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The problem 1n general



D2D connection between moving devices




The main steps of modeling

1. Construction of the Fokker-Planck equation, based on the empirical
data about subscribers motion.

2. Estimation of the so-called self-consistent stationary level (SCSL) of
subscribers random walk.

3. Numerical solution of Fokker-Planck equation over the horizon with
the accuracy, which does not exceed SCSL.

4. Construction of the time series trajectory with the use of
time-depending distribution function as a solution of kinetic equation.

5. Calculation of the functional, depending on the ensemble of
trajectories.

6. Solution of various problems of stochastic control.



(Generation

of non-stationary
trajectories

of random walk



Kinetic approach

Let the distribution function density f(x,t) of the trajectories coordinates
at a given moment of time is given by kinetic equation of Fokker-Planck
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Here u(x,t) is a given drift velocity and A(t) is a diffusion coefficient.

This equation is solved numerically for given initial condition and for zero
boundary conditions. So we have the distribution function of coordinates
in j-th class interval for x:
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Correctness of Fokker-Planck Equation for
Empirical Distribution

o (x.1) w) azf(x N
~ (u<x £) f(x,1))~ . = 0;
1 dx
u(x,t) = D j vF(x,v,t)dv, v= E;

fGt) = [ Fx,v.0dv;

do’ (1)
dt

At) = ~2cov,, (1), &>(t)=[(x—%()) f(x.0)dx

Sample averages (mean value and dispersion) for time-series are depending on
time according to the corresponding distribution function moments, if drift and

diffusion coefficients are determined as given above. .



Numerical scheme with unit steps

Explicit scheme for t with right pattern for the second
derivative over x is unstable:

FOt+) = £ +u(x,t=1))— fF(x+L0)u(x+1,1-1)+
M’ D (f(x+2.0)=2f(x+1,0)+ f(x,1)).

So we use implicit scheme with left pattern for the
second derivative over Xx:

fOot+)= fnn)l+u(x,t=1) = f(x+LOu(x+1t-1)+
P D(Zf(x Loy — f(ni+1)— f(x—2,0)).




Typical example of drift u(x,t)
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This drift velocity is not a velocity of any physical body etc., but it is an average
velocity of coordinate differences distribution function variation.
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Probability Density Evolution Model
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The density is treated to be symmetrical with respect to arguments (i.e. coordinate
differences). Here we present a one-dimensional example of evolution model.

Distribution function densities correspond to non-stationary character of subscribers random

walk e.g. in the shopping mall or stadium.
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Example of trajectories ensemble simulation
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SCSL definition in C norm

py (1) = ||FN(x9t+N)_FN(x9t)”

For any given set volume N we construct the distribution function
G of distances between distribution functions F at various moments

of time
Gy(p)

and we define SCSL p*(N) from the following equation:

GN(P*):I_P*
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Correctness of ensemble generation

Initially we have s uniformly distributed time series with sample length N .
Each trajectory {yk }L’ J =1L...,s generates on the time interval [tg + ;29 + N]
sample distribution In{y}jsxtg+N), differing from the fact fn(x,to +N)
Let’s consider the following distances:

=[Pkt + M) Fyeo)
p =|[Fy (3310 + M) = iy (stp + M)
p= \\ﬁN({y};x,to +N)=Fy ({y'}; x50 + N)H
SCSL r* must be equal to SCSL of historically given time-series;

SCSL of two last distances p* and 5* must be equal to each other and
less, then SCSL r*. 13



SIR Indicator
Trajectory



SIR value in a continuous media

From the previous step we have N random trajectories %(tk) i=1,2,...,N for any
moment of time. Let us consider the trajectories of subscribers with numbers 1
and 2 in a given region with volume V and construct for them the
Signal-to-Interference (SIR) value:

X X
SEm0) =22, ¢, =olr0-r0))-
Zqolj

With the accuracy o(1/N) we can represent the SIR value as a following functional,
nonlinear with respect to distribution function of subscribers positions difference:
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Example of 10 trajectories in square with
reflection boundary conditions
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Theoretical evolution equation for average
over ensemble SIR value

Let us derive the evolution equation for average SIR value

j %’” f(r o

where f(r,t) is satisfied to the Fokker-Planck equation, written above. So we obtain
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Final Evolution Equation for Average SIR

(o3 o
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SIR dispersion evolution equation — 1

Let us consider a SIR variance

2
2y L | 2™ _ </>(X)

Then we obtain

Y0 j[ o) N”j A0

dt U(x,?)
~ o(x) oU(x, t) ds(t) o(x) < N
| (Uz(x N o )[U(x,t) Ns(t)jf (% 1)dx.
And finally
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SIR dispersion evolution equation — 2

yAZ() e o(x) o(x) | o(x) ~
NP= _2£ U(XJ)[u(x,t)VU(XJ) Tix t)dzv Jj F(x,1)dx

—2Ns (t)j[ (g(x) div J+u(x,1)V P(x) j f(x,)dx +

AU (x,1) U(x,1)

0(X) A () )
+ Ns()A(F) l [Uz(X, i AU - A Ty F(x,0)dx +
o(x) , o) o) ) ¢’(®)
+ 40 ( Ut U [VU(X,Z‘) ) TUx r)AUJf (x.0)dx.

So we see, that it is very complex non-linear with respect to f(x,t) equation and its
theoretical investigation is very difficult. Hence we need to numerical simulation of
various regimes of D2D connection.
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Stability D2D connection indicator

(0) s(?)
q o
2(1)
If g(t)>1, the connection can be treated as a stable one, even for the
case, when s(t)<s*=0,01 (this is a technical limit).
Theoretical model for evolution of q(t) over the

set of trajectories is derived from the previous equations:

dg 1 ds q(t) dX
dt X)) dt X(¢) dt
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SIR Indicator
Distribution Function



Typlcal SIR trajectory and SIR distribution
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SIR DFD vs diffusion for zero drift

Distribution Function
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SIR DFD vs drift for zero diffusion
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Analysis of D2D
connection stability



The SIR standard deviation
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We consider two cases, i.e. two ensembles of trajectories: s(t)<s*, but q(t)>1
(for this case we use black line) and s(t)>s*, but q(t)<1 (red line).
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Indicator of stability
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We consider two cases, i.e. two ensembles of trajectories: s(t)<s*, but q(t)>1
(for this case we use black line) and s(t)>s*, but q(t)<1 (red line).
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The SIR Simulation
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The first case (g>1) is more
stable, than the second one
(g<1): only 20% of the SIR
trajectory lies below the
critical line in the first case,
and 30% in the second.
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Distribution Function
of the first break down
moment



Simulation of empirical distribution function
of the first break down moment
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Distribution functions of the first break down moments for various time intervals
can be treated as stable.
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Classical result for Brownian motion

If the SIR behavior can be approximated by a standard Wiener process, then
the probability distribution function of time moment of the first achievement

of a given point s* is determined by formula
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Simulation DFD for non-stationary random
walk of subscribers

The asymptotical bechaviour of DFD for large time values is near the theoretical
result; this distribution can be treated as a stable.
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Analysis of cashing
effects



Simulation results for DFD first break down
with cashing
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Empirical dependence of the maximum
continuity period on the cashing value
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The type of normalized DFD

Probability
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Conclusions

Numerical simulation the SIR trajectory for an arbitrary pare of abonents, based
on the random walk simulation for non-stationary ensemble of senders and
receivers, enables us to analyze the distribution of the first break down moment
of time with cashing; this distribution appears to be stationary.

DFD of break down moments without cashing has a power-law tail; DFD with
cashing can be treated as a gamma-distribution. DFD Domain increases
exponentially with cashing period. DFD'’s for various cashing periods can be
converted to the same unique distribution.

We presents here some abstract situation, but it can be easily recalculated to
the practical problem. The main result is that the cashing period, needed for
continuity of wireless connection, is rather short du to exponential decreasing of
break down probability.
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