+ X33<5bs3
X11=0

X12 2 0 2 €22 X22 2 b2
X13 =0 23; X23

departure point destination place

Cl12; X12

> C32; X32
X3 2 0 ' 32; X32

X31 2 0 e @
X32=0 o




[f the condition is satisfy:

n

it
a, =2 b, ,
- :

J=1

we have closed (balanced) transport task

If the condition is not satisfied, we must to add fictitious arcs

ia; 2 Zn:bj — iai - Zn:bj + bio
i1 = i1 1

m

Zai = Zn:bj - iai T ag = Zn:bj
-1

i=1 i=1 =

Methods of design
- Simplex-method as linear programming solution
- Excel
- method of potentials




2. Method of potentials

Potential method first proposed Kantorovich in 1949.
Later, a similar method developed by G. Dantzig, based on the general
ideas of LP.

Algorithm of Method of potentials
1. Make a a transport table

2. Find the basic solution transport problem with one of the methods,
such as:

* method northwest corner;

» the method of least cost

3. Check the basic solution for optimality

4. If the solution is not optimal - Recalculate the new reference solution
in accordance with rule




COCTaBHTHL TPAHCHOOPTHYI TaOIHOY

HafiTH OmOpHOe pemeHHe TPAHCHOOPTHOH
3aJa¥YH OJHHM H3 METOJOB, HANPHMED:
® MeEeTOJ CeBepo-3aIajgHOro yria;
® MeTOJ HaHMEHBIIEeH CTOHMOCTH.

IIpoBepHTr OMOpPHOE pemMeHHEe HAa ONTH-
MAalIBHOCTH

Het

OnopHOe pe-
MmeHHEe ONTH-
MalbHO?

IIlpou3BecTH nmepe- PemeHHe 3aa49H
pacdeT HOBOTO HaHJeHO

OMOPHOTO peIIeHHA

COTTacCHO NPAaBHIY




3. Tasks
Task 1 - about oranges

To be transported oranges with vegetable bases A and B in
stores 1, 2, and 3.

From vegetable base A— 10 tons bases
From vegetable base B — 20 tons
To shop Ne1 - 7 tons
To shop Ne2 - 12 tons
To shop Ne3 — 11tons

10

Cost of transportations 1 ton of cargo
in table

To obtain solution with minimum cost



Cost of transportations 1 ton of cargo in table

Bases / shops 1 2 3 Proposal
Cost
A 3 6 5 10
B 8 10 9 20
Demand 7 12 11
e i bases

10 < "\ '\ B‘)'.'
N M’
& @\
)




Mathematical model Mathematical model of our transport task:

Z =3 X1 + 6X12 + 5X13 + 8X31 + 10X2 + 9X33 — min
Xt Xp+tx13£10
X1+ X+ X235 20
Xt X2 tx3s7
Xt Xn+tX3n £12
X3 t+Xx3+X33511
=20

X220

X13=20

2120

X220

X320

We have closed (balanced) transport task

2.8, =2.b,,

i=l j=1

10+20=7+12+11

30=30



1. Make a transport table

1 2 3 Proposal |potentials
shops
bases
A 3 6 5 (85
7 3T 10
B § | v_10 | |9 U,
9 11 20
Demand 7 12 11
potentials Vi ) V3

2. Find the basic solution transport problem with one of
the methods, such as:

* method northwest corner:




1 1 2 3

Proposal
shops
/ bases
A 30 e B 10 w
7 3

B 8 v ol P 20 w

3. Check the basic solution for optimalily T —

V1 V2 V3

To pleases A, B and 1, 2, 3 are assigning potentials: u; u; vy v V3

4. For filled cells to write equations that are associated with the cost:

u+vi=3
u +tva=6
u +va=10
u +vi=9
Let it be
u =1
We have
vi=2
vi=235
w =35
vi=4

5. For emply cells find fictitious cost. For empty cells find potential difference Cq3and
Coi:

Caz=uj-v3=1+4=4
Coi=w+vi=2+5=7
6. Difference between fictitious costs and real costs

A3=Cy3 -Ca3=5-5>0
Ajy=Cy -Cp1=8-7>0




1 2 3 Proposal
shops
bases
A 3 | 6 5 [ 10 u
7 3]
B 8 v ol Jo | 20 w
9 11
Demand 7 12 11

If the difference between fictitious and real cost are positive, the optimal solution is found

=3 X11 +6X12 +5X13 +8X21 +10X22 +9X33 = 37 +6 *3 +5¢ 0 +8°0 +10°9 +9¢11 =228,

Xn=7TtT
Xn=951
Xi3=0T
X1=0T
Xn=9rT1

X23= 11T




Optimal solution:

Shipping:
Bases:
A 10=7+5
B 20=9+ 11
Shops:
N1 7 =
N2 12=5+9
N3 11 =11
bases shops

\‘
b Ao ,@ 12



To obtained solution with using Excel

[lepemeHHble

UMsA x11 x12 x13 x21 X22 x23

3Ha4YeHue 7 3 0 0 9 11

HWXH.ID.

Bep.rp. L®

Koa¢.s Ll® 3 6 5 8 10 9 228

OrpaHunyeHuAa

BUL, KO3 dPUUNEHTBI JleB.vacTb|3HaK np.4actb
1 1 1 0 0 0 10 = 10
0 0 0 1 1 1 20 = 20
1 0 0 1 0 0 7 = 7
0 1 0 0 1 0 12 = 12
0 0 1 0 0 1 11 = 11




If the condition is satisfy:

b, ,

J

M=
M§

a =

i

1 1

~
I

we have closed (balanced) transport task

If the condition is not satisfied, we must to add fictitious arcs

m

D4, = Z;,bj e ZI:".- = Z;,bj + by
= = =

i=1

ia, < Zn;‘bj — ia,+a0j= i"bj
MepemeHH
ble
nms x11 x12 x13 x21 X22 x23 MUH L1
pesynesrart 0
HWKH.TP. 0 0 0 0 0
Koadh.B LI 3 6 5 8 10 9
OrpaHnyeHu nes.
A 4acTb 3HaK Nnp.4actb
1 1 1 0 0 0 0 10
0 0 0 1 1 1 0 20 111
. . . . - - . — 30 < 331
0 1 0 0 1 0 0 12
0 0 1 0 0 1 0 11
MNepemeHH
ble
nms x11 x12 x13 x21 X22 x23 MUH LI®
pesynsrar 10 3 0 0 9 11 237
HVKH.IP. 0 0 0 0 0
Ko3p.B LI 3 6 5 8 10 9
OrpaHuyeHn nes.
A 4acTb 3HakK Nnp.4acTb
1 1 1 0 0 0 13 13
33 - 33| 0 0 0 1 1 1 20 20
1 0 0 1 0 0 10 10
0 1 0 0 1 0 12 12
0 0 1 0 0 1 11 11




If the condition 1s not satisfied, we must to add fictitious arcs

(cargo)
MNepemeHH
ble
nms x11 x12 x13 x21 X22 x23 MUVH LI
pesynbrar 10 3 0 0 9 11 237
HVKH.IP. 0 0 0 0 0
Koac.B LI 3 6 5 8 10 9
OrpaHuyeHn nes.
A 4acTb 3HakK np.4actb
1 1 1 0 0 0 13 13
0 0 0 1 1 1 20 20
1 0 0 1 0 0 10 10
0 1 0 0 1 0 12 12
0 0 1 0 0 1 11 11
bases 10 shops Bases Shops

10+3 Ay




Task 2 - about cars

MG Auto has three plants in Los Angeles, Detroit, and New Orleans, and two major distribution
centers in Denver and Miami. The capacities of the three plants during the next quarter are 1000,
1500, and 1200 cars. The quarterly demands at the two distribution centers are 2300 and 1400
cars. The mileage chart between the plants and the distribution centers is given in Table 5.1.

The trucking company in charge of transporting the cars charges 8 cents per mile per car.
The transportation costs per car on the different routes, rounded to the closest dollar, are given
m Table 5.2.

TABLE 5.1 Mileage Chart

Denver Miami

 —

Los Angeles 1000 2690
Detroit 1250 1350
New Orleans 1275 850

= =

TABLE 5.2 Transportation Cost per Car

Denver (1) Miami (2)

Los Angeles (1) $80 $215
Detroit (2) $100 $108
New Orleans (3) $102 $68




Model

Minilnizc = 80x“ + lexlz + 100121 + 108x22 + 102x;;1 + 68x32

subject to
Xn + Xy = 1000
Xy + xpn = 1500
+ Xxq + Xy = 1200
X + x5 + X7, = 2300
X + X7 + x5 = 1400

X=0,i=123j=1,2

(Los Angeles)
(Detroit)
(New Oreleans)

(Denver)

(Miami)




Graphical Model

1000

1500

Solution

X
C 80 21 100 108 102 68 F
279800
LA 1 1 0 0 0 0 1000
D 0 0 1 1 0 0 1500
NO 0 0 0 0 1 1 1200
Den 1 0 1 0 1 0 2300
M 0 1 0 1 0 1 1400




Task 3 - about Aircraft

[Mpuknag onTumisadil TpaHCMOPTHUX MOTOKIB
aBiakoMnaHil, ska Mae fiTaky Tunis

« b-737-200,
« Bb-737-400,
 Bb-767-300ER
Ta BUKOHYE pencu 3a mapLipytamu 10 3000
. KI/I.I.B — AdbiHn, 7 <00
* Kuis — Awxabag,
« KuiB — byganewr, 30 O 3000
* KwuiB — Bapluasa. 200
Tun BC ABHUIMHUAN YHucno BC | BmectumocTts
TpaHCIOPTHBIE PACXOIbI KaXXJ10TO TUIIa BC
1 2 3 4
1 15 20 25 40 10 100
2 70 28 15 45 20 200
3 40 70 40 65 30 150
[Tporuo3zupyemsiii 3000 |500 |3000 200
MacCaXXUpPOMOTOK  Ha
MapuIpyTax

An example of an airline's traffic flow optimization, which has aircraft type
Boeing-737-200, Boeing-737-400, Boeing-767-300ER and performs flights on
routes: Kiev-Athens, Kiev-Ashgabat, Kiev-Budapest, Kiev-\Warsaw.




Model

[{eneBast GyHKIUS:
Y=15%¢i + 20x12F+ 25%xi5 T'40%i4 +70x21 + ... +165X35 = min

100x11 + 200x21 + 15031 = 3000;
100x12 + 200x22 + 150%x32 = 500 ;
100x13 +200x23 + 150x33 > 3000 ;
100x14 +200x24 + 150x34 > 200 .

10 (100) 3000
20 (200) o
30 (150) 3000




Solution

MM x11| x12 x13 x14 x21 x22 [x23 x24 x31 X32 X33 X34
BHa4YeHune 5 5 0 0 0 0 19 1] 30| 0l 0 0
HVKH.TP. 0 0 0 0 0 0 0 0 0 0 0 0
BEp.rp.
Koad.B LI 15 20 25 40 70 28 15 45 40 70 40 65
Li®
1705
nesas
BUA, M. 3HaK |[1paBu.
1 1 1 1 0 0 0 0 0 0 0 0 10 10
0 0 0 0 1 1] 1 1 0 0 0 0 20 20
0 0 0 0 0 0 0 0 1 1 1 1 30 30
100 0 0 0 200 0 0 0 150 0 0 0 5000 3000
0 100 0 0 0 200 0 0 0 150 0 0 500 500
0 0 100 0 0 0 200 0 0 0 150 0 3800 3000
0 0 0 100 0 0 0 200 0 0 0 150 200 200
10 3000
- 10 (100) () 35 (5000)
30 O 3000
20 (200
B ( A
”
1: 5*100+30*150=5000 30 (150) 19 (3800)
2: 5*100=500
3: 19*200=3800 1 (200)

4: 200




Appointment method / meToa Ha3HauYeHUN

[Ipumenum T3 s pemieHus: 3aiadyud ONTUMAIbLHOTO BbiOOpa mnepcoHana YBJl, makcumusupys
POU3BOAUTENBHOCTh TPYAA KaXA0ro cnenuanucta no ¥YB/I ¢ yueToM xapakrepa BBIOIHIEMOI pabOTHI.
ITpencraBum T3 B Buae 3amaud BbIOOpa MEpcOHaAa MPU JOMYCKE K CaMOCTOSTENIbHOM paboTe mocie
IPOXOXKACHUS CTAKUPOBKM M TOJNy4YEHUs KBadu(UKAMOHHON OTMeTKU. I[IyHKTBI OTHpaBieHUs -
NOJKHOCTU. [IyHKTBI HazHauyeHUs — KaHAWAAThI-OUCHETYepbl. MCXOapl — MPOM3BOAUTENILHOCTL TPYAA
JAYCIETYEpa-KaHIU1aTa Ha KOHKPETHOM JUCIIETYEPCKOM ITYHKTE.

B kauecmsee m nynkmoe omnpaenenus Al, A2,...,Am — BO3MOXXHbIE 3aHUMAEMBIE JOJKHOCTH JIUCIIETYEPOB B
JVCTIETYEPCKON CMEHE:
*  JIUCTIETYEP adpOJIPOMHOrO aucnerdepckoro mynkra (AII),
* JucHneTdep AUcneTdyepckoro myHkra pyiaeHus (JAI1P),
* JUcreT4ep cTapToBoro Aucneryepckoro nyHkra (CUII),
e gucnerdep aucnerdyepckoro myHkra kpyra (AI1K),
* JucrneTdep JucneTdyepckoro myHkra nmoaxona (JIIIT).
* jaucrerdyep MectHoro aucrnerdepckoro (M) wim «jenmp Nonémuoi MHpopmayuu»

JlomKHOCTH Kangunatel

Nel No2 Ne3 Ne4 No5
Jucneruep A/II1 58 38 48 38 18
Jucneruep KJIIT 58 48 48 38 28
Hucneruep MII 68 28 58 48 48
@OUKTUBHAS JTOJDKHOCTD 0 0 0 0 0
DuKTUBHAS TOJKHOCTD 0 0 0 0 0




Simplex-method

o o o o [
L L L S N LA

L = 58X11 +38X12 +48X13 +38X14 +18X15 +58X21+48X22 +48X23 +38X24 +28X25 +68X31 +28X32 +58X33 +48X34 +48X35 +
0 Xy41 + 0%yp + 0xy3 + 0xyy + 0%45 +0 X57 + 0X55 + 0%X53 + 0%54 + 0x55 — max
OrpaHuucHUS
Xy TXqp TXy3 Xy X5 = 1
Xy Ty TXp3 TXpy TXp5 =1
K31 TX3p TX33 X34 TX35= 1
K1t Xap tXy3 TXyg TXy5= 1
X5+ Xsp TXs3 X5y +X55= 1

Xyt Xt X3 T Xyt X5y = 1

Xjp T Xopt X3y ¥ Xy +X52= 1

Xi31 Xp3t X33+ X3t Xs53 = 1

Xygt Xgq + Xyt Xggt X5y = 1

X5 T XostX3s T Xg5+ Xs5= 1

1, ecnu kaHIUIAT paboTacT
% =
0, - He paboTaer

OnTumaibHOe PCIICHHUEC HAXOANUTCA C IIOMOIIIBO MCTOAOB JIIT v ClIICuaJIbHBIMH MCTOAaMMU.
HaXO,Z[I/IM OIITUMAJIbBHOC PCIHICHUC C ITIOMOIIBIO BCHI'CPCKOTO MCTO/A.




PeweHune ¢c noMoLwbIO BEeHrepCKoro mMmetoaa

JlomkHOCTH Kangunarer
Nel No2 No3 No4 No5
Jucneruep AT 58 38 48 38 18
Jucneruep K/IT 58 48 48 38 28
Jucneruep MJIIT 68 28 58 48 48
DuKTHBHAS JOJDKHOCTD 0 0 0 0 0
DuKTHBHAS JOJDKHOCTD 0 0 0 0 0
Max 68 48 58 48 48
JlomxHOCTH Kannnngarer Min
Nel No2 Ne3 N4 Ne5
Hucneruep AL 10 10 10 10 30 10
Hucnieraep KJIT 10 0* 10 10 20 0
Hucnieraep MII 0* 20 0* 0 0 0
dukTHBHAS JOIDKHOCTD 68 48 58 48 48 48
dukTHBHAS JOIDKHOCTD 68 48 58 48 48 48
JlomkHoCcTH Kanaunarer
Nel N2 Ne3 Ne4 No5
Hucreraep AT 0* 0 0 0 20
Hucneruep KATT 10 0* 10 10 20
Jucneraep MJIIT 0 20 0* 0 0
DuKTHUBHAS TOKHOCTH 20 0 10 0* 0
DUKTHBHAS JOJDKHOCTD 20 0 10 0 0*

B marpuiie HazHaYeHHI MTPOBOANMM MHUHUMAJIBHOE YMCIIO JIMHUKA (TOpU3OHTANeH (IO CTpOKaM) W/WJIM BepTUKajeH (1o
CTONOIaM)), BBIYEPKHUBAIONIUX BCE HYJIEBBIC SUCHKH MAaTpHUIbl. ECiM MHHMMaNIbHOE YHUCIO BBIYEPKHYTHIX CTPOK U
CTONOIOB paBHO N (N=5), ONTUMAIBHOE PEIICHUE HAMICHO:

* gucnieruep AJIIT - Ne5;

* gucnieruep KIII - Nel;

* jaucnieruep MJIIT - Ne2.

Ocranpubie kKanauaatel (Ne3, Ned) He oI KOHKYPCHBIM OTOOP M OCTAIOTCS HAa TIOJMEHE WJIM B KAU€CTBE pe3epBa.
[Tpu 5TOM MOXKHO ONIPEAETUTh YCIOBHYIO MAaKCUMAJIbHYIO MPOU3BOAUTEILHOCTD TPy/a ISl ONITUMAIBHOTO BBIOOpA, IS
HaIIEro MpuMepa OHa COCTAaBIISET :

C = 58+48+58=164 y.e.




¢OpMVIpOBaHVIe MaTpuulbl UCXo4oB — NPpon3BOoANTEJIbHOCTb TPyAaA Ha pa6oqu mMecTe

5 S
W(L;K;E;G,P)=Y o, F, i=Ln,j=1m
k=1
Ne | Cocrapismomine  KOMILIEKCHOTO | ComepiKkaHue OLEHKH OIIEHKH
/T | TOKa3aTens
1 Cpemguuit  Oamn  gunmoma o LUK JUCHMIIIMH TyYMaHHTapHOH H Flij(l) Flij(L)
IIONy4YEeHHH  I1€PBOHAYANIbHOTO [COLMAIbHO-3KOHOMUYECKON ITOATOTOBKH
ABHAIMOHHOTO 00pa3oBaHusI [[MKJT JOUCHUIUTMH IIPHPOIHO-HAYYHOMH Flij(Z)
MOJT OTOBKH
[ MK DUCHUIIIHMH IpodeccHoHaIbHON U Flij(3)
MPaK THYECKON TTOATOTOBKH
[[MKT AUCHUILUIMH — CaMOCTOSTEIBLHOTO Flij(él)
ppidopa BY3a 1o chenuamisanuu
«YBJ»
2 YpoeeHb BIafeHHs aHTIMicKuM [[[Ikana ypoBHEH aHTIHICKOTO A3bIKa inj(E)
SI3BIKOM
3 [Tcuxomoruueckuii  otdop IO F4ij(P)
COOTBETCTBYIOIIUM METOIUKaM-
TecTaM (u#HOuguUoyansvviii)
4 KommnexcHaga B3BelIeHHad [[lepexoaHas cTaKUPOBKa Aqj Fsij(K)
OIIeHKa, IIONTy4YeHHas B (O6yueHue mepen  IpaKkTHYeCKOH | Ay;
pesynbTaTe JOMycka K paboTe B [MoArOTOBKOM Ha paboueM MecTe
cootBeTcTBHM C [lomoxkeHueM o [IpakTHueckas IOATOTOBKa Ha paboueM | Aj;
CTa’KUpPOBKE MecTe
5 OrneHka, COOTBETCTBYIOINAsd | MeTompl COlMOMETPHH stj(P)
IIPOXOKACHHUIO
IICHXOJIOTHYEeCKOTOo  oTOopa ¢
(coemecmumocmb AUYHOCHIUY U
epynnot)
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