Tema. UccaenoBanne GpyHKIUHU C MOMOIIBIO
IIPOM3BOAHOM M IMOCTPOEHHE TIpapPuKoB

(pyHKIUH.




1.Bo3pacTanue u yoObIBaHUE (PYHKIIHH.

2. MakcuMyM 1 MUHUMYM (QYyHKIIHH.

3.HauOonpiiee 1 HauMeHbIIEE 3HAYCHUS (DYHKIIMHA Ha OTPE3KE.
4. BeimykinocTh rpaduka GyHKIuU. Touku reperuoa.

5. AcumnrToTtsl rpaduka QyHKIUK U HOCTPOCHUE rpaduka.



1.Bo3pacTanue u yobIBaHUE (PYyHKIIHMH.

Teopema 1. (1ocTaro4yHoe ycja0BUE BO3PACTAHUA (DYHKIIMM)

Ecnau npouszeoonan oughghpepenyupyemoit

(pynKkuuu nonoxcumenvHa 6Hympu
HEeKOMmMopo20 npomexicymka X, mo (pyHKuus
go3pacmaenm HA IMOM RPOMEICYHIKE.




Teopema 2. (1ocTarouHoe ycjaoBUe YObIBAHUSA (PYHKIIMM)

Ecau npouseoonasa oughgpepenuupyemoi

ynkuuu ompuyamenvna 6Hympu
HEeKOMOopo20 npomexcymka X, mo oHa
yOvl86aem Ha IMoOM RPOMEHCYmKe.




| GONEIDUECKRA LRmepperale

Ecnu kacamenbnble K Kpugoil Ha HEKOMOopom
npomexzcymkKe HanpaeieHvl 00 OCMPLIMU
yanamu K ocu X, mo (pyHKuusa eo3pacmaem.
eciu OHU HaAnPaBaeHbl OO0 MYNbIMU Y2IIAMU,
mo pynKuus yovieaem.




X X

OyHiMA BogpacTaeT  PyHKUMA YObiBae




Haiumu unmepeanvt MoHOmMOHHOCHU

dynkuuu

y=x"—4x+3




PeweHue:

HauaeM nmpou3BOAHYIO 3TOU (PYHKIUM:
Y =(x"—4x+3)=2x-4
UccaeayeM 3HAK 3TOU NMPOU3BOAHOM:
y'=2x-4>0 npu x>2

V' =2x—-4<0 npu x<2
CaenoBareiqibHO, (PyHKHMA OyaerT BO3pacTarb Ha

MMPOMEKYTKE ( P . OO)

dynkuus 0yaer yobIBaTh Ha IPOMEKYTKe (—OO ; 2)




2. MakcuMyM 1 MUHUMYM (DYyHKIIHH.

Touxa x, Hazvieaemcs MOYKOU MAKCUMYMA QyHKyuu

f(x), eciu € HeKOmMOpOU OKpeCMmHOCHU MOYKU X
8bINOJIHACMCA HEPABECHCM B0

0

J(x)= f(x)




Touka x, Ha3vleaemcs MOUKOU MUHUMYMA PYyHKUUU
f(x), ecnu 6 Hekomopou OKpecmHOCHMU MOYKU X,
8bINOSIHAECMCA HEPABCHCHEO

J(x)= f(x)

3nauenus )yHKyuU 6 MOUKAX X, U X,
HA3b16AIOMCA COOMBEMCMEEHHO
MAKCUMYMOM U MUHUMYMOM (PYyHKUUU.

Makcumym u MuHuUMyM QyHKUUU HA3bI8ACHICA
IKCHIDeMYMOM (DYHKUUU.




max mMin  max




Ha ogHoM mnpomexyTke (GyHKIHUSI MOXKET HMETh HECKOJbKO
IKCTPEMYMOB, IPUYEM MOKET ObITh, YTO MUHMMYM B OAHOM
TOYKe 00JIbIIIe MAKCMMYMA B JAPYIOM.

MakcumMyM WJIM MHUHUMYM (QYHKIMH HAa  HEKOTOPOM
IPOMEXKYTKE He SABJATCH B 001IeM cjydyae HAHOOIbIIUM H
HAUMEHBbIIMM 3HAYEeHUEeM (PYHKIUH.

Eciu B HekoTOpO#i ToOUKe X, AU pepenuupyemas pyHkuus f(x)
UMeeT IKCTPEMYM, TO B HEKOTOPOil OKPECTHOCTH 3TOM TOYKH

BbINOJIHACTCH Teopema depmMa M NMpoM3BOAHAA (PYHKIMHU B
ITOM TOYKE PAaBHA HYJIIO:

f,(xo) =0




OnHako, (QyHKUMSA MOXKET HMMETh JKCTPEMYM B TOYKe, B
KOTOPOH OHA He AU depeHUpyema.

Hanpumep, pyHkuus

NUMECT MUHUMYM B TOYKC

x=0

HO OHA B 3TOM TOYKe He AuddepeHuupyema.



Jlna mozo, umoowt pynkuusn y=f(x) umena
IKCIpeMyM 6 mouKe X, , He00X00UMOo, Umoobl
ee npou38o0Has 6 IMOU MOYKe PABHAILACD
HYJTI0 UIU He CYyu|ecme08aila.




TO‘!KM, 6 KOmopblX 6blNOIHAEMCA Heooxo0umoe
ycjiaoesue Ikecmpemyma, Hasblearomcs
KpumuueCKumu uiu cmauuonapHsimu.

T.00., eciii B KaKOU-JIU00 TOYKE UMEETCH IKCTPEMYM, TO 3Ta
TOUYKA ABJHACTCH KPUTHUYCCKOM.

Ho xpuTtHyecKasi TOYKA He 0083aTeJIbHO SBJSETCHA TOYKOM
IKCTPEMyMa.



Haiuumu kpumuueckue mouku u IKCmpemymaol
Gynkuuii:
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PeuwweMHue:

| y'=(x") =2x
vy =2x=0 npu x=0

> x=0

y=0



1min




y=x" +1




PeuwweMHue:

Y =(x"+1)=3x"
y'=3x"=0 npu x=0

> KPUTHYECKAS] TOUKA

y=1






IS TR

Ecnu npu nepexode uepes mouky x, npou3sooHas

ougpgpepenuupyemon ynkuyuu y=f(x)mensem

3HAK C njiloca Ha MUHyc, mo x0 ecmb moukKka

Maxkcumyma, a ecjih C MUHyCA HaA njiloc, mo x
€Cmb mouKa MuHumymad.

0




Haitmu npou3eoonyro gpynkuuu

y' = f(x)

{5

Haiimu kpumuueckue mouxku (oynkuyuu, 6
KOMOPbIX NPOU3600HASA PAGHA HYJII0 UIU HE
cyuwecmeyem.




&0

Hccneoosamsv 3naxk npouzeo0Hou cieea u cnpasa
Om Kaxcoou Kpumuueckou mouKu.

{5

Haiimu s3xcmpemym gpynkuuu.




Hccneoosamov pynkuyuio na skcmpemym:

y=x(x—=1)




PeuwweMHue:

IIpyuMeHuM cXeMy UCCIeI0BAHUA PYHKIUUA HA IKCTPEMYM:

@ HaxoauM npou3BoIHYI0 QYyHKIMH:

Y =x(x-1)") =(x-1) +3x-(x-1)" =

=(x-D’(x—14+3x)=(x—-1)*(4x -1



@ Haxoaum KpUTHYECKHE TOYKH:

(x—1)*(4x—1)=0

1 T kpumuyeckue moyxu




Uccaenyem 3HAK NMPOU3BOAHOU CJieBa M CIpaBa
0T KAaXKI0W KPUTHYECKON TOUYKH:

v — +
N 7 S

min

B Touke x=1 3KCTpEeMyMa HeT.




@ Haxoaum 3xcTpeMyM (PyHKIUM:

1 27
/i mi“(Zj 256



3.HaubGosbuiee 1 HAUMEHbIIEe 3HAYCHUSA (PYHKIUU HA
OTpe3Ke.

CoriracHo teopeme Beuepiurpacca, ecam (QpyHKIUA
HelnpepbIBHA HA OoTpe3ke [asb], To oHa gocTHraer
HA HeM Hau0o0JIbIIero 1 HAMMEHbIIEr0 3HAYCHU M.

JTH 3HAYEHHUS MOIYT ObITHh JOCTUIHYThI HA KOHIAX

OTPE3KaA WJIN B TOYKAX IKCTPECMYyMaA.
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Haumu KpumuueckKue mouxku, 6 Komopbslx

NPOU3B00HAA PABHA HYII0 UJIU HE CYULeCHEyem.
\ y,

O
== >
AA

4 )
Haitmu 3nauenusn hynkuuu 6 kpumuueckux

moiKax u Ha KOnHuax ompes3ka, u 3b16pamb us3

HUX HaAUOObLUICE U HAUMEHbULECE 3HAYCHUA.
- J




rpumMme D

Haiimu nauoonivuee u Haumenouiee
3HAYEHUA PYHKUUU

T

Ha ompe3Ke

T




DeleHue:
/

y=((x-2)-e7) =2(x-2)- € —(x—2) ¢ =

%

=e (x-2)-(x-4)

y=e"-(x-2)-(x—4)=0

X, =2
x, =4



3%

F@)=0 fA=— fO)=4 f(5)=—

€ e

frs =4 Juu(2)=0



SAMESAFA=

/ECJIM yuKuua nenpepviéna Ha uHmMepeae (a;e),\
Mo OHA MOXCEen He RPUHUMAMb HA HeM HAUDoIbULee
U HaumeHbuiee 3Hayenus. B uacmnocmu, eciu
oughpepenyupyeman pynkuyua y=f(x) na unmepeae
(a;8) umeem UL 00HY MOYKY Makcumyma (uiu
MUHUMYMaA), MO Haubobuiee (Uiu HaumeHbvuiee)
3HaueHue ynKkyuu coenaoaem ¢ MaKCUMymMom

k (MUHUMYMOM) IMOU PYHKUUUL. /




4. Beinykiocrs rpapuxka (GyHKUUU. Touku
neperuoa.

Dyukuusa y=f(x) nazvleaemcsa golNYK10U 6HU3
(60cHymoiu) Ha npomexcymke X, eciau 0Ji Ji00blxX
X 5 X, U3 INO20 NPOMENCYMKA 6bINOSIHACHCS
HEPaABeHCMmEo:

) SO+ S ()
2 ) 2

/







Dyuxkuyua y=f(x) Hazvlieaemcs gblNYKI10U 86€PX HA

npomescymke X, eciiu 0713 1H00bIX X ,, X, U3 INO20

RPOMENHCYMKA 6bINOIHACMCA HEPABECHCMBO.

) SO0)+ ()
2 ) 2

/







TEOPEMA 1.




Ecau emopasa npouzeoonan ougpghepenuupyemou
dynkuuu nonoxcumenvna (ompuyamenbHa)
HA HEKOMOopPOm npomexicymke X, mo pynKuus
8bINYKJlA 8HU3 (86€PX) HA IMOM NPOMEICYHIKE.




Touka nmeperuda — 310 TOYKA IKCTPEMYMA NEePBOH
NMPOM3BOIHOM.







FORENAL e iome e

Ecnau emopasa npouzeoonas

oudpghepenyupyemon Qynkyuu 6 mouxe x,

MEHAEem Ce0lU 3HAK, mo x0 - Mmo4Kd nepezuﬁa

ee zpaghuka.




CHRMAMCCIAOBH d)%w 1 BIRAOCTO M O T

Haumu emopyro npou3eoonyio ynkuyuu.

Haiuimu mouku, 6 Komopulx emopas

npPouU3600HaAA PyHKUUU PABHA HYII0 UIU
He cyuiecmeyem.




Hccneoosams 3naKk emopoit npou3e00HOuU
clieea u cnpasa om HAUOCHHBIX MOYEK
U coeamo ébl600 00 UHMEPBAIAX
8LINYKJIOCMU U MOUKaAX nepezuoa.

Haumu 3nauenus (pynkyuu 6 mouxax
nepezuoa.




I'I[opPaAAe D,




PeuweHmre:
E> Haxoaum BTOpPYIO NPOU3BOAHYIO:

V' = (x-(x—1)3)’ =(x—1) +3x-(x—=1)°
=(x-1°-(x=14+3x)=(x—-1?-(4x-1)
y = (=1 (@ -1)) =20-1)- (B~ 1) +4(x-1)’ =
=(x—1)-(8x—2+4x—4)=(x-1)-(12x-6)

Haxoqum TOYKH, B KOTOPBIX BTOPAsi POM3BOIHAS
"
oopamaercs B HyJab: ) =(x—1)-(12x— 6) =



z# Hccaenyem 3HaK BTOPOii MPOU3BOIHOW CjieBa W
CIIPaBa 0T KAXKJA0U TOYKHU:

Touku x , x, ABJIAOTCA TOYKAMHU Neperuda.

P2
E> Haxoaum 3HauyeHus (PYHKIMM B TOYKAX Meperuoda:

3 rw=o



S. AcuMnTOoThI rpaguka GyHKIUMHA U MOCTPOeHUe rpadguka

Acumnmomou 2pagpukxa pynxuuu y=f(x)
HA3bleAemMCsa NPAMA, MAKaAs Ymo
paccmosnue om mouku (x,f(x)) 0o amoi
NPAMOU CIPEMUMBCA K HYJ1I0 NPU
HeoZpaHuu4eHHOM YOaiaeHUU moydeK cpauKa
Oom Havana Koopounam.




y=f(x)

BeEpTUKalsibHadA aCnMMmntToTta



rOpn3oHTalibHbl€ aCMIMTOTbI



HaKiioOoHHaAdA acmMmMrIitToTtTa



TEOPEMA 1.

Ilycmob pynkuun y=f(x) onpeoenena 6
HEKOMOpOoU OKpPeCMmHOCHU MOUKU X,
(uckawuas, mosxcem 0vimov, camy My
MOYKY) U Xoms 0bl 00UH U3 NPEOEN0s

¢ynkuuu npu
x—>x,—0 (cnesa)
uiu

x—>x,+0 (cnpasa)
PA6EH 5€C‘KOH€llHOC‘mll, m.ée.



lim f (x)=00

X—>Xy—

uiu

lm f(x)=o0

x—>xy+0

Tozoa npaman x=x, aenaemcs

8EPMUKAIbHOU ACUMNINOMOU 2paduKa
gynxuuu y=f(x).




O4eBUIHO, YTO NpsAMas X=x, He MOKeT OBLITH
BePTUKAJIBLHON  ACHMIITOTOH, e€Ccad  (PYHKIUS

HCIIPCPBLIBHA B TOYKC xo, T.K. B 9TOM CJIy4ac

lim 7 (x) = £ (x,)

X—>X

CaenoBare/ibHO, BePTHKAIbHbIE ACHMITOTHI X=X,
cjleayeT MCKAThb B TOYKax pa3pbiBa (GyHKIHH
y=f(x) WM Ha KOHIAX ee 00JIaCTH ompeaeIeHUus
(a,b), ecin a u b — KOHeUHbIe YHCJIA.



TEOPEMA 2.

Ilycmo ¢hynxkuua y=f(x) onpeoenena npu
00CMAmMOYHO 00bWIUX X U CYULeCHE) et
KOHEeYHblU npeoel PyHKuuu

lim f(x) = b

X—>00
Tozoa npamaa y=b aenaemca
2O0PU3BOHMAIbHOU ACUMNBHIOHIOU

epaguxa pynkuuu y=f(x).




TEOPEMA 3.

Ilycmo ¢hynxkuua y=f(x) onpeoenena npu
00CMAMOYHO 00AbUIUX X U
cyuiecmeyrom KOHeuHble npeoeivl

. X
lim /(x) =k

X—>00 x

lim(f (x) ~k-x)=b

Tozoa npamaa y=kx+b saenaemcs
HAKJIOHHOU acumMnmomou 2paguka

gynxyuu y=f(x).




J IpuUMmeD.

Haumu acumnmomeul 2pagpuka (pynkuyuu




PeuyeHue:

DyHKIUA He  HMMeeT TO4YeK  pa3pbiBa,
CJICIOBATEIBHO BePTUKAJIBHBIX ACUMIITOT Y Hee
HeT.

1

2 HaiaeM ropu3oHTajJibHble ACUMITOTbI:

3
X

Iim = 00

o 2 4]
IIpenesn paBeH 0eCKOHEYHOCTH, CJIeJOBATEIbLHO
FOpI/I3OHTaHI)HI>IX ACUMIITOT HCET.

3 HaiineM HaKJIOHHLIE ACUMIITOTHI:



f(x) X’ X’ , r

lim = lim ~ :x =1lim . =
X—>00 X X—>00 X _|_1 X—>00 X -|-1
x3
lim( £ (x) - kx) = lim| — X |=
X—>00 x>0\ x _|_1
X=X =-x — X
= lim > = lim > =()
e xt+] x>0 x* +1

b=0

CienoBarejibHO, IPAMAas y=X

ABJIAETCHd HAKJOHHOU AaCUMIITOTOM.



Cxema ucciie1oBaHust PyYHKIUM M IOCTPOCHHE rpapuka

iE

[ Haumu obaacms onpeoenenus ynkuuu. J

E

Hccneoosamv (pynkuuro na uemnocms u
nepuoOUYHOCHb.

-




Haumu eepmukanbHble aCUMRIIONbI

=4E

-

U

Hccneooeamsv noeeoenue ynkuyuu na

0eCKOHEYHOCImU U Hallmu COPU3OHMA/IbHblLE
Uil HAK/IOHHbBIE acumMnmomnibl.

TE

Haumu sxcmpemymvt u unmepea il
MOHOMOHHOCIU PYHKUUU.




0E

Haumu unmepeannt goinykiocmu hyHkuyuu
U mouku nepezuoa.

TE

-

\

Haumu mouxku nepeceuenus zpagpuka c ocamu
KOOPOUHAM U HEKOmOopbvle OONOIHUMEIbHbLE
MOYKU, yMOUHAIOUUE 2PAPUK.

>

)




1l1lpunMmep.

Hccneooeamov (hpynkuuro u nocmpoums
ee zpaghuk

T+ x°

lde 5

%




Perrrterarmae:

:i* Haxoaum o0sacThs onpenesieHuss yHKIUM.
DyHKIHUSA OmNpeaeJeHa NMPU BceX 3HAYCHHUAX X,
kpome x = +1]

CiaenoBaresibHO, 00J1aCTHL onpeaeJaeHuss QGYHKIUA
Oymer o0ObeaMHEHHE MHTEPBAJIOB:

(—o0;—1) U (=L1) U (I;+00)

izz:% UccaenyeM  (GYHKIHMI  HA  YETHOCTH M
NePUOTUIHOCTD:

T+ (=x)°

0= o




DYyHKIUA SABJACTCHA YETHOH, CJIeA0BATEJIbHO ee
rpagpuk Oyler CUMMETPUYEH OTHOCHUTEJIBHO OCH
OpIUHAT.

DOyHKIMSA He IePUOAUYHA.

gg& HaXOI[I/IM BCPTUKAJIBHbBIC ACUMIITOTLI.

BeprukajbHbie aCUMITOTHI MOTYT ObITh B TOUKAX
paspbiBa pyHkuuu x =1 um x =-1.

CHayaJjia pacCMOTPMM TOYKY X =1.

Ecau XoTs ObI OIMH U3 NIpeaeoB npu X — |

cJieBa M CIpaBa paBeH 0€CKOHEYHOCTH, TO MPsAMAas

X =1 ABJISIeTCH BEPTUKAJbHOM ACUMIITOTOM.




T
Mpu  x—1 caesa [im-— X

X—1- 0

1+ x°
Mpu x—>1 cnpasa |lim

x—>1+0 1 X
CienoBarejibHO, psiMasi x=1 ABJACTCSH

BEPTUKAJIbHOU ACUMIITOTOH.

AHAJOTUMYHO MOKHO NPOAHAJIU3UPOBATH X=-1, HO Tak
KaK rpaguk (GyHKIHUU CUMMeETpPUYEH
OTHOCHUTEJIBbHO OCH OPAMHAT, TO IpsaAMas X=-1 Takixe
OyaeT BepTUKAJIBbHOU ACUMIITOTOM.

b

r# Hccaenyem MoBeJeHHUE (pyHKIHH Ha
0€CKOHEYHOCTH M HaijaeM IOpH30HTAJIbHbIE H
HAKJIOHHbIE ACHMIITOThI.




1+x 1+x

I|m =1 I|m =1

X—>+00 X—>—00

CaenoBarejibHO, Y=-1 - rOpU30HTAJbHASA ACUMIITOTA.

L. L ) . 1+x
lim =lim =0

X—>00 X X—>00 X(l—xz)

TO HAKJIOHHBIX aCHUMIITOT HCT.

Haumpgem  vHTEpBajJbl  MOHOTOHHOCTM W
IKCTPEMYMBbI (PYHKIIUU.

JIJ1s1 3TOr0 BHIYMCJIMM MEPBYIO IPOU3BOIHYIO:

!/

, (1+x2j :2x(1—x2)—(—2x)(1+x2):

a 1—x? (1-x7)’




B 2x—2x> +2x+2x° 4x

1-x*)* (1=x7)
UccaeayeM 3HAK NPOU3BOJIHOHU IIPHU Iepexoae yepes 3Ty
TOYKY:

MNHNMYM

fmin (O) =1




NHTEpBaJIBI MOHOTOHHOCTH (DYHKIIUM:

DyHKUUSA YObIBACT HA: (—oo;—l) U (—1,0)
®yuxuus o3pacraer na: (0;1) U (1;+00)
HaugeM uHHTEpBAJBbI BBINYKJIOCTH M TOYKH

neperuoa.
JIJ1s1 3TOr0 BHIYMCJINM BTOPYIO IPOU3BOAHYIO:

!

L[ 4x _(4x)'.(1—x2)2—4x-((1—x2)2)'_
o=y T (1-x")! i

B 4.(1—x2)2—4x°2(1—3€2)'(_2x) B 4—4)62—|—16)C2 _
(1-x)* (1-x7)




40 +3x?%)
(1—-x7)
Touyek, B KOTOPBIX BTOpasi MPOU3BOAHAA O0palaercs

B HOJIb, HEeT. IloaTOMY TOoYek meperunda y rpaduka
HeT.

Yucaureab Bcerga IOJIOKUTCJ/ICH, IIOOTOMY 3HAK

BTOPOM  NPOM3BOAHON  Oyaer  onpeaejasiTbCs
3HAMEHATEJIeM.




NHTepBaabl BHINMYKJIOCTH PYHKIIUHA:
®yuxuus Bimykaa Buus na: (—1; 1)

Oyukuus Bpinykia Beepx na: (—oo;—1) U (1;+00)
i# Haiigem Touku nepecedyeHusi rpagpuka GyHKIUM C
OCSIMU KOOPJAUHAT:

Ipu x =0

y_1+0_1
1-0

(0,1) - Touka nepeceyeHus1 ¢ OCbLIO OPAUHAT.

Touek nepeceyeHuss ¢ 0OCHI0 A0CIHMCC HET.
Crpoum rpapux GyHkuuu:







