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HCOIIPCACJICHHOCTL OAHOI'O M3 ABYX HAa3BAHHBIX BHOOB U (bYHKI_II/II/I

Ecimu  wvactHOe BHOBb JAa€T B IPENEIbHOU TOUYKE

f'(x), ©¢'(x) ymoBmerBopsoT BCeM TpebOBAHMAM, paHEE yKA3aHHBIM

nas GyHkuui f (x) 5! (p(x), TO MOJKHO MEPEUTU K OTHOLIEHUIO BTOPBIX
NPOU3BOAHBIX U T.A. OIHAKO CIENYyeT IOMHUTD, YTO NPEAEN OTHOUMIEHNSA
caMuX (YHKUMHA MOJKET CYLIECTBOBaTb, B TO BPEMs KaK OTHOLIEHHE

[IPON3BOAHBIX HC CTPEMUTCH HU K KAKOMY IIPCOCITY.
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HE CYINCCTBYET, TaK KakK IIPpH X — 0 YUCIUTECIIL U 3HAMCHATECJIb I[pO6I/I
MOI'YT IIPUHHUMATh MOOBIE 3HAUEHUd W3 OTPC3Ka [0,2], a <CaMoO
OTHOIICHUC IIPOU3BOJHBIX IIPUHHUMACT JIXO OBle HCOTPpHUIATCJILHBLIC

3HAY CHUA . CJIGI[OB&TGJIBHO, ITPaBHJIO Jlomuranzs B H»TOM cJiyuac
HCITPUMCHHNMO.
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Pemenne: UYucomtens M 3HAMEHATENb  JAHHOM  JpoOu

HETIPEPbIBHBI, AUPDEPSHIMPYEMBI U CTPEMATCA K HYIH0. ITO 03HAYACT,
YTO MOKHO NTPUMEHMTb PABMIIO JIOUTAA:
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Heonpenenennocts Buma 0-:-00 moMydyaeTcs H3 NPOU3BCACHHA
dymxumii f(x)f,(x), B xoTopom lin% f/i(x)=0 u lim f,(x)=c0. D10
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0 o0 .
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Paccmotpum yHKITMIO BUjia f (x)(p(x).

1. Eecm lim f(x)=0, lim ¢(x)=0, To mMeemM HeoIlIpeseIeHHOCT BUJIA
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3. Ecmm lim f (x):oo, lim (p(x): 0, molydaeM HeoIIpeACICHHOCTD
XX XX
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JUtd  pacKpeITHA DJTHX HEOMPCACICHHOCTCH TMPUMEHACTCA METO
TOTAPH()DMUPOBAHHS, KOTOPBIM COCTOMT B ciacayiomeM. [IycTe

lim (£ (x))*™ = 4.

ol

Tak xak morapu()Mu4eCKasd () YHKLMSA HEMPEPBIBHA, TO

lim Iny = In lim y.

x—)xo x—>x0

Toraa

In A = lim (p(x)In f(x))

x—>x0

W HeompeaeaeHHOCTH TPEX PACCMATPHBACMBIX BHIOB CBOIATCH K
HEOMPEACACHHOCTH BUAA O - 0.
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1. Teomerpnueckne W  MeXaHHYECKHE  NPHJIOKEHHS

npon3BoaHoi. 3Hauenne mpomssoguoi f'(x,) dymkumm y= f (x) B
TOUKE X, PaBHO yrJIOBOMY Ko3(duimenty k =1g0 xacateasHoit 17" k
rpaduKy 3TOM (DYHKIMH, IPOBEIEHHON Yepe3 TOUKY Mo(xo,yo), rae
yO:f(xO) (puc.1) (reomMeTpuHuUYecCKHN C MBI CII
MPOU3ZBOTHOIMI).

Vpasuenue kacamenvnoii TT" x rpaduky Gyukuumn y = f (x) B €r0

rouxe M, (x,, v, ) nmeer Bux ¥ — ¥, = f"(x, )x —x,).



Ilpsmast  NN', mnpoxonsimas dYepe3 TOUKY KacaHus M,

e prIeHAUKYISIPHO K KacaTebHOM, HazbIBACTCS HOpMaIbio K Tpaduky
byakuuu y = f (x) B 5TOM TOUKe. Y paBHEHHE HOpPMAaJIU

(x = x0 )+ /(3% Xy = ¥4)=0.

- y=75x)

Puc.1



IIpumep. CocTaBuTh YpaBHCHUC KAacaTCJIbHOM M HOPMAIHU K KPHUBOM
y=x"+2x—2 B TOUKE ¢ abcuuccoi X, = 1.

Pemenne:

fx)=x"+2x-2; [f'(x)=3x"+2; ['(x,)=/"(1)=5

f(xo): f(l)zl
YPaBHCHUE KacaTeapHOM: y—1=35- (x — 1), wm )y =35x—4
YPaBHCHHUEC HOPMAJIN: (x—1)+ 5- (y —1)= 0, wmm S5y+x—-6=0.

Ecmm x = x(l‘) - (pyHKIIMA, OMUCHIBAIOIAS 3aKOH ABMKCHUA
dx

MATCPHATILHOU TOYKH, TO MECPBasi MPOMU3BO JHAA p = ecTh CKOPOCTH, a
[
d*x
BTOpas IPOU3BOIHAA e = #- yCKOpCHHEC 7TON TOYKH B MOMCHT
t

BpEMCHU [/ (MECXAQHHYECCKHUM CMBICI TINEPBOHU WU
BTOPOU NPOU3BOAHBX).



2. HccnenoBanue nmnoBeaeHuss (PYHKUMH U MX
rpa(pukoBs.

OnHow U3 BaKHEUIIINX IPUKIIATHBIX 3a1a4
AU HEepEeHIHATBHOTO  HCUMCIICHUS  ABIACTCS  pa3padOTKa
OOIUX MPUEMOB UCCIICAOBAHUS TTOBEACHUA (P YHKITHM.

Oyukmusa ~ y= f(x) HaseBaeTca  eospacmarouyer
(Vovisarougeil) B HEKOTOPOM MHTEPBAjE, €CIH OOJbIIEMY
3HAYEHHUIO apryMeHTa M3 OSTOTO HHTEpPBaja COOTBETCTBYET
Oospoiee (MeHbIIEE) 3HAYCHUE (PYHKUUM, T.€. HPU X, < X,

pemonHsAeTca HepasenctBo f(x, )< £(x,)(F(x,)> £(x,)).



Ilepeuncoum  npusHaxu  eo3pacmanus  (YObl@aHUS)

pyHrxyuu.

1. Ecom muddepennmpyemas ¢yHKus y=f (x) Ha
OTpPE3KE [a; b] BO3pacTaeT (yOBIBACT), TO €€ HMPOHM3BOIHAS HA
3TOM OTPE3KE HEOTpHIaTelbHa (HEMOJOKUTEIbHA), T.€.
/'(x)=0(f"(x)<0).

2. Ecnu HenpephIBHAA HA OTPE3KE [a; b] u audpepenmmpyemas
BHYTPH HETO () YHKIIUS UMEET IT0JIO KUTEIHHYIO

(OTpHUIIATEIIFHYIO ) TPOM3BOIHYIO, TO OHA BO3pacTaeT (yOBIBAET)
HA YTOM OTPE3KE.



@ yHK 1 y = f(x) Ha3bIBACTCA  Heyowlgaroujell
(Heso3pacmarouyeil) B HEKOTOPOM UHTEPBANE, €CITU AJIS JH00 bIX

x, < x, m3 sroro maTepsam f(x, )< 7(x,) (7 (x,)= f(x,))
WUnuTepBansl, B KOTOPHIX (PYHKIMA HE YOBIBAET WIM HE

BO3PACTACT, HA3BIBAKOTCA  UHMEpP8ALIAMU  MOHOMOHHOCIU
¢Gyukyuy.  XapakTep  MOHOTOHHOCTH  (DYHKIMA  MOKET
M3MEHATHCA TOJBKO B TEX TOYKAX €€ 00JaCTH OTNPEACITICHUA, B
KOTOPBIX MEHIETCA 3HAK IEPBOM IIPOU3BOJHOU. TOYKH, B
KOTOPBIX MEpBas MPOU3BOJHAS (PYHKIIMHA OOpaIaeTcss B HYJb
WU TEPTIUT Pa3PBIB, HA3BIBAKO TCA KPUMUYE CKUMU.



Ilpumep. Hantu  uHTEpBAJILI MOHOTOHHOCTH W

2
KpUTHUECKHE TOUKHA PyHKIMHU Yy =2X" —Inx.

Pemenne: Jlannas ¢QyHKOHA omnpeneneHa npu x> 0.
Haxoaum ee npOu3BOAHYIO:

y=4x-1/x :(4x2 —1)/x.
B o6nactu onpenenenus Gpyaxkuuu V' =0 npu 4x* —1= 0,

T.e. npu X, =1/2. Halinennas Touka pa3duBaer o00JacTh
onpeneneHus (PyHKIUA HA WHTEPBAJIbI (O; 1/2) 7 (1/2; +oo); B
nepsom u3 HuX J' <0, a Bo BTopom V' > 0. DT0 03HAUaeT, UTO B
UHTEpBaJie (O; 0,5) naHHass (QyHKIHUsS yObIBAeT, a B HHTEPBAJIE
(0,5; + ) — Bo3pacraer.



Touka X, Ha3BIBACTCA MOUKOU JIOKANLHO2O — MAKCUMYMQ
¢pynkyuu  y= f(x), ecmu ama MOOGHIX JOCTATOYHO MAJIBIX
Ax|# 0 BBINOJHACTCS HEPABEHCTBO f (x, + Ax)< f(x;). Touxka
X, HA3BIBACTCA MOUYKOIl JIOKAIbHO20 MUHUMYMA (DYHKYUU
y=f(x),ecru mms mOOBIX JOCTATOYHO MANBIX Ax|#0

CIPAaBENINBO  HEPABEHCTBO f(x, +Ax)> f(x,). Touxwu
MaKCHUMyMa M MHUHUMYMa Ha3bIBAIOT MOUYKAMU SKCHIPEMYyMA
¢pyukyuu, a MAKCUMYMbl U MHUHUMYMBI (DYHKIMU — €€

IKCMPEMATbHBIMU SHAYCHUAMU.



Teopema (HeoOXoAMMBIIiT  NPH3HAK  JIOKAJbHOIO
IKCTpeMyMa). Lienu pynxkyus y = f (x) uMeem 8 mouxke X =X,

sxcmpemym, mo mubo f'(x,)=0, mbo f'(x,) ne cywecmeyem.
B Touke »skcrpemyma auddepeHmupyemMoit  (yHKIHH
KacarelbHasd K ¢¢ rpaduKy napaiiciabHa ocu OX,

Ilpumep. MHccnemoBate Ha  SKCTpEMYM (b YHKIIHIO
Y= (x + 1)3.

Pemenue: IlpousBoaHas maHHOM (pyHKITUH y':3(x+l)2
B Touke x=-1 paBHa Hym0. Ho B »TO# TOUKE (YyHKLMS
BKCTPEMyMa HE  HUMEET, TaK  Kak ()C—kl)3 >0  nopu
x>-1(x+1) <0 mpu x<-1, (x+1f =0 mpu x=—-1. Urax,
oOpalcHUE B HYIb IIPOU3BOIHOM (PYHKIIHHU HC OOCCIICUHBACT
CYIIECTBOBAHMUS SKCTpeMyMa () YHKITUH.



IIpumep S. UccneaoBars Ha SKCTPEMYM PYHKIUIO Y = \x‘

Pemenune: /11 1aHHOW HENMpepbIBHON (PYHKIMHA HMEEM:
y(O):O. Tak kak nmpu x#0y= ‘x| >0, 10 Xx=0-TOUKa

vuaumyMa. Ho GyHkims y =|x| He MMeeT IPOM3BOAHON B

Touke x = 0.

M3 pacCMOTPEHHBIX MPUMEPOB CIEAYET, UTO HE BO BCIKOU
KPUTHUECKON TOuKe (PYHKIUI uMeeT FKCTpemMyM. OmHaKo eciu
B KakKoH-1u00 Touke (PYHKIHS AOCTHUTaeT SKCTPEeMyMa, TO ATa
TOUKA BCErAa ABJISIETCI KPUTUYECKOMU.

JIIss  OTBICKAHHUSI DAKCTPEMYMOB (PYHKIIMH IMOCTYHAIOT
CISAVIOIIMM O00pa3oM: HaXOISIT BCEe KPUTHUECKHE TOUYKH, a
3aTeM HCCIAEAVIOT KaXKAVI0O U3 HUX (B OTAECJBHOCTH) C IIEJIbIO
BBISICHEHHSI, OyJIeT JM B 3TOM TOUKE MAKCUMYM WM MHUHHUMYM,
WA K€ DKCTPEMYMA B HEM HET.



Teopema (mepBblii AOCTATOUYHBIM NPUIHAK JIOKAJBHOT O
ykcTpemyMma). Ilycte ¢yHKIMIT y = f(x) HEOpephlBHA B
HCKOTOPOM HMHTCPBAJIC, COACPIKAINEM KPUTHUCCKYIO TOUKY
X = X,, 1 audpepeHIHUpyeMa BO BCEX TOUKAX 3TOT0 UHTCPBAIIA
(kpome, OBITh MOKET, CAMOM TOUKH X, ). Ecau f'(x) mpu x < x,
MOJIOKUTEIbHA, a TIPH X > X, OTPHLATCIIbHA, TO HPH X = X,
dyaxims  y = f(x) umcer makcumyMm. Ecmm ke f'(x) npw
X <X, OTPULIATC]IbHA, a TPH X > X,, IOJOKUTCIIbHA, TO IIPH
X = X, AaHHad () YHKIMS UMECT MUHUMYM.

CreayeT HMETh B BHAY, YTO VKAa3aHHBIC HEPABCHCTBA
JOJDKHBI BBITIOJHATBCA B JOCTATOYHO MAIOM OKPECTHOCTU
KPUTHUECKOM TOUKH X =X,. (CxemMa wucciacaoBanus ()yHKIUH
y= f(X) Ha 3KCTPEMyM C TIOMOIIBIO TEPBON MPOU3BOTHOU
MOJKET OBITPH 3ammcaHa B BHAC TaOmuibl (cM. Tada. 1).






