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[ecture overview

- Trigonometric integrals.
- Trigonometric substitutions.
- Rational Functions and partial Fractions

Slide 5- 2



Trigonometric Integrals
Products of powers of Sines and

cosines
/ sin” x cos” x dx

Case 1 If m is odd, we write m as 2k + 1 and use the identity sin’>x =

1 — cos? x to obtain

sin” x = sin**! x = (sin®x)*sinx = (1 — cos? x)* sin x. (1)
Then we combine the single sin x with dx in the integral and set sin x dx equal to

—d(cos x).
Case 2 If nis odd in f sin™ x cos" x dx, we write n as 2k + 1 and use the
identity cos’x = | — sin” x to obtain

cos" x = cos?* 1 x = (cos®x)¥cos x = (1 — sin® x)¥ cos x.

We then combine the single cos x with dx and set cos x dx equal to d(sin x).

Case 3 If both m and n are even in f sin” x cos” x dx, we substitute

Gin? x = 1 — gos 2x, cos? ¥ = 1 + gos 2x )

to reduce the integrand to one in lower powers of cos 2x.
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Evaluate

/ sin’ x cos? x dx.

/sin3 xcos?xdx = /sin2 x cos? x sin x dx
= /(1 — cos? x)(cos? x)(—d (cos x))

_ / (1 — 1) (1) (—du)
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Evaluate

/ cos® x dx.

/ cos’ x dx = / cos* x cos x dx = / (1 — sin®x)? d(sin x) cos x dx = d (sin x)

=/(1 — M2)2 du u = sinx

:/(1 — 2u* + u4)du Square 1 — 2.
_ 253,15 e 23 1 s
u—u +5u + C = sinx 3 Sin x+5s1n x+ C
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Evaluate

/ sin® x cos* x dx.

o 4 1 = cos2x\[ 1 + cos 2x \*
sin“ x cos* x dx = ) 3 dx m and » both cven

= % / (1 — cos 2x){(1 + 2 cos 2x + cos? 2x) dx

N é/(l + cos 2x — cos? 2x — cos® 2x) dx
1 L . ' 2. 3
=g |x +sin 2x — [ {(cos? 2x + cos’ 2x) dx

For the term involving cos? 2x, we use

]cos2 2xdx = %/(1 + cos 4x)dx

] I . Omit constant of
=—|x + —sindx|.

2 4 integration until final result.

For the cos® 2x term, we have

/ cos® 2x dx = / (1 — sin? 2x) cos 2x dx i = sin 2, du = 2 cos 2x dx

L0 = au = Hsinor - Leintox ). acsinomic
2 2 3

Combining everything and simplifying, we get

/Sin2 xcost xdx = % (x - %sin 4x + %sin3 2)() + C. m Slide 5- 6



B
Integrals of Powers of tan x and sec x

Evaluate
/ tan® x dx.

/tan4xd tan? x « tan® x dx —/tan2x°(seczx — 1) dx

/tan x sec? x dx —/tanzxdx

tan? x sec xdx—/(sec x— 1)dx

Z/tanzxseczxdx —/seczxdx +/dx

In the first integral, we let

u = tan x, du = sec® x dx

/uzdu = %u3 + C,.

The remaining integrals are standard forms, so

and have

/tan4xdx=%tan3x—tanx+x+C. Slide 5- 7



Products of Sines and Cosines

The integrals

/ sin mx sin nx dx, / sin mx cos nx dx, and / COS mXx COS nx dx

[cos (m — n)x — cos (m + n)x],

DO [ —

sin mx sin nx =
sin mx cos nx = 5 [sin (m — n)x + sin (m + n)x],

cos mx cos nx = 5 [cos (m — n)x + cos (m + n)x].

N = D=
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[cos (m — n)x — cos (m + n)x],

D [ —

sin mx sin nx =

sin mx cos nx = 5 [sin (m — n)x + sin (m + n)x],

N|— N=

cos mx cos nx = 5 [cos (m — n)x + cos (m + n)x].

Evaluate

/ sin 3x cos Sx dx.

From Equation (4) with m = 3 and n = 5, we get

/ sin 3x cos 5x dx = % / [sin(=2x) + sin 8x] dx

= %/(sin 8x — sin 2x)dx

__cos8x |, cos2x
= 6 T 4 + C.
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Trigonometric Substitutions

x% dx

/ dx
V4 + x?

az-I-x2

0

a

x =atan @

Va? + x> = al|sec 6

V9 — x*

Va? — x* = a|cos 0

a X
7, 6
a? — x2 a
x=asinf x=asecH

Vx> — a®> = a|tan 6|

/ dx
\V25x% — 4

X~ —d
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Procedure for a Trigonometric Substitution
1. Write down the substitution for x, calculate the differential dx, and specify the
selected values of @ for the substitution.

2. Substitute the trigonometric expression and the calculated differential into the
integrand, and then simplify the results algebraically.

3. Integrate the trigonometric integral, keeping in mind the restrictions on the
angle 6 for reversibility.

4. Draw an appropriate reference triangle to reverse the substitution in the inte-
gration result and convert it back to the original variable x.
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Evaluate
/ dx
V4 + x?
x = 2tané, dx = 2 sec? 0 db, T <p< ™

2 2’
4+ x*=4+4tan*0 = 4(1 + tan®9) = 4 sec? 6.

/ dx =/2$6020d0 _ sec? 6 db
V4 + x? V4 sec? 6 |sec 6

=/sec@d0

= In [sec§ + tan @] + C

A\ / 2
= In —42+x +5+ ¢
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Evaluate

x% dx

V9 — x2

X = 3sin 6, dx = 3 cos 0 do, —g<0<%

9 —x>=9 —9sin?0 = 9(1 — sin’H) = 9 cos? h.

/ x*dx :/9sin20-30059d9
V9 — x? 13 cos 6|

= 9/sin29d9
9/1 — Zos 20d9

_9(, sin20
~9(0-2) 4 c

=%(0—sin0c050)+C

=2 sin 12 — % 9 = x* + C

2 3 3 3

=gsin_1£—£\/9—x2—|—C.
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Integration of Rational Functions by Partial Fractions

General Description of the Method

Success in writing a rational function f(x)/g(x) as a sum of partial fractions depends on
two things:

® The degree of f(x) must be less than the degree of g(x). That is, the fraction must be
proper. If it isn’t, divide f(x) by g(x) and work with the remainder term. Example 3 of

this section 1llustrates such a case.

e We must know the factors of g(x). In theory, any polynomial with real coeflicients can
be written as a product of real linear factors and real quadratic factors. In practice, the
factors may be hard to find.
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Method of Partial Fractions When f(x)/g(x) Is Proper

1. Let x — r be a linear lactor ol g(x). Suppose that (x — r)™ is the highest pow-
er of x — r that divides g(x). Then, to this factor, assign the sum of the m
partial fractions:

A, A, A,

+ — 4
(x —r) (x— r)r (x — r)"

Do this for each distinct linear factor of g(x).

2. Let x> + px + g beanirreducible quadratic factor of g(x) sothat x> + px + ¢
has no rcal roots. Supposc that (x> + px + ¢)" is the highcst power of this fac-
tor that divides g(x). Then, to this factor, assign the sum of the » partial frac-
tions:

le + Cl BQX + C2 an + Cn
. + — s+t .
x"+px+tg)y &+ px+ g (x + px + g)*

Do this for each distinct quadratic factor of g(x).

3. Set the original fraction f(x)/g(x) equal to the sum of all these partial frac-
tions. Clear the resulting equation of fractions and arrange the terms in de-
creasing powers of x,

4. Equate the coefficients of corresponding powers of x and solve the resulting
equations for the undetermined coefficients.
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Use partial fractions to evaluate

X2+ 4x + 1 4
x— Dix + Dix + 3)%

x>+ 4x + 1 __A B _ C
x—-—Dx+DHx+3) x—1 x+1 x+3°

XHdx+1=A+ Dx+3)+Bx— Dx+3)+ Clx — Dx + 1)
A2 +4x+3)+ B2+ 2x-3)+C(x2—1)
=A+B+Ox*+ (44 + 2B)x + BA — 3B — ().

Coefficient of x%: A+ B+C=1
Coefficient of x!: 4A + 2B =4
Coefficient of x°: 3A — 3B —-C=1

A=3/4,B=1/2,and C=—1/4

SAbde+tl o f[3_ 1 11 11 ]
- Dx + D + 3) 4x—1 2x+1 4x+3

3 1 1
=Zln|x—1|+§ln|x+1|—zln‘x+3|+K
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EXAMPLE 2 Use partial fractions to evaluate

6x + 7
a5 dx.
J (x+2)
Solution  First we express the integrand as a sum of partial fractions with undetermined
coefticients.
e+ 7 _ A + B Two b (x+2)i d
- o A WO lerms pecause (X £) 15 squared
(x+22 x+2 (x+2y | 1
6x +7T=Ax+ 2)+ B Multiply both sides by (x + 2).

= Ax + (2A + B)
Equating coefficients of corresponding powers of x gives

A=6 and A+ B=12+B =17, or A=6 and B = —5.

tﬁ+7M=/( 6 5 )M
(x + 227 T2 (422

_g [ 2
_6/x+2 5/(x+2) dx

=6In|x+ 2| +5x+2)'+ C =
Slide 5- 17
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Use partial fractions to evaluate
/2x3—4x2—x—3
5 dx
x°—2x—3
2x
X2 =2 — 3283 — 4l — x— 3

2x3 — 4x* — 6x — 3
5 — 3

2 —4xr —x— 3 5x — 3
5 = 2x + 5
x> —2x—3 x—2x—3

2x3 —4x? — x — 3 x— 3
= (2 +
/ P —2x—3 dx /xdx /x—Zx—3
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EXAMPLE 5 Usc partial fractions to cvaluate

/ dx
Jox(x2+ 1)F

Solution  The form of the partial fraction decomposition is

1 _ A Bx+C Dx + E

2+ 12 x24I (x2+ 1)¥

Multiplying by x(x> + 1)?, we have

1=A+ 1)+ Bx+ Ox(x*+ 1) + (Dx + E)x
= At + 22+ 1) + B(x* + x2) + C(&3 + x) + Dx* + Ex
=A+B+C+QRA+ B+ D)2+ (CH+ Ex + A

Il we equate coellicients, we get Lthe system
A+B=0, C=0, 20+ B+ D=0, C+E=0 A=1
Solving this system gives A = 1, B =—1.C =0,D = —1,and £ = 0. Thus,

. dx 1 —Xx —-Xx
] - _+_ _|_ )
‘/x(xz + 1)? / l"‘ P2+l P+ l)z}dx

=/'dx_/' xdx [ xdx
JX S+l e+

. @_la’_u_l («ﬂ w=x>+ 1,
S x 2fu 2f 2 du = 2xdx
1 1
= In |x —§ln|u| +5-+K
=In|x —lln(xz-I- 1) +;+K
2 2(x2 + 1)
_ K 1 :
= In + + K. Slide 5- 19
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I
Other Ways to Determine the Coefficients

EXAMPLE 8 Find A, B, and C in the expression

2+ 1 __A n B " C
x—"Dx—2xx—3) x—1 x—2 x—3

by assigning numerical values to x.

Solution Clear fractions to get
W+ 1 =Ax—2Dx—3)+Blx— Dx—3) + Clx — Dix — 2).

Then let x = 1, 2, 3 successively to find A, B, and C:
x =1 (1) + 1 = A—1)=2) + B(0) + C(0)
2 =2A
A=1
x = 2 (2 + 1 = A0) + B()(—1) + C)
5=-8B
B=-5
x =3 (3)> + 1 = AW0) + B0) + C2)1)
10 = 2C
C =5.
Conclusion:
x>+ 1 1 5 5

(;r—l)(;x—Z)(x—3)=;r—l_x—2+x—3' Slide 5- 20



