[lpegukaTtbl N KBAHTOPI.
[lenctBua Hag npeaukaTamMmm n Ux
CBOUCTBA

* [lpegukarol
« KBaHTOpPbI
* OrpaHnyunTenbHble KBAHTOPLI

* [lornyeckme aKBMBaNEHTHOCTU BbIpaXXeHUN,
coaepKallux KBaHTOPb

« OTpuLIaHUSA BbIPpaXKEHUI, coaepKaLlmnx
KBaHTOPbI

* BnoXeHHble KBaHTOPbI



[MpegukaThbl

llpnMepbl Taknx npearoXeHum:
“.x > 3”, “x — y + 3”, “x — y + Z”,
“‘KOMNbIOTEP x NOoABepraeTcs aTake xakepa’,

“‘KoMnbroTeEP X PYHKUMOHUPYET B HOPManbHOM
pexume”.

Ecnn 3Ha4YyeHnss NnepeMEHHbIX, BXOOALLMNX B 9TU
npeanoXeHusa, He cneymduumMpoBaHbl, TO 3TH
npeanoXeHna He ABNATCA HU UCTUHHBIMU, HK
NOXXHbIMW.




[MpegukaThbl

. ::x > 3»

[TpeanoxeHue “x borblue Tpex COCTOUT U3 OBYX
yacTeu:

nepBas yacTb: MepeMeHHast x, — noasiexatiee
npearoXeHus;

BTOpas YacTb. ‘Donblue Tpex’, — npegukar —
ODBSACHSET, KaKMM CBOUCTBOM obnanaet
nognexatiiee npeanoxeHus.

O6o3Ha4YMMm npeanoXxeHue “x donblue Tpex 4vepes
P(x), roe P obo3HavaeT npeaukar, a x — NepemMeHHYo.



[MpegukaThbl

lpeanoxeHne P(x) ewle Ha3bIBAOT 3HAYEHUEM
Npono3numnoHaribHou (PyHKUMUU P B TOUKE X.

Kak Tonbko nepeMeHHon x dyaeT npucBOEHO
onpeneneHHoe 3HadyeHue, yTeepxaeHume P(x)
CTaHET BblCKa3biBaHMEM, MPUHUMAIOLLIUM
nornyeckoe 3HaveHue “UictnHa” nnu nornyeckoe
3HayeHune “Jloxb".



[MpegukaThbl

l[lpumep

[TycTb P(x) obo3HayaeT yTBepxaeHue ‘x > 3.
Hangem normyeckne 3HavyeHus BbICKa3biBaHUN

P(4) n P(2).
P(4) — BbiCKa3blBaHue “4 > 37, KOTOpoe ABnAeTcs
NCTUHHbIM.

P(2) — BbiCKa3blBaHWe “2 > 3", KOTOPOE ABNSAETCH
JTOXHbIM.




[MpegukaThbl

l[lpumep
[TycTb R(x,y,z) 0O0O3HaA4YaeT yTBepPXKAEHMNE

“x + y = z”. Hanpem nornyeckne 3Ha4yeHus
BbiCKa3biBaHUU R(1,2,3) n R(0,0, 1).

Y1BepxageHue R(1,2,3) — 9TO BbiCKa3biBaHWe
“1+4+ 2 = 37, KOTOPOE UCTUHHO.

Y1BepxaeHue R(0,0,1) — 9TO BbiCKa3biBaHUE
“0+4+ 0 = 17, KOTOPOE JTOXHO.




[MpegukaThbl

FlpeanoxeHune, cogepxallee n nNepeMeHHbIX

X1, Xo, -+, X, 0D03HAYAIOT Yepes P(xq, Xy, ..., X,,).
[lpepnoxeHue P(xq,x,, ..., X,) €Lie Ha3blBaloT
3Ha4YeHneM Npono3nuUuoHaribHOU (pyHKUUKU P Ha
n-Habope (xq, x,, ..., X,),

a P Ha3blBalOT n —MeCTHbIM NpeauKaToM Unu

n —apHbIM NpeauKaToM.



[MpegukaThbl

Ecnu nepeMeHHbIM, BXOAALLMM B COCTaB
Npono3nunoHanbsHON PYHKLUKU, MPUCBOUTL
HEKOTOopble 3Ha4YeHus, TO B pe3ynbraTte
Nony4vynTcs BbiCKadbliBaHUe, UMeroLLee
onpegeneHHoe NCTUHHOCTHOE 3HayeHue.

MmeeTcs elle oanH cnocod obpasoBaHUS
BbICKa3bIBAHUN N3 NMPOMNO3nNLIMOHANTbHbIX
doyHKLUMWN, NU3BECTHbLIV Kak KBaHTU(PUKaLUA.

Pa3gen norvkn, nsyyarowme npegmkatbl u
KBAHTOpPbI, HA3bIBAETCA NCHYUCIIEHUEM
npeauKaToB.



KBaHTOPLI

@npegenenne 1 Iyctb npegukaTt P(x) onpeneneH
Ha HekoTopou obnactu paccyxaeHun U
(Ha3bIBaeMon aanee ansa KpatkocTu «obnactby).

YHuBepcanbHOU KBaHTU(PUKaLuMen npegukaTa
P(x) oTHocuTenbHO obnacTtn U HasblBaeTCH
BblCKa3blBaHNE

VxP(x)="P(x) ans Bcex 3Ha4eHun x n3 obnactn U”.

Bbicka3biBaHue VxP (x) UCTUHHO TOraa 1 TOJIbKO
Torga, korga P(x) npuHumaeTt 3HadeHue “UctmHa’
Ornsa Bcex 3HadyeHum x na oobnactu U.




KBaHTOpGI




KBaHTOPLI

BbickasbiBaHWe VxP(x) NOXHO Torga v TONbKO
Toraa, Kkorga P(x) He aBndeTca UCTUHHbIM ONA
BCEX 3JIEMEHTOB X U3 obniacTtn paccyxgeHun U.

Takum obpasom, BbickasbiBaHMe VxP (x) NOXHO
TOoraa v TONnbKo Torga, Korga uMeeTcs
KOHTpNpumMep Ond BbiCkasbiBaHUA VxP (x) 13
obnacTtu paccyxgeHun U.



KBaHTOpGI




KBaHTOpGI




KBaHTOpGI




KBaHTOPLI

@npegenenne 2 [lyctb npegukaTt P(x) onpeneneH
Ha HekoTopon obnactu U.

JK3UCTEeHUMaNnbLHOU KBaHTU(MKaumen
npeaunkarta P(x) OTHOCUTENbLHO obnacTu
U Ha3blBAeTCHA BbiCKa3biBaHUE

dxP(x) ="CywectByeT 3Ha4yeHne x U3 obnactu U,
ana kotoporo P(x)".

Bbicka3biBaHWe dxP(x) UICTUHHO Toraa U TOJNbKO
Torga, korga P(x) npuHUmaeT 3HadeHue “ctmnHa’
0119 HEKOTOPOro 3HadeHus x n3s obnactu U.




KBaHTOpGI




KBaHTOPLI

BbickasbiBaHWe dxP(x) NOXHO Toraa n TOJMbKO
Toraa, korga P(x) He aBndeTca UCTUHHbIM ONA
HEKOTOPOro afieMeHTa x U3 obnacTu paccyXgeHuu

U.
Takum obpasom, BbickadbiBaHMe JxP (x) JTOXHO

TOoraa v Tonbko Torga, korga P(x) NOXHO OnS
nboro anemMmeHTa x U3 obnactu paccyxgeHumn U.



KBaHTOpGI




KBaHTOpGI




KBaHTOpGI




KBaHTOpGI




OrpaHVI‘-IVITeJ'IbH bl€ KBAHTOpPbI

lpmep BbIACHMM, YTO O3HaA4YaeT yTBepXxXaeHue

Vx <0 (x*>0), roe obnactbio sBNgeTcs
MHOXXECTBO BELLECTBEHHbIX YMCETT.

YTBepxaeHue Vx <0 (x?>0) o3Ha4aer:

ans nodoro BewecTBEeHHOro Ymcria x co
CBOMCTBOM x < 0 UMEeeT MecTo HepaBeHCTBO x2> 0,
T.e. “KBagpart noboro otpuyaTenbHOro Ymcna
ABIAETCSH YNCIIOM NONOXUTENbHbLIM .

OTO yTBEPXKAEHME SKBUBANEHTHO TakoMy
yTBepPXaeHuto: Vx (x <0 — x?>0).




OrpaHVI‘-IVITeJ'IbH bl€ KBAHTOpPbI

l[lpumep
Vx<0(x?>0)=Vx (x<0— x%>0)

3ameTnMm, YTO orpaHN4YEeHne yHUBEepCarnbHOM
KBaHTUdMKALMN CBOAUTCA K YHMUBEPCAIIbHOM
KBaHTUMKALMN YCITOBHOIO BbICKa3bliBaAHUS.



OrpaHVI‘-IVITeJ'IbH bl€ KBAHTOpPbI

lpmep BbIACHUTL, YTO O3HAYaeT yTBepXaeHune
Vy=0 (y3#0), rae obnactbio asBngeTcs
MHO>XXECTBO BeLLEeCTBEHHbIX Yucern.




OrpaHVI‘-IVITeJ'IbH bl€ KBAHTOpPbI

ldpnmep BbIACHMM, YTO O3HaA4YaeT yTBepXxaeHue

dz >0 (z?=2), rae obnacTbio ABAETCA MHOXECTBO
BELLIECTBEHHbIX YuMCen.

YTBepxaeHue 3z > 0 (z?=2) o3Ha4aeT:
CYLLLECTBYET BELLECTBEHHOE YUCIIO Z CO
cBouUCTBOM: z > 0, AN KOTOPOro MMeeT MecTo
PABEHCTBO z°=2, T.e.

“‘CyulectByeT apndMeTU4ecknn KBagpaTHbIN
KOpeHb U3 yncna 2”.

OTO yTBEPXKAEHME SKBUBANEHTHO TakoMy
yTBepXaeHuto: 3z (z >0 A z2=2).




OrpaHVI‘-IVITeJ'IbH bl€ KBAHTOpPbI

l[lpumep
1z>0(z°=2)=3z (z>0A z2=2)

3amMeTuM, YTO OorpaHMYeHne dK3UCTEHLMANbHOM
KBaHTUMPUKALUM CBOOUTCA K 9K3UCTEHLMATTbHON
KBAHTUMPUKALUN KOHBIOHKLINMN.



Jlornyeckne sKBMBanNeHTHOCTH

@npegeneHne 3

YTBepXaeHua, coaepxallme npeankaTtbl U
KBAHTOPbLI, JIOrM4YeCKU 3KBUBaANEHTHbI Toraa u
TONbKO TOrga, Korga OHM MMeKT O4UHAKOBLIE
rflormyeckme 3HayvyeHust ans noodbiX TOrMYecKmx
3HAYEHNN NepeMeHHbIX N3 001acTn paccyXaeHUN.

Ecnun gBa ytBepxaeHuna S n T, cogepkallime
npeaukaTtbl U KBAHTOPbI, NOrM4YecKn
OKBUBANEHTHbI, TO NUWYT. S = T.




Jlornyeckne sKBMBanNeHTHOCTH

llpmep [lokasaTb, 4TO

Vx(P(x)AQ(x)) n VxP(x)AVxQ(x)
JTIOrMYECKM SKBUBASIEHTHbI MNPU YCNOBUN YTO
npeaukatbl P(x) n Q(x) 3agaHbl Ha O4HOU
obnactn U.

CnenyeT gokasaTb ABa YTBEPXOEHUS:
eCnn UCTUHHO Vx(P(x) A Q(x)), TO
VxP(x) AVxQ(x) NCTUHHO;
ecnun VxP(x) AVxQ(x) UICTUHHO, TO
Vx(P(x) A Q(x)) UCTUHHO.




Jlornyeckne sKBMBanNeHTHOCTH

llprmep

[okaxem, 4To ecnn UCTUHHO Vx(P(x) A Q(x)), TO
VxP(x) AVxQ(x) TakKe UCTUHHO.

[Tpeanonoxum, 4to Vx(P(x) A Q(x)) = T. JTO
O3HayYaeT, YTo ecnn 3NeMeHT a NpuHaanexuT

obnactn U, To P(a) A Q(a) = T. CnenoBaTenkHoO,
P(a) =TwnQ(a) =T ana noboro anemMmeHTa a 13

obnactn U.
3HauuT, VxP(x) = Tn vxQ(x) = T. Otcroga
cnepyeT, 4Yto Vx(P(x) AQ(x)) = T.




Jlornyeckne sKBMBanNeHTHOCTH

llprmep

[okaxem, 4To ecnn UCTUHHO VxP(x) AVxQ(x), TO
Vx(P(x) A Q(x)) TaKke UCTUHHO.

[Mpennonoxumm, 4to VxP(x) AVxQ(x) = T. OTcroga
cnepyeT, UTOo VxP(x) = TnvxQ(x) =T.
CnepoBaTesibHO, ECIN 3fIEMEHT a NMPUHAANIEXUT
obnactn U, To P(a) =T wn Q(a) = T. 3HauuT, ang
BCeEX a U3 obnactn U MeeT MECTO PaBEHCTBO
P(a) AQ(a) = T. Otctoga cnenyeT, 4to Vx(P(x) A
Q(x)) =T.

[lokazaTenbCcTBO 3aKOHYEHO.




OTpuuaHus KBaHTUDOULMPOBAHHbBIX BblpaXXeHui

llprmep
PaccmoTpum oTpulaHue yTBepXaeHus

«Kaxxgbl cTyoeHT Baluen rpynnbl n3yyaeTt Kypc
MaTeMaTU4eCcKoro aHanusa». JT0 yTBepXXaeHune
3anvwem B Buae VxP(x), rae P(x) — yTBepXaeHue
«CTyOeHT x Bawewu rpynnbl nsydaeT Kypc
MaTeMaTU4ecKkoro aHanusa», a obnactb COCTOUT
n3 ctyaeHToB Balwieun rpynnbil.

OTpuuaHue UCXoOQHOro yTBepXXaeHUS:

«HeBepHO, 4YTO KaXxabl CTyaeHT Bawen rpynnoi
n3vyaeT KVDC MaTeMaTUYecKoro aHanmaay.




OTpuuaHus KBaHTUDOULMPOBAHHbBIX BblpaXXeHui

l[lpumep
OTpuuaHue UCXOOQHOro YyTBEPXOEHUS:

«HeBepHO, 4YTO Kaxxabi CTyOeHT Baluen rpynnol
n3yyaeT Kypc MmateMaTU4eckoro aHarusa.

OTO MOXHO CKa3aTb No-Apyromy:

«B Balwleu rpynne ecTb CTyOEHT, KOTOPbIN He
n3yyaeT Kypc MateMaTU4eckoro aHanumsa:

dx—P (x).




OTpuuaHus KBaHTUDOULMPOBAHHbBIX BblpaXXeHui

llepBbIN 3akoH e MopraHa anga KBaHTOPOB:
—VxP(x) =dx—P(x)

[loka3zamesribcmeo

—VxP(x) = T Torga n TonbKo TOrga, Korga
VxP(x) =F.

VxP(x) = F TOorga v TonbKo Torga, korga
HanoeTcs afieMeHT a n3 obriactu, ans KoToporo
—P(a) =T.

—P(a) = T Torga v TonbKo Toraa, korga
dx—P(x) =T.m




OTpuuaHus KBaHTUDOULMPOBAHHbBIX BblpaXXeHui

llpumep PaccmoTpum oTpuuaHue yTBepXaeHus
«B Bawen rpynne ectb CTyOEHT, KOTOPLIN U3ydaeT
KypC MaTeMaTU4yeckoro aHanusa.

OTO yTBepXxaeHue 3anuwem B Buae dxP(x), rae
P(x) — yTBepxaeHune «CctyaeHT x Bawien rpynnbl
M3yvyaeT Kypc MateMmaTu4eckoro aHanumsa», a

obnacTb COCTOUT U3 cTyaeHToB Balwieun rpynnbil.

OTpuLaHNe NCXOOHOro YTBEPXAEHUS:

«HeBepHO, 4TO B Balwuen rpynne ecTb CTYOEHT,
KOTOPbIA N3y4aeT Kypc MateMaTuyecKoro
aHanusa».




OTpuuaHus KBaHTUDOULMPOBAHHbBIX BblpaXXeHui

l[lpumep

OTpuuaHue ucxogHoro yreepxaeHus: «HesepHo,
4yTO B Baluen rpynne ectb CTy4EHT, KOTOPbIU
n3yyaeT Kypc MateMaTU4eckoro aHanusa.

OTO MOXHO CKasaTb No-Apyromy:

«B Baluen rpynne HMU OAVH CTYAEHT He n3y4yaeT
KypC MateMaTU4YecKkoro aHanmsay:

Vx—P(x).




OTpuuaHus KBaHTUDOULMPOBAHHbBIX BblpaXXeHui

e BTtopoun 3akoH [le MopraHa ons KBaHTOPOB:
—dxP(x) = Vx—P(x)



BnoXeHHble KBaHTOpPbI

l[lpumep

3anucatb npegnoxeHne «Cymma aByx
NONOXUTESbHbIX YNCEN — YUCIIO NOSTIOXUTENBHOEY
B BUAE NTOrMYECKOro BblIpaXKeHUs.

PellueHune
VaxVy(x>0O)A(y>0)—>(x+y)>0)),

roje MHOXEeCTBO UernbiX Yncen — obnactb Ang
00eunx nepemMeHHbIX.




BnoXeHHble KBaHTOpPbI

[lpumep

3anucaTb onpeaeneHne npegena BelwecTBEHHON
dyHKUNM f BELLECTBEHHOrO apryMeHTa X B TOYKE a
n3 ee obnactu onpeageneHus.

PelwleHune
lim f(x) =L

x—a
O3Ha4aeT, 4YTOo

Ve>030>0Vx (0<|x—al<d—|f(x)—L|<e).




BnoXeHHble KBaHTOpPbI

llprmep

3anucatb Ha PYCCKOM Si3blKe crieayroLlee
JTIOrM4YEeCKoe BbIpaXXeHUe:

Vx(C(x) v Iy(C(y) A F(x,y))), TAE

C(x) — «x UMmeeT KoMmnbrTep», F(x,y)—«x ny —
apy3bsa», 0bnactu ons x Uy — BCe CTYAEHThI
NepBOro Kypca MatemMaTuyeckoro dpakynbTeTa.
PelleHne

Kaxkabin CTyAeHT nepBoro Kypca MmatemMaTu4eckoro
dhakynbTETa UMEET KOMMNbLIOTEP UMK UMEET Apyra,
Yy KOTOPOro eCTb KOMIMbIOTEP.




BnoXeHHble KBaHTOpPbI

l[lpumep

[locTpouTe oTpuLaHue yTBepXaeHus
Vxdy(xy =1)

Tak, YTOObI OTPULIAHUA HEe CTOSANM nepea

KBaHTOPaMMW.

PelwleHue

dxVy(xy #1)



BnoXeHHble KBaHTOpPbI

llpnmep
[locTpouTe oTpulaHue onpeaeneHua npegena
BELLECTBEHHOM (PYHKUMN [ BELLLECTBEHHOIO
aprymeHTa x B TOYKE a U3 ee obnacTtu
onpeaeneHus, T.e. OTpULAHUE BbIPpaXXeHUSs
Ve>030>0Vx (0<|x—al<do— |f(x)—L|<e).

PellieHue

VL3de>0Vo>0dx (0<|x—a|<dA|f(x)—L|>¢),
rje MHOXECTBO BeLLleCTBEeHHbIX Yucen — obnacTtb
Onsi Bcex NepeMeHHbIX.




BnoXeHHble KBaHTOpPbI

llprmep

[TycTb Q(x,y) o3Ha4vaeT «x + y = 0». Onpegenute
riormyeckme 3HadeHusi BbiCKasblBaHNA

JyVxQ(x,y) n Vx3IyQ(x,y),
ecnu obnacTtn nepeMeHHbIX x Uy — BCe
BELLLECTBEHHbIE YMcna.

PelwleHue

AyVxQ(x,y) = F,Vx3dyQ(x,y) =T

BbiBOA: NOPSAA0K KBAHTOPOB B BbIPaXXEHUAX C
BJTOXKEHHBbIMU KBAHTOPaAMU ABJ1AETCH
cvlueCTBEeHHbIM.




