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Permutations

Bxample 1

In how many ways can we select three students from a
group of five students to stand in line for a picture?
Solution:

First, note that the order in which we select the
students matters. There are five ways to select the first
student to stand at the start of the line. Once this
student has been selected, there are four ways to
select the second student in the line. After the first and
second students have been selected, there are three
ways to select the third student in the line.

By the product rule, there are 5 -4 - 3 = 60 ways to
select three students from a group of five students to
stand in line for a picture.




Permutations

Bxample 2
In how many ways can we arrange five students to
stand in line for a picture?
Solution:
To arrange all five students in a line for a picture, we
select the first student in five ways, the second in four
ways, the third in three ways, the fourth in two ways,
and the fifth in one way.
Consequently, there are

5:4:-3:2-1=120
ways to arrange all five students in a line for a picture.




Permutations

Pefinition 1
A of a set of distinct objects is an ordered

arrangement of these objects.
We also are interested in ordered arrangements of

some of the elements of a set.
An ordered arrangement of r elements of a set is called

an




Permutations

Bxample 3

Let S = {1, 2, 3}.

The ordered arrangement 3, 1, 2 is a permutation of S.
The ordered arrangement 3, 2 is a 2-permutation of S.




Permutations

Bhe number of r-permutations of a set with n elements
is denoted by P(n, r).
We can find P(n, r) using the product rule.



Permutations

Bxample 4

Let S = {a, b, c}.

The 2-permutations of S are the ordered
arrangements:

a, b;

a,c;

b, a;

b, c;

c,a;

c, b.
Consequently, there are six 2-permutations of this set
with three elements.



Permutations

Bxample 4
Let S = {a, b, c}.
The 2-permutations of S are the ordered
arrangements: a,b;
a,c;
b, a;
b, c;
c,a;
c,b.

There are three ways to choose the first element of the
arrangement. There are two ways to choose the second
element of the arrangement, because it must be

different from the first element. By the product rule, it
follows that P(3.2) =3 -2 = 6.



Permutations

Bheorem 1

If n is a positive integer and 7 is an integer with

1 < r < nthen there are
Pnr)=nn—-1)(n—-2)..(n—1r+1)

r-permutations of a set with n distinct elements.

Proof:
We will use the product rule to prove that this formula

IS correct.




Permutations

Pheorem 1

If n is a positive integer and 7 is an integer with

1 < r < nthen there are

Pnr)=nn—-1)(n—-2)..(n—7r+1)

r-permutations of a set with n distinct elements.

Proof:

The element of the permutation can be chosen in
ways because there are n elements in the set.

There are ways to choose the element of

the permutation, because there are n — 1 elements left

in the set after using the element picked for the first

position.




Permutations

Bheorem 1
If n is a positive integer and 7 is an integer with
1 < r < nthen there are

Pnr)y)=nn—-1)(n—-2)..(n—1r+1)
r-permutations of a set with n distinct elements.
Proof:
Similarly, there are ways to choose the
element, and so on, until there are exactly

ways to choose the rth

element.

Consequently, by the product rule, there are
nn—1)(n-2)--n—-r+1)

r-permutations of the set.m



Permutations

Gorollary 1
If n and r are integers with 0 < r < n then
n!
P(n,r) =
(n—r)!
Proof:

When n and 7 are integers with 1 < r < n, by Theorem
1 we have

n!
Pnr)=n(n—-1)(n—-2)..(n—r+1) = .
(n—r)!
Because
n! n!
= — = 1
(n—0)! n!
whenever n is a nonnggative integer, we see that the
formula P(n,7) = —— also holds when r = 0.m

(n—r)!



Permutations

example 5
How many ways are there to select a first-prize winner,
a second-prize winner, and a third-prize winner from
100 different people who have entered a contest?
Solution: Because it matters which person wins which
prize, the number of ways to pick the three prize
winners is the number of ordered selections of three
elements from a set of 100 elements, that is, the
number of 3-permutations of a set of 100 elements.
Consequently, the answer is

P(100,3) = 100-99-98

= 970 200.




Permutations

example 6
How many permutations of the letters

ABCDEFGH
contain the string ABC?
Solution:
Because the letters ABC must occur as a block, we can
find the answer by finding the number of permutations
of six objects, namely, the block ABC and the individual
letters D, E,F, G, and H.
Because these six objects can occur in any order, there
are 6! = 720 permutations of the letters ABCDEFGH
in which ABC occurs as a block.




Combinations

Example 7

How many different committees of three students can
be formed from a group of four students?

Solution:

To answer this question, we need only find the number
of subsets with three elements from the set containing
the four students.

We see that there are four such subsets, one for each of
the four students, because choosing three students is
the same as choosing one of the four students to leave
out of the group.

This means that there are four ways to choose the three
students for the committee, where the order in which
these students are chosen does not matter.




Combinations

Definition 2

An of elements of a set is an unordered
selection of r elements from the set.

Thus, an is simply a subset of the set

with r elements.



Combinations

xample 8

Let be the set S = {1, 2, 3, 4}.

Then {4, 1, 3} is a 3-combination from S.

Note that {4, 1, 3} is the same 3-combination as

{1, 3,4}, because the order in which the elements of a
set are listed does not matter.




Combinations

Phe number of r-combinations of a set with n distinct
elements is denoted by C(n, r).

Note that C(n,r) is also denoted by (:f) and is called a



Combinations

example 9
We see that C(4, 2) = 6, because the 2-combinations
of {a, b, c,d} are the six subsets

{a, b},

{a, c},

{a,d},

{b, c},

{b,d},

{c,d}.




Combinations

bheorem 2
The number of r-combinations of a set with n

elements, where n is a nonnegative integer and r is an
integer with 0 < r < n, equals

C(n,r) =

n!

(n—7r)!r!

Proof:

The P(n,r) r-permutations of the set can be obtained
by forming the C(n,r) r-combinations of the set, and
then ordering the elements in each r-combination,
which can be done in P(7, ) ways.

Consequently, by the product rule,

P(n,r) =C(n,v) P(r,r)




Combinations

Bheorem 2
n!
Cnr) = (n—r)!r!

Proof:

P(n,r) =C(n,v) P(r, 1)
- _P(m,r) nl/(n—-7)! n!

(n,7) = P(r,r) r/r—1)! (m—=r)r! -

Corollary 1

n! _n(n—l)...(n—r+1)

C(n,r) =

(n—r)rl r!



Combinations

Bxample 10

a) How many poker hands of five cards can be dealt
from a standard deck of 52 cards?

b) Also, how many ways are there to select 47 cards
from a standard deck of 52 cards?

Solution:

52! 52:-51:50:49-48
a) C€(52,5) = = 222122 = 2 598 960
b) C(52,47) = f7—f'5, — Sz'ifg?'z‘f% — 2598 960

Note that C(52,5) = C(52,47).



Combinations

Bbheorem 2

n!
C(n,r) =

(n—r)!r!

Corollary 2

Let n and r be nonnegative integers with r < n. Then
C(n,r) =C(n,n—r)

Proof:
C(n,r) =

n!

(n—r)r!
n!

B (n—r)!(n—(n—r))!

=Cn,n—1r)m



Combinations

Example 11

Suppose that there are 9 faculty members in the
mathematics department and 11 in the computer science
department. How many ways are there to select a
committee to develop a discrete mathematics course at a
school if the committee is to consist of three faculty
members from the mathematics department and four from
the computer science department?

Solution:

€(9,3)-C(11,4) =

ol 11!
316! 4171

84330 =

27 720



The binomial theorem

Bhe binomial theorem gives the coefficients of the
expansion of powers of binomial expressions.

A binomial expression is simply the sum of two terms,
suchas x + y.

(The terms can be products of constants and variables,
but that does not concern us here.)



The binomial theorem

example 12
(x + y)3 x+y»x+y)x+y)
= + + + xyy + + yxy
+Yyyx +yyy
When (x + ¥)3 = (x + y)(x + y)(x + y) is expanded,
all products of a term in the first sum, a term in the
second sum, and a term in the third sum are added.

Terms of the form ', x*y, xy?, y° arise.



x+y)P=x+y)x+y)x+y)
= oo+ 0y + xyx + xyy + yaoc+ vy + yyx + yyy

To obtain a term of the form ', an x must be chosen in
each of the sums (x + y), and this can be done in only one
\6\/3a)y. Thus, the » term in the product has a coefficient of 1:
= 1.
Tg obtain a term of the form x“vy, an x must be chosen in
two of the three sums (x + y) (and consequently a y in the
other sum). Hence, the number of such terms is the
nu)mber of 2-combinations of three objects, namely,
=3
S|2m|IarIy, the number of terms of the form xy? is the
number of ways to pick one of the three sums (x + y) to
obtain an x (and consequently take a y from each of the

other two sums). This can be done in ( ) = 3 ways.

Finally, the only way to obtain a y° term is to choose the y
for each of the three sums (x + y) in the product, and this

can be done in exactly one way: (0) = 1.



fexample 12

Consequently, it follows that
(x+y)P=Cx+y)x+y)x+y)
= XXX + XXy + XyX + XYy + yxx + yxy

T+ Yyyx +yyy
= +3x°y+3xy*+y°



The binomial theorem

theorem 3

Let x and y be variables, and let n be a nonnegative
integer. Then

(x +y)" = Xo () x" Ty
Proof:

The terms in the product (x + y)™ when it is expanded
are of the formx"/y/,j =0,1,2,.

To count the number of terms of the form x™"JyJ note
that to obtain such a term it is necessary to choose

n — j x's from the n sums (so that the other j terms in
the product are y’s).

Therefore, the coefficient of x™*/y/ is (
equal to (7}) m

71]) which is



The binomial theorem

example 13

What is the expansion of (x + y)* ?

Solution:

From the binomial theorem it follows that
4

(x + y)4 _ Z (j) x4—jyf

JE=
4 4 4 4 4

_ 4 3 2.2 3 4
(o)x +(1)xy+(z)xy +(3)xy +(4)y

=x* + 4x3y + 6x%y? + 4xy3 + y*.




The binomial theorem

Example 14
What is the coefficient of x1?y13 in the expansion

(x +y)*°7?
Solution:
From the binomial theorem it follows that this

coefficient is
25 B 25! B
13/ 13!'12!

= 5200 300.




The binomial theorem

Bxample 15

Determine the coefficient of x12y13 in the expansion
(2x — 3y)?>.

Solution:

The coefficient in the expansion (2x — 3y)?° is
5|

25 25!
212 —3 13 — _ 212313
(13) (=3) 13!12!




The binomial theorem

Bheorem 3 ,
n
(x +y)" = z (k) X"y
k=0
Corollary 1
n
n
—_ n
Z (k) =2
k=0
Proof:

Using the binomial theorem with x = 1andy =1, we
see that

2n = (1 + 1" = Z (Z) 1n—kik — Z (Z) -
k=0 k=0



The binomial theorem

There is also a nice combinatorial proof of Corollary 1,
which we now present.

A set with n elements has a total of 2™ different
subsets.

Each subset has zero elements, one element, two
elements, ..., or n elements in it.

There are (g‘) subsets with zero elements, (7;) subsets
with one element, (Z) subsets with two elements, ...,
and (2) subsets with n elements.

Therefore, ’,}zo(;‘) counts the total number of subsets

of a set with n elements.
By equating the two formulas we have for the number
of subsets of a set with n elements, we see that

’,}zo(’;) = 2N,



The binomial theorem

Bheorem 3 ,
n
(X 4+ y)n — Z (k) xn—kyk
k=0
Corollary 2 .
n

> (DF(;)=0

k=0
Proof:
Using the binomial theorem with x = 1and y = —1, we
see that , ,

0=(1+(-1)" = z (Z) 1"k (1) = 2 (Z) (—D*m

k=0 k=0



The binomial theorem

example 16

Let n be a nonnegative integer.

Proof that
n
n
k — M
2 2 (k) = 3n
k=0



