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AHaJIUTHYECKAsA TeoMeTpus

AHamATHYECKAasT TEOMETPHUS — pa3Jell TEOMETPUU, B KOTOPOM IIPOCTEUINHNE JIMHUU U
MOBEPXHOCTU (TIpsIMBbIC, IUIOCKOCTH, KpPHUBBIE W IIOBEPXHOCTH BTOPOTO TMOPSIKA)
UCCIIETYIOTCS CPEICTBAMU aJreOphl.

Junueit na naockocmu B BBIOpAaHHOM CHCTEME KOOpIAWHAT
Ha3bIBAIOT TE€OMETPUYECKOE MECTO TO4UeK M(x;y), KOOpIAMHATHI
KOTOPBIX YIOBJIETBOPSIOT YPABHEHUIO

F(x,y) =0, (1)
rae F(x,y) — MHOTOYICH CTEIICHU A.

Ilosepxnocmuvro B BBIOPAHHOW CHCTEME KOOPJAMHAT Ha3bIBAIOT
reoMeTpHYECKoe MecTo Todek AM(x;y;z), KOOpAMHATHI KOTOPBIX
yIIOBJIETBOPSIOT YPABHEHUIO

Flx,y,z) =0, (2)
rae F(x,y,z) — MHOTOYJICH CTEIICHU H.

Junueii 6 npocmpancmee Ha3bIBAIOT IIEPECEUCHUE BYX
ITOBEPXHOCTEM.

YpaBHeHust (1) u (2) Ha3BIBAIOT 0OMUMU YPAGHEHUAMU TUHUU HA
NJIOCKOCMU U  HOGEPXHOCHIU COOTBETCTBEHHO. CrerneHb
mHorowieHa F(x,y) ( F(x,y,z) ) Ha3bIBAIOT NOPAOKOM JIUHUU
(nogepxnocmu).



§ IlpssmMass HA MJIOCKOCTH
1. OO01ice ypaBHEHHE OPSIMOM HA IIOCKOCTHU
U €T0 UCCIIEIOBAHUE

SAJJAMA 1. 3ammcarb ypaBHEHHE NPSIMOH, NPOXOIAIICH dYepes
104Ky M (X,;),), TEPIEHOUKYIAPHO BekTopy N = {4, B}

N




YpaBHeHus (F—FO,N)zo u  A(x—x,)+B(y-y,)=0
HA3bIBAIOT YPABHEHUEM NPSMOU, NPOXOOSAULeU uepe3 MOUK)
M (xy,vy) nepnenouxynapuo eexmopy N ={A,B}

(B BEKTOPHOM 1 KOOPJAUHATHOI (hpOpME COOTBETCTBEHHO).

YpaBHEeHUs (F, N)+ C=0 umw Ax +By+C =0 wHna3pBawT

00MUM YpaAGHEHUEM NPAMOI HA NJIOCKOCHIU
(B BEKTOPHOM U KOOPJAMHATHOM (pOpME COOTBETCTBEHHO).

BbIBO/IbI:

1) IlpsiMasi Ha TUIOCKOCTH SIBIAECTCS JIMHUEW MIEepBOro Iopsjaka. B
oOIieM ciayyae oHa 3aaaerca ypaBHeHuem Ax+By+C = 0, rae
A,B,C —uucia.

2) Koaddummentet A u B He oOpalllaroTcs B HOJIb OJJTHOBPEMEHHO,
TaK KAaK C TEOMETPUYECKOM TOYKH 3PEHUS OTO KOOPIAWHATHI
BEKTOPA, NEPICHIAUKYJISIPHOTO IIPSIMOM.

Bektop, NEpNEHAUKYISPHBIA NOPSIMOW, HA3BIBAOT HOPMATbHBLIM
B8EKMOPOM STOU MIPSIMOM. 4



NCCJIEJJOBAHME OBIIEIO YPABHEHM I TTPAMOM.

Ecnu B ypaBHeHun Ax+By+C =0 Bce kodpdumuentel A, B u C
OTJIMYHBI OT HYJS, TO YPaBHEHHE HA3BIBAIOT HOJHBIM;, €CIU XOTS
Obl OMH 13 KOA(D(GUIIMEHTOB PAaBEH HYJIO — YpaBHEHHE HA3bIBAIOT
HeNnOoHbIM.

1) Ilycth oOliee ypaBHEHHE NpsAMOM — monHoe. Torma ero MokKHO
3aIMcaTh B BUJIE X Yy

2+E:1 (5)

<Y

C reoMeTpuYeCKOM TOYKH 3pE€HUSI a@ WU b — OTpE3KH, OTCEKACMBbIEC
MPsIMOM HAa KOOPAWHATHBIX OCIX Ox u Oy COOTBETCTBEHHO.

o 5

YpaBHeHue (5) Ha3BIBAIOT YPAGHEHUEM NPAMOU 6 OMPE3KaAX.



2) Ilycth B 001I€EM ypaBHEHUU IPpSIMON KodhuiueHTtl 4 u B —
HeHyneBble, a C = 0, T.€. ypaBHEHHE NMPSAMOU UMEET BUJ

Ax+By = 0.
Takas npsimas npoxoauT dyepe3 Hadano koopauHart 0(0;0).




3) IlycTh B 001IeM ypaBHEHUHU IPSIMOM OAuH U3 KOA(PduuueHTon A4
wim B —HyneBon, a C # 0, T.€. ypaBHECHHE NIPSIMON UMEET BUJ

Ax+C=0 wm By+C=0.

ITH YPaBHCHHA MOKHO 3aIIMCATb B BUJIC

Ay

xX=a un y=>b.

Ay

@
B(0; b)

> o

A(a; 0) X x

4) Ilyctp B obOmiem ypaBHeHuu npsmMori C = 0 © oguH U3
Kod(pdumeHToB A wWid B TOXEe HYJIEBOM, T.€. YpaBHECHHUE
npsimor umeeT BuG  Ax=0 wmma By =0.

DTH ypaBHEHHS MOXKHO 3alHCaTh B BUIE

151

x =0 (ypaBHEeHHs KOOpAuHATHOM ocu Oy)
y =0 (ypaBHeHUs KoOpaAuHATHOU ocH OXx).



2. Jlpyrue hopMbl 3aIMCH VPABHECHUS MPSIMOM HA MJIOCKOCTH

1) ITapameTpuyecKkue YypaBHEHHUS NPSIAMOH

3AJIAYA 2. 3anucarbe ypaBHEHHUE IIPSIMOH, MPOXOJSAIICH YEpe3
104Ky M (x,;),), TAPATIICTBHO BEKTOPY [ = {m; n}

Bekrop, mapajuieabHbI NPSAMOW, HA3BIBAKT HANPABIAIOULUM
6€KMOPOM STOU TIPAMOM.

O

y=y,+t-n.
Ha3bIBAIOT RAPAMEMPUYECKUMU YPABHEHUAMU NPAMOU
(B BEKTOPHOM M KOOPAUHATHOM ()OpME COOTBETCTBEHHO ). 8

VpaBuenne F=T,+tl wu cucremy ypaBHeHumii {



2) KaHoHM4YeCcKOe ypaBHEHHE NPSIMOM HA MJIOCKOCTH

X =Xg +1T-m,
Y =Yoo +1-nNn.

X—Xo _Y—=Yo
m n
VYPAGHEHUEM RPAMOIL HA RIIOCKOCHU.

YPaBHeHI/IG HA3bIBAIOT KAHOHUYECKUM

3) YpaBHeHue NPSAMOM, NPOXOAsiled Yepe3 ABe TOYKHU — YaCTHBIN
ClIy4all KAHOHMYECKOIO0 YPaBHEHUS MPSIMOM.

[TycTh nipsiMast poxomut uepes ase touku M. (x ,y,) 1 M (x,.y,) .

X=Xy YW -
VpaBHeHue = Ha3bIBAIOT yPACHECHUCM NPAMOIL,
Xo =X YoV

npoxoosauell yepes 0ee mouKku M.(X, Y1) u M,(x,,¥,).

9



4) YpaBHeHH e NPAMOI € YIVIOBBIM KO3 PUIIUEHTOM

AV Ay

@ ~<\§0
) rl NS

Yron ¢ , orcunuThiBaeMbId 0T ocu Ox K npssMort { TPOTHUB XOJ1a

YAaCOBOW CTPEJIKU, HA3ZBIBAIOT Y210M HAKNOHA npamou L K ocu
Ox.

Yucnmo k = tgd (ecim OHO CYIIECTBYET, T.€. €ciu mpsimas { He
napajiaenbHa ocu  (Jy) Ha3bIBAIOT Y2108bIM KOIPpuuuenmom
nPAMOU.

Jlnsa npsamon, mapamienbHor ocu  Ox, yroJl HakJIOHA MPsIMOM K
ocu Ox cuuTaloT paBHbIM HYI0. Cleg0BaTelbHO, YITIOBOM
koa(duieHT Takoi npsMont k = tg0 = 0.

10



ITycts mpamas { He mapaienbHa ocu Ox u Oy Y MPOXOIUT YEpPeE3
Touku M (x,,p,) u M2(x%,y2) (rme x, < x,). Haiinem yrmoBoiu
KOA(POUIIMEHT 3TOM MPSMOH.

PN

I

I

I
———— e

- -
/ X X
e o _ Yo )
YrioBoi ko3 duient npsmoii: kK =1ge = .
Xo =X
YpaBHEHUE TIPSAMOM, NPOXOIAIIEH Yepe3 JBE TOUKH, NEepenuiIeM
B BUJIE: y—y, =22 y1-(x—x1)

Xo — X1

11



YpaBuenne y — y, = k'(x — x,) — 3T0 )pasnenue npamoi,
npoxooawien uepes mouxky M (x,.y,) u umewuwien y2nosou
Koaghpuuyuenm k.

[lepenmiiem 510 ypaBHCHHE B Bujie y = kx + b (tae b =y, — kx,).
Ero Ha3bIBAIOT  yPABHEHUEM nPAMOI C  y2108bim
koappuuuenmom. C TEOMETPUUECKOM TOYKH 3pEHUST D —
OTPE30K, OTCEKAEMbIN pAMOu Ha ocu (Oy.

3ameuanue. YpaBHEHUE MPSIMOM C YINIOBBIM KO3()(PUIIMEHTOM OBLIO
MOJIYYECHO B MOPEINOJIOKEHUM, YTO MpsiMas HE MmapajuiedbHa OCH
Ox u Oy. Jlna npsmoin, mapamieilbHo (Ox oO0llee ypaBHECHHE
MOXXHO  paccMarpuBaTh  KaK  YpaBHEHHME C  YIJIOBBIM
ko3P dunmeHToM. J[eiCTBUTENBHO, YPABHEHHUE TAKOW MPSIMOK
y=b wmm y=0x+bh,
rae k=0 — yrimoBou KoOdQp@UIMEHT IPSIMOI.

12



3. B3auMHOE pacroyioKCHHUE OPSIMBIX Ha INIOCKOCTH

Ha njockocTu JBE NpsIMbIE€ MOT'YT:
a) OBITh NapaICIbHbI, 0) MepeceKaThCsl.

[Tycts ypasuenus npsvbix £ u L, umeror Bux:
L Ax+By+C O Wi y=kx+b,
E Ax+BZy+C 0 wmu y= kx+b

1) ITycTh npsiMmbie mapaiieIbHbI:

P1 W) X

13



BeiBon: npsaweie L u LU, napainenrvnsl mozoa u monvko
mozaoa, Ko20a 8 ux oowux ypasHeHusx Koaghgduyuernmol
npu  COOMBEMCMEYIOWUX  MEeKYUWUX  KOOpOUHAmax
NPONOPUUOHANBbHDL, M.eE.

A, B,

A, B,

UU UX Y2rosvle Kodpuyuenmol pasHbwl, m.e.

k =k,

(Kpumepuil KOJAauUHeapHoCmu nPAMbIX)

14



2) I1ycTh nIpsiMbIC IIEPECEKAIOTCS

A,

cosVy, , :J_r

LN, | \AA+BB\
N

J(A) +(B)? (4, +(B,)*

IJI€ 3HaK IUIIOC OepeTcs, KOrjJa HajJd0 HAWTH BEIWYUHY OCTPOIO
yIJia, a 3HAK MUHYC — KOI/la HaJl0 HAWTH BEJIMYWHY TYNOTO YyTJa.

(NIDNZ) = A1A2 "'Ble =0

(Kpumepuii nepneHOUKYIAPHOCMU NPAMDIX,
3A0AHHBIX 00UWUMU YPAGHEHUAMU) 15



Iy, ==

1+k, -k,

IJIe 3HAK IJII0C OepeTcs, Koraa HaJlo HaMTH BEIWYMHY OCTPOTO yIja,
a 3HaK MUHYC — KOIJIa HaJ0 HAWTH BEJIUYUHY TYIIOTO yIJa.

oL
k,

(Kpumepuit nepneHOUKyIAPHOCHU NPAMDbIX,

16
umelouux y2noesole Koygpuyuenmot k u k,)



4. PacCTOsIHHE OT TOYKHU JIO TIPSIMOU

3AJIAYA 3. Ilycth npsamas { 3agaHa oOIIUM yYpaBHEHHEM
Ax+By+C=0,
Mogxo;yo) — TOUKa, HE MPUHAUIEKAIIAS TPIMOH L.
Haiitu paccrosinue ot Touku M, no npsimoun L .

0 AN
d
M, i

- |(N,M1Mo)| | Axy+ Byy +C|

d —
|N| JA? + B2

17



§ IliockocTh
1. O011ee YpaBHEHUE IIOCKOCTHU

SAZIAHA 1. 3anucare ypaBHEHHE IUIOCKOCTH, MPOXOASIICH 4epe3
TOuKy M, (x,;V,Z,)> NEPIEHAUKYIAPHO BeKTOpy N ={A,B,C}

BekTop, nepneHAuKyISpHBIA IJIOCKOCTH, HA3bIBAIOT HOPMAIbHBIM
8E€KMOPOM TOU TIIIOCKOCTH.

O 18



YpaBHeHUS (F — T, ﬁ) =0 (1%)
1 A(X = Xg) +B(y —¥o) +C(z2-2))=0 (1)
HA3BIBAIOT YPAGHEHUEM NIOCKOCHIU, NPOX00Sell Yepe3 MouKy
M (Xq,¥0,2y) nepnenouxynspno eexmopy N ={A,B,C}

(B BEKTOPHOM ¥ KOOPJAUHATHOU (OpME COOTBETCTBEHHO).

YpaBHeHHs (F, N)+ D=0 (2%)
/| Ax +By +Cz+D =0 (2)

Ha3bIBAOT 0OUUM YPAGHEHUEM HIAOCKOCHU
(B BEKTOPHOM M KOOPAWHATHON (popMEe COOTBETCTBEHHO).

BbIBO/IbI:

1) IDIOCKOCTH SABISIETCA MNOBEPXHOCTHIO IIEPBOTO mopsaka. B
o0I1IeM ciIy4yae oHa 3aaaercsa ypaBHeHueM Ax+By+Cz+D=0,

roe A,B,C,D — ducna.

2) Koapdunuentol A, B, C He oOpalaroTcs B HOJIb OJJTHOBPEMEHHO,
TaK KaK C TEOMETPUYECCKOM TOYKU 3PEHUSA BTO KOOPIAUHATHI

BEKTOPA, NMEPIICHINKYISIPHOTO IIOCKOCTH. o



NCCJIEAJOBAHUWE OBIIETIO YPABHEHUWA TNIOCKOCTH

Ecnu B ypaBHeHuun Ax+By+Cz+D =0 Bce koapduuuentsl A4,B,C
U D OTIMYHBI OT HYJIS, TO YPAaBHEHHUE HA3BIBAIOT NOJIHBIM; €CIIU
XOTsI ObI OUH U3 KOA(PUIIMEHTOB paBEH HYIIO — HENOJIHbIM.

1) IlycTh 0oO111€€ YpaBHEHHE INIOCKOCTH — MOJIHOE. Torma ero MoxHO
3aIMcarh B BUJIE X y z

—+=+—=1 (3)
a b c
C reoMeTpruYeCcKON TOYKHU 3pE€HUsS. a,b U ¢ — OTPE3KH, OTCEKACMBbIE
IDIOCKOCTBIO HA KOOpAMHATHBIX ocix Ox, Oy wu Oz

COOTBETCTBCHHO. YpaBHEeHHE (3)  Ha3bIBAKOT YpPaABHEHUEM

20




2) IlycTh B 00IIEM YpaBHEHUHU IJIOCKOCTH KOX(DPUIMEHTHI A, B u
C —HenyneBble, a D =0, T.€. ypaBHEHHUE INIOCKOCTH UMEET BHU/I

Ax+By +Cz = 0.
Takas II0CKOCTh MpoXoAuT Yepe3 Hadaao koopauHat ((0;0;0).
{,: By+Cz = 0 (nepeceyenue ¢ miockocthio Oyz)
{,: Ax+By = 0 (mepeceuenue ¢ miockocThio Oxy)
£3: Ax+Cz = 0 (mepecedyeHue ¢ IIOCKOCThIO Oxz)

21



3) IlycTh B 0011€EM ypaBHEHUH MIOCKOCTH OJIMH U3 KOA(POUIIMEHTOB
A, B man C — myneBou, a D # 0, T.€. ypaBHEHHE INIOCKOCTH

OJIUH U3 CIACAYIOIINX TPEX BUAOB:
a) Ax+tBy+D=0 0)Ax+Cz+D=0 B)By+Cz+D = 0.
OTH ypaBHEHHUS MOXKHO 3aIllCaTh COOTBETCTBEHHO B BHU/IC

XY
)+b

a) MIOCKOCTh OTCEKAaeT Ha ocaXx Ox um Oy OTpe3ku a u b
COOTBETCTBEHHO U IapajuieiibHa ocu Oz;

P

I
I
|
L___db .y

X 22



0) IJIOCKOCTh OTCeKaeT Ha ocsiXx Ox u Oz OTpE3KU a U ¢
COOTBETCTBEHHO M ITapauiejabHa ocu Oy;

B) INIOCKOCTh OTCEKaeT Ha ocsix Oy um Oz oTpe3ku b u c
COOTBETCTBEHHO M ITapajuiejibHa ocu Ox.

0) i+£=1 B) Z-|—£:1
a c b c

X

BriBOaI: niiockocmo, 6 ypasHeHuu Komopoi omcymcmaeyem oOHa u3
Koopounam, napaiieibHa ocu Omcymcmaeyrouienl

8 ypPaeéHeHUU KOOPOUHAMDbL.

23



4) IlycTh B ypaBHEHHUHM ILJIOCKOCTH (2) 1Ba U3 TpeX KOI(D(HUIIUEHTOB
A, B mmn C-— nyneBwie, a D # 0, T.€. ypaBHCHHE ILIOCKOCTH
umeetT BuA: a) Ax+D =0 umu 0) By+D=0 wumu B) Cz+D = 0.

OTH ypaBHEHHUS MOXKHO 3aIIMCaTh COOTBETCTBCHHO B BHJIC:
X
a) —=1
d

a) TJIOCKOCTh OTCEKaeT Ha ocu Ox OTPE30K a W MapajiielibHa
ocam Oy u Oz (T.e. napajuienabHa mockoctu Oyz);

TZ

) S

/

Ve

24



0) MIOCKOCTh OTceKaeT Ha Oy OTPE30K b M mapaienabHa ocsiM Ox U
Oz (T.e. mapajjielbHa INIOCKOCTH OXZ);

B) IUIOCKOCTh OTCEKAeT Ha (Jz OTPE30K ¢ W MapajuiesbHa ocsiM Ox U
Oy (T.e. mapajieibHa miockoctu Oxy).

A

BriBOK: niockocms, 6 ypasnenHuu Komopoii Omcymcmeyrwm o06e
KOOpOuHamol, NApPAaiIleibHaA KOOPOUHAMHOU  NIO0CKOCHU,
npoxoosauielt uepes ocu OMCYMCHEYIOUUX 6 YPAGHEeHUU

Koopounam. s



5) Ilycte B 001IeM ypaBHEHHMH ILIOCKOCTH (2) D = 0 wu oauH u3
ko3puienToB A, B wnu C TOXe HYJIEBOM, T.€. YPAaBHECHHUE
MIJIOCKOCTH UMEET BU/I:

a) AxtBy=0 wnm 0)Ax+Cz=0 wm B)By+Cz=0.

BriBoa: Ilnockocmes npoxooum uepez Hauanio KOOPOUHAmM U OCb
OMCymcmeyouieil 6 ypasHeHUuu KOOpoOuHamsul.

26



6) Ilyctp B 0OIIEM ypaBHEHMH IUIOCKOCTH (2) TpH
K02 (PULIMEHTAa paBHBI HYIIIO, T.€. YPABHEHHUE IJIOCKOCTH
MMEET BU]I

a)Ax=0 wm 0)By=0 wnm B)(Cz=0.

OTH YpaBHEHHUS MOXXHO 3aIllMCaTh COOTBETCTBEHHO B
BUJIC:
a) x =0 — ypaBHEHHE KOOPAWHATHOM miockoctu (Oyz;
0) y=0 — ypaBHEHHE KOOPAWHATHOM INIOCKOCTH (OxZ,
B) z =0 — ypaBHECHHE KOOPAWHATHOU INIOCKOCTH Ox.

27



2. JIlpyrue dopMBl 3aIMCcH YPABHEHUS ILIOCKOCTH

Hpyrue popmel 3anucu:
VYpaBHEHHE IIOCKOCTH, HPOXOIAIICH dYepe3 TOUYKY IapaielIbHO

JIBYM HEKOJUIMHEAPHBIM BEKTOPAM;
YpaBHEHHUE MIIOCKOCTH, IMMPOXOSIICH Y€PE3 TPU TOUKHU;

YpaBHeHHE JIOCKOCTH, POXOAALIEH Yepe3 TOUKY
napajuieJibHO IBYM HEKOJJIMHEAPHBIM BEKTOpPaM

3AJIAYA 2. 3anmcarh ypaBHEHHE IUIOCKOCTH, IPOXOAAIICH 4depe3
TOUKY M (X;V3Z,)> TAPATIICTBHO HEKOJUTHHEAPHBIM BEKTOPaM

W ={m;n; p} u B,={m,; n,; p,}

28



/ﬁ

/\"”
I,

nl

O

YpaBHeHus (F — Ty, @1, Ez) =0 (4%)
X — XO ) yO Z — ZO
1 my n, p, =0 4)
my n, P>

Ha3bIBAIOT YPAGHEHUAMU NJIOCKOCMU, NPOX00AUiell Yepe3
MOYKY RAPAIIEAbHO 06YM HEKOUIUHEAPHBIM GEKMOpPam
(B BEKTOPHOU ¥ KOOpJAMHATHOM (pOpME COOTBETCTBEHHO). 29



YpaBHeHHNE ILVIOCKOCTH, NPOXOASAINEN Yepe3 TPH TOYKH, HeE
JIe)Kalue Ha OTHOM NMPSIMOM — YaCTHBIM ciiydyal ypaBHEeHUs (4)

IIyCcTh MJIOCKOCTH TIPOXOAWUT 4Yepe3 TpU TOuku M (xl,yl,z)
M (x,5y,52,) 1 M (x,3y,52,), HE Jexalne Ha OTHOH MPSMOH.
22272 3273793

=

YpaBHEHHUS (F-%,F,-F,Kh-F)=0 (5%)
X=X4 Y-y, Z2-4

51 Xo=Xq Yo=Y, Z,-27|=0 (5)
X3—=X1 Ya—Y1 43— 4

Ha3bIBAIOT YPAGHEHUAMU NIAOCKOCHMU, HPOX00AWEH uepes
mpu mouKu M.(X.Y1.2), My(X0.Y0.2,) n M3(X3,Y3,25)

(B BEKTOPHOU U KOOPAUHATHOU (pOpME COOTBETCTBEHHO). 30



3. B3aMMHOE PACIOJIOKEHUE IIOCKOCTEU

B npocTpaHCcTBE IBE€ MIOCKOCTH MOTYT:
a) OBITh ITapaJICIbHBI, 0) MepeceKaThCHl.

[TycTh TiiocKOCTH A, ¥ A, 3a1aHbI OOIIMMH YPaBHCHUSMHU:

A Ax+By+Cz+D =0
A Ax+By+Cz+D,=0

Torna: B
N, =1{4,; B;; C;} —HOpMaIb K A;;

N, ={4,; B,; C,} —HOpMaIlb K 4,;

31



1) ITycTh IIIOCKOCTH NapaieabHBI:

BreiBon: maockocmu xl u )»2 napaiieibHsl mo20a u moabKo
mozoa, Ko20a 6 uUxX O00uwux YpaAGHEeHUAX KoOPOUHAMmbl
HOPMAbHBIX 6EKMOPO8 NPONOPUUOHATIbHDL, T.€.

32



2) IIycTh IITIOCKOCTH TTEPECEKAKOTCS

(_ 2 ‘ ‘A1A2+B1Bz+c1cz‘
N N[ )2 +(B) +(C) - (4,2 +(B) +(C,)

IJI€ 3HAK IIFOC OepeTcs, Korga HaJl0 HAaMTH BEJIUYMHY OCTPOIO yIa,
a 3HAK MMHYC — KOT/Ia HaJI0 HAUTHU BEJIUYMHY TYIOIO yIJIa.

33



YacTHBIN Clly4yan — IJIOCKOCTHU TIEPIEHUKYIISIPHBI, T.€.
=y, =90"
Vi=VY,=
=  cosy;=cosy, =0

|(NIDN2)|_

20
N[N

—>  COSYy , =%

(N,,N,)=4,4,+B,B,+C,C, =0

(Kpumepuiit nepneHOuUKyIApHOCMU RAOCKOCHEl,
3A0AHHBIX 00UWUMU YPABHEHUAMU)

34



4. PaccTostHUE OT TOYKHU J0 IIOCKOCTH

3AJIAYA 3. IlycTh mIOCKOCTh A 3ajlaHa OOIIUM ypaBHEHUEM
Ax+By+(Cz+ D=0,
M (x,:y,:Z,) — TOUKA, HE MPUHAICKAIIAS NTOCKOCTH A .
Haiiti paccrostHue oT Touku M, 10 MIOCKOCTH A .

M, AN
d

e

:|(N,M1M0)| :\AxO+ByO+CZO+D]
|N| J A%+ B+ C?

d

35



§ IIpssMasi B NpoCTpaHCTBE
1. YpaBHEHUS OPSIMOM B IPOCTPAHCTBE

Ilycte A xtB y+Cz+tD =0 n AxtBy+Cz+D,=0 — ypaBHCHUs
JIIOOBIX IBYX PA3JIMYHBIX IJIOCKOCTEH, comepkaiux npsamyo L .

Torma xoopaumHarhl 000 TOYkM HpsAMoi { ymoOBIETBOPAIOT
OJTHOBPEMEHHO OOOMM YpaBHCHHUSM, T.€. SBJIAIOTCA PEHICHUSIMMU

CHCTCMB AXx+B,y+C.z+D,=0,
Ax+B,y+C,z+D, =0. (1)

Cuctremy (1) Ha3bIBalOT 00wguMU YPABHEHUAMU HNPAMOU 6
npocmpancmeae.
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Jlpyrue ¢opmMbl 3aMCU YpaBHEHUU NPSMOM B NPOCTPAHCTBE —
IHAPAMETPUYECKHUE u» KAHOHUYECKHUE ypasHenus.

3AJIAHA 1. 3amucare ypaBHEHHME NOPSIMOM B IPOCTPAHCTBE,
MPOXOsiIe yepe3 ToUKy M (x5Y:Z,) , TApaICTbHO BEKTOPY
N ={m; n; p}

Bektop, mapajuielibHBIM OpPSIMOM B IIPOCTPAHCTBE, HA3BIBAIOT
HANPAGAAIOWUM 6EKIMOPOM ITOMN MPSAMOH.
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YpaBHeHuUE F=T,+tl, (2%)

(X=X, +t-m,
M CHCTEMY ypaBHEHHMH 1Y=Yo+1-n, (2)
Z=2zy+1-p.
HA3BIBAIOT NAPAMEMPUUECKUMU YPDABHEHUAMU NPAMOI 8
npocmpancmaee (B BEKTOPHOM M KOOPAWMHATHOU (opMe
COOTBETCTBEHHO).
X—X — Z—Z
YpaBHEHUS o _ Y= Vo _ 0 (3)
m n p

HA3bIBAOT  KAHOHUYECKUMU  YPDABGHEHUAMU  HPAMOU 8
npocmpancmeae.

38



YacTHbIM  ClIy4yaeM  KAaHOHUYECKUX  YPABHEHUU  SIBJISAIOTCA
YPABHEHUS NPAMOHN, NMPOXOASAUIEN YEPE3 JIBE
3AJAHHBIE TOUKM.

[TycTh mipsiMast poXomuT Yepes Touku M (x,,y,,z,) U M,(x,,y, ,Z,) .

X — X =y_y1 =Z_Z‘I (4)

Xo=X1 Yo=0 4L -4
HA3LIBAIOT YPAGHEHUAMU HPAMOU, RNPOX00AWCH uepe3 06e
mourku Mq(X1,Y1.2) n My(X5,Y,.2,).

YpaBHEHUS
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2. Tlepexos1 OT O0IIMX YPABHECHUN IPSIMOW K KAHOHWUYCCKHUM

[Tycts npsamas { 3amaHa oOMMMH ypaBHEHUSMMU:
Ax+B.y+C.z+D,= |
YrtoObl 3ammcarh KaHOHHMYECKHE (IIapaMEeTPUYECKUE) YpaBHEHMS

ITON MPSIMOU, HeOOX00UMO HAUMU ee HANpAasIAUWUL 8EKMOp U
KOOpOUHAMblL KaKoUu-Hu0yob mouku M (x,;y;Z,) HA NPAMOU.

a) Koopanuatel Touku M) — 9TO OJIHO U3 pelIeHuUi cucTemsl (1).
0) Hanpasistromuii Bexkrop N =[N;,N, ]

rie Ny={4;;B1;C1} n Ny={4,; B,; C,} — HOpManbHbIe
BEKTOPHI K MJIOCKOCTIM Ay ¥ Ay, ypaBHEHHS KOTOPBIX BXOSAT
B O0OII[ME YpABHEHUS MTPAMOIA. N,

=

1
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3. B3anMHOE pachoyioKEHUE OPIMbIX B IPOCTPAHCTBE

B npocTpaHcTBE J1BE NPSIMBIC MOTYT:
a) OBITh ITapaJICIbHBI, 0) MEpeceKaTbCsa, B) CKPEIIMBATHCH.

[lycte nipsimble El 7| Ez 3aJ1aHbl KAHOHUYECKUMU YPABHEHUSIMMU:

g, X=X Y=V 24 i, X=Xy _Y=Yo_2-54
my n P my, Ny P2
1) Ilycts npsivbie £, u L, mapanienbhb: \j
1
A,

BuiBo1: npsivuie napanienshvl < ux HANPAGISIOWUE 6eKMODbI K, U,
0y ={my; ny; pip 1 B, ={m,; n,;, p,} xonnuneapruie,

T.€. BBINIOJIHAETCS YCIIOBHE:
my, ny P

(6)

m, n, p | 4l



2) Iycrs npsivbie L, n L, nepecexarorcst:

(M1M2,@1, Ez)zo, (7%)

BriBoj: npsamovle El u Ez nepecekaromcs < OHU He NapajijlelibHbl U
0J151 HUX B8bINOJIHAEMCSl YCA08Ue KomnaanaprHocmu eexmopos (7*)

Ui, 8 KOOPOUHAMHOU hopme,
X=Xy Yi=Yo 474
m n P

m, n, P,

=0, (7)

3) Ecnu st mpsimeix £ u U, e Beinmonnsercs yenosue (6) u (7)

((7*)), TO TIpsIMBIE€ CKPEIIUBAIOTCA.
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4. 3amauM. CBSI3aHHBLIC C BO3MOXKHBIM B3aMMHBIM
DACIIOJIOKCHUCM IIPDAMBbBIX

B03MOXHO€ paCIIOIOKEHUE TIPSAMBIX B MPOCTPAHCTBE IMPHUBOIUT K
CIEIYIONIUM 3a7a4aMm:

1) mapajieIbHbIC MPSIMbIC —  PACCTOSIHUE MEXKY NPSAMBIMU
(T.€. paCCTOSTHUE OT TOYKH J0 MPSMOK)?
2) TIepeCEeKaroIIMecs IPSIMbIE —> ) YIOJI MEXKIY NPSMbBIMU?
0) Touka IepeceueHUs MPSAMBIX ?
3) CKpEeIMBAIOIINECS NPSIMBIE — a) YIOJI MEXKAY IPSIMBIMHU?
0) pacCTOSTHUE MEXKY MPSMBIMU?

HyCTB JaHbl ABC ITPAMBIC.
N_X_X‘I_y_y1 Z_Z‘I N _X_Xz_y—Y2_Z_Zz
1. — 2 — — :

= U ;

moon P mo NP

W={m;,n;; p,} — HAIPABJISIIOMIMN BEKTOP IIPSIMOM W,
M (x;,y;,z;)ell; (i=L2).
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3AJIAYA 2. HalTu yroys Mexay IepeCceKaroImuMmICs
(CKpEIIUBAOIIMMUCS ) IPSIMBIMA B MPOCTPAHCTBE.

OIIP. Yanom meocoy osymsa ckpewusarowumucs npsamvimu El u 52
HA3bI8AEMCSL Y20 MEHCOY NPAMOU El U npoexyueu npamou 52 Ha
100Y1I0 NIOCKOCMb, NPOXOOAWYIO Yepe3 NPAMYIO El

%I

/ N /
T.e., yron Mexay CKpeIIHBAIOIIUMHUCS IPSIMBIMU — 3TO YIOJ MEXKIY
IBYMSI TTIEpeCEKAIOMMMUCS IPSIMBIMH, ITapajICIbHBIMU JaHHBIM:

|mm +n,n +p1p2|

(@, 0)|
@’ @‘ \/m +n +p1 \/m2+n +p2

IJe 3HaK IUIIOC OepeTcs A OCTPOro yria, a 3HaK MUHYC —u,JJIs
TYIIOTO.

CosQ,, ==



X — Xy :y_YO :Z_ZO U M1(X1,y1;z1)—
m n P

TOYKa, HE TIPUHAJJIEKALIAS ITOU MPAMOHU.

[TycTth nana npsimas X

3AJIAYA 3. Haiit pacCTOsTHUE OT TOYKH 10 TIPSIMOK B MPOCTPAHCTRE.
O6osuaunm: N={m; n; p} — HANPaBIAIOMUN BeKTop npsamon ¥,
M (X4, Y0,Zy) — Touka Ha nipsimoit I,

d — paccrostaue or rouku M, mo K.

M,
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IlycTh naHbl ABE CKPEIUBAOIIUECS MTPSAMBIE:

N,X_X1_Y_Y1_Z_Z1 v X=Xy Y-Y, Z-2,
T- - n W = = :

L L P m n, P,
W, ={m;;n; p;} —Hanpasisromui BexkTop K.,
M (x;,y;,z;,)ell,

3AJIAYA 4. HailTu pacCTOSTHME MEXY CKPEIMBAIOIAMHUCS ITPSMBIMHU.

OIIP. Paccmosinuem  medxcoy 08YMA CKPeUUBAOUWUMUCT NPAMBIMU
Ha3vleaemcs OJIUHA UX 00U e20 nepneHouKyIApa.

M, i
d]l 47 —1 i
s/j/_ d:\Ax2+By2+sz+D\’
A M, T, JA? + B2 +C?

rne Ax + By + Cz+ D =0 — obuiee ypaBHEHHUE MIIOCKOCTH A ,
M,(x,; y,; z,) — nr00ast ToUKa Ha mpsimMoit £, . 46



Torma d — BeicoTa upamuabl (IapajlieIenuIea), OnyIleHHas U3

TOYKHU M2.
CnenoBaTeIbHO: U
. 3.V, _ 3'6' (19 mz»Mle)‘ _ (ﬁl,z,Mle)
> : H@l’mz]‘ [1’2]
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IlycTe maHbl ABE nepeceKkarouecs npsMple

Z-2Z
m L P

m1:X_X1 :y_y‘l _

N ,X_XZ _y_y2 _
141 2. —

m, n, Py

3AJIAYA 5. HailTu TOUKY TIEpeCeUEHU MPSIMbIX.

[Tyctb M (x,;),52,) — TOUKa MepecedeHus mpsiMbIx. Torna (x,;v,;2,) —

pEIIEHUE CUCTEMBI YPABHEHUN

-

X=X _ Y= Ihnh_z2—-4
) M m 4| D
X=X Y=Y 272
. M ) P2 ,

(x:x1+t-ml,
y=yti-n,
Z=Z1+1-py,
X=Xy+T-m,,
Y=Y, +1T -1y,

\Z:ZZ‘f‘T‘pz.
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>. B3auMHOE pacmoioKEHUE OPSIMOU U
IJIOCKOCTH B IIPOCTPAHCTBE

IIycTh B IpOCTpaHCTBE 3aJaHbl INIOCKOCTh A M mpsaMass £ . OnHu
MOryT 1) ObITh MapalJIeNbHBbI;

2) TipsiMasi MOXET JI€KaTh B MJIIOCKOCTH;

3) npsMas v IIOCKOCTh MOT'YT IIEPECEKAThCS B OJTHOM TOUKE.

X=X _Y=Yo_ 2-%

m n p
Torma N =1{4; B; C} — HOpMaJILHLIN BEKTOP IUIOCKOCTH,

[Iycte A:AX +By +Cz+D =0 » U:

i ={m; n; p} — HAIIPABJISAIONINN BEKTOP MTPSIMOU.
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l»x
>x<|

ey /”f/

a) Eciin nmpsimas mapasuienibHa MIIOCKOCTH WIIH TIpsMasi IPHUHAJICKUT

AN
|

IIJIOCKOCTH, TO (ﬁ @) -0 (10)
WU B KOOPJAUHATHON (hopme
Am+Bn +Cp=0. (11)

Ecnu ycnosue (10) (ycnosue (11)) ne evinonnsaemcs, mo npsamas u
NJIOCKOCHb Nepecekaomcest 8 0OHOU MOoUKe.

0) Ecin nipsiMast MpuHAAJIEKUT TUIOCKOCTH, TO KOOPAUHATHI JTI000H €€
TOYKH YHOBJICTBOPSIOT YPABHEHMIO IIIOCKOCTH, U, CICA0BATEIIBHO,
kpome yciaoBus (10) ((11)) BeIoJIHSIETCS YCIOBUE

Ax,+ By, +(z,+ D=0,

rne M (x;),;2,) — Ti00ast TOYKa MPSIMOH. .



YacTHBIM ClIy4yaeM MepeceueHus MNPSMOU U IUIOCKOCTH B OJIHOU
TOYKE SBJIACTCS NMEPHEHIAUKYIAPHOCTh MPAMOM U TIJIOCKOCTH

X

B aToMm cityyae NI B re.
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OIIP. Yanom mexncoy npamoii L u nrockocmoio A naswvieaemcs yeon
© mexncoy npsamoti X u ee npoexyueti na niockocmo A .

N3 onpeneneHus CIEAyeT, 4TO yroa MEXAY IMPSMOM M INIOCKOCTBIO
BCET/1a OCTPBHIM.

R — 0
Ak
CrenoBaTeIbHO,

v SINQ = COSY = |

S

=

(N, T
NI
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