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The analytic S-matrix

D.I. Olive, Unitarity and the Evolution of Discontinuities
Nuovo Cimento 26, 73 (1962)

D.I. Olive, Exploration of S-Matrix Theory
Phys. Rev. 135, B745 (1964)

D.I. Olive, et al ........

R. Eden, P. Landshoftf, D.I. Olive and J. Polkinghorne,
The analytic S-Matrix (CUP, 1964)
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integrabie quantum field {neories in 1+1i dimensions
* theories with nnstable particles in thefr spectra



The bootstrap program (1978-... )

o) classical foreplay

i) determination of the S-matrix
if) construction of the form factors
iii) consistency checks
iv) correlation (Wightman) functions
v) classification of (local) operators
vi) organise the zoo of models
vii) add boundaries and impurities
viii) compute measurable quantities
iX) relate to lattice statistical models
X) interrelation of the program to
other areas (condensed matter)




Scattering theory in 141 dim
in
enpral: 7 (0)0). = SEME(01, ... 0,)Z,,(01)... Z,,(0.,)]0),
- creation operator for a particle of type u: 7 2 (D)
- vacuum: ()
- momentum p /rapidity 0: » = m(cosh 0, sinh )
_ integrability = J at least one non-trivial conserved

charge
* no particle production

* inggmigg and)outgoing momenty coincide (.,

----- mJ 1S

e factorization of the S-matrix:

‘{11 4{{2 - -‘{{ M £ ! :
S‘ul'@“‘f“‘f’f (9 Ly wor 9}1 ) = H S‘u@‘u; (9; 9]>

1<i<j<n



| How does one construct
5% in general use perturbation theory

* in 1+1 dim IQFT: solve consistency equations
i) Lorentz invariance
- S depends on Mandelstam variables

Y F:' F) 2 ' 1 / S
Sab = (Pa+ pp)° = mg; + my + 2mamp cosh(0, — 0p)

Sab (papb) ab(ga Qb) — 5afb (*Sab) — Sab (Qaf))
Wlth Qab : 9@_' - 9})
i) Hermitian analyticity

 central assumption:
S can be continued to the complex plane, it depends on:

e 7Y
*S a.'b - Qab & l'xl_'L_,



e physical S-matrix:

yphysical . A : o \ 2% = D = N
SPy = lime.oSa(s + i) = S5 (0) sec Re6eR

* S depends on /5.

* no more single valuedness

' \ 2
* remedy: branch cuts ¢ . > (m, + m))?

(mgy — mp)?

ATV

Sab
* hermitian analyticity:

lime,oSap(s +ig) = lim oS}, (s — i)
Sab (9) — [Sba( 6t )]

D.I. Olive, Nuovo Cimento 26, 73 (1962)

- coincides with real analyticity S.,(0) = [Sa(—0%)]"
only for parity invariant theories, thatis So» = Sp,



e Examples for theories with real analytic S-matrices:

- sine-Gordon:
Al. B. Zamolodchikov, A. B. Zamolodchikov, Annals Phys. 120, 253 (1979)

- affine Toda field theories:
R. Koberle, J. A. Swieca , Phys. Lett. B86, 209 (1979)
A. Arinshtein, V. Fateev, A.B. Zamolodchikov, Phys. Lett. B87, 389 (1979)
many papers in the early 90s, Corrigan et al, Mussardo et al, Freund et. al...
A.Fring, D.I. Olive; Nucl. Phys. B379, 429 (1992)
(possibly more on this in the next talk by Ed Corrigan),....

 Examples for theories with hermitian analytic S-matrices:
- homogeneous sine-Gordon:
J.L. Miramontes; Phys. Lett. B455, 231 (1999)
J.L. Miramontes, C. R. Fernandez-Pousa; Phys. Lett. B472, 392 (2000)
A. Fring, C. Korff, Phys. Lett. B477, 380 (2000)
C. Korff, Phys. Lett. B501, 289 (2001)



ili) Unitarity
» completeness and orthogonality e SS' = S'S =1

iv) Crossing symmetry
 Lehmann-Symanzik-Zimmermann formalism

- change from s, = (p, + pp)°t0 top = (Pa—ps)?
limesoSap(s +ie) = limeoSpa(f — ic)
Spa(0) = Saplin — 0)
- here ; denotes the anti-particle

v) Yang-Baxter equation
e factorization °

S(012) ® S(013) ® S(B23) = S(023) ® S(013) @ S(012)
- no backscattering ¢ diagonal S-matrix

TZEf(Q) Tatb (9)




vi) Fusing bootstrap equation
- suppose you have a fusing process: a+b — C

—

_ — fusing angles
//
/ ﬁgc c R”

S1a(0 + i75:)S (0 — i775.) = Siz(6)
vii) Account for all poles

- first order poles in S at

xif\ fusing process: i+j —
- o sl s - 2ndiprder pole Coleman-Thun mechanism
Tachyons )& Brelt—w @3 (12

X X X X X X x X , 1
o Y e
unstable pz\i\r‘ncles

X X X X X X X X (2

------------------------ e (12) @)
-im

- higher order: generalised CT-mechanism



i) - vii) determine S-exactly !




From form factors to correlation functions

* Wightman’s reconstruction theorem:
a QFT is solved once all n-point functions are known

form factor:

form factor consistency equations:
i) CPT invariance:

il) crossing:

iii) relativistic invariance:

iv) kKinematic residue equation:

v) bound state residue equation:



The form factor consistency equations select out solutions
corresponding to operators which are mutually local,
i.e. they (anti)-commute for space-like separation.

Example: SU(3) homogeneous sine-Gordon (HSG) model (two particles + and -)

[Castro-Alvaredo, Fring, Korff, Phys. Lett. B484 (2001) 167]
[Castro-Alvaredo, Fring, Nucl. Phys. B604 (2001) 367]
[Castro-Alvaredo, Fring, Phys. Rev. D63 (2001) 021701]



Theories with unstable particles generalities

PP %I r ol ke SYHRACHASS ORDynkin diagrams and
the Fyhiariomgfafoda field equations Nucl. Phys. B215 470 (1983)

the are free parameters of the theory and label the unstable particles
Example:

For conformal field theory see review:
Psesria Al PSS L KBelaisohnd Virasoro algebras

A Osatssian P particies tp all ROFEVG MG BHS S°R'4, 303 (1986)



Decoupling rule

decoupling rule:

Virasoro central charge:

Example: SU(4).-homogeneous sine-Gordon model
P. Goddard, A. Kent, D.I. Olive, Unitary representations of the

Virasoro algebra and Super-Virasoro Algebras CMP. 103, 105 (1986)



How to detect unstable particles?

TBA equation:

* solve for pseudo-energy

scaling function:

adapted c-theorem:

trace of the energy momentum tensor

adapted A-sum rule:

primary field in conformal limit

[Castro-Alvaredo, Fring, Phys. Rev. D63 021701 (2001), Phys. Rev. D64 085007 (2001)]



6,,~100, 5,,=80, 5,,=60, 6,=40, 5, =20
- - - ¢6,.~100, 6,,=80, 5,,=60, 5,~40, c,,=20

> 713 > 756 24

Particle spectrum:
6 stable particles
30 NSt alv.e. D2t s
15 different masses
+ degeneracy depending on the choices of the sigmas



Thank you very much for your attention.

All the best to David.



