MaTeMaTnyeckume OCHOBDI
nHpopMaLUMOHHON 6e30NacHOCTM



BBepeHue

ArneMeHTbI
Teopum
yucen

-

CTpyKTypa
Kypca

~

CpaBHeHus,

BblyeThl,

Mokasartenwu,

MHAEKCbI

N\ (

'\

MoHouabl,
Fpynnbl,
Konbua,
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~

KopoBblie

nocrnegoBa-

TeJIbHOCTU

OcCHOBHbIE pa3a€jibl AUCLAUTNMJINHDbI

(

MpocTenwne
CeKpeTHble

wudpbl




HaumenoBanue Conep:kanue pasaesa
pasaeia
BeeneHuve NcTopusa kpuntorpadum, OCHOBHbIE NOHATUSA U ONpeaesieHns,

TpeboBaHus K KpunTorpadun4yecknm cuctemam.

ONeMEeHTbI Teopuu
yncer

Hanbonbwuin odbwmnm genutens 1 ero ceoncTea. lNpocTtble ymucna.
KaHOHMYecKkoe pasnoXxeHne cocTaBHOro Yymcna. HenpepblBHblE Apobu,
noaxogsimne apobu n nx ebluncreHne. MynstmnnmkaTuBHble yHKLMN
N nx ceonctea. PyHKUUM Innepa.

CpaBHeHUS, BbIYETHI,
nokasaTtenm, MHOEKCHI

CpaBHeHUs n nx ceoncTea. Krnaccbl cpaBHUMbIX MO MOAYIHO Yncen.
BblueTbl, cMcTeMbl BbIMETOB. Teopema dnnepa. NepsBoobpasHbIn
KopeHb. [TpUMUTUBHLIN KOpeHb. PelleHne NUHENHbIX N HESTMHENHBIX
cpaBHeHUN. PelleHne cuctem cpaBHeHuN. [lokasaTtenn n nx cBOUCTBa.
NHoekcsol. [punoxeHna MHOEKCOB K peLleHunto cpaBHeHUW. Kntanckas
Teopema 06 ocTtaTkax. KBagpaTuyHble BblveTbl. CumBoOnbI JlexxaHapa,
Akobun. N3BnedeHne KBagpaTHOro KOPHSA U3 KBaapaTUYHOIO BblYeTa.

MoHougbl, rpynnsl,
Konbua, Nons.

BuHapHas anrebpa (BA). MoHoua, koHe4vHbIn MmoHoua. Honb BA, 1 BA.
[pynna, unknudeckas rpynna, Abenesa rpynna. KosnbLo.

KoooBble JInHenHble pekyppeHTHble nocneaoBaTenbHOCTU Ha4 KOHEYHbIMN

nocregoBaTesicHOCTU | NONAMU. XapaKTepUCTUYECKUA MHOTOYNEH JIMHENHON PEKYPPEHTHON
nocrnegoBaTtesibHoCcTU. CBOMCTBA NMIMHENHBIX PEKYPEHTHbLIX
nocnenoBsaTeflbHOCTEMN.

[MpocTenwue LLindppel: nepectaHoBKK, Wndp BepHama, 3ameHsbl, wndp BuxknHepa,

CEKpEeTHbIe LWndpsbl

raMmmMmmnpoBaHme.
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OCHOBHbIE NOHATUSA U onpenerieHnd

Kpuntonorus - Hayka, nsyyawLlein matematmyeckne Metoabl
3aWuTbl MHOpMaLMKN NyTeM ee Npeobpas3oBaHus

KpunTonorusa pasgensieTca Ha ABa HanpaBreHust - Kpuntorpaduto
N KpUnToaHanuns

Kpunmoepadhus - Hayka 0 MateMaTndeckmux metogax obecneveHus
KOH(UAEHUMANBbHOCTN U aYyTEHTUYHOCTU (LENTOCTHOCTU U
NOASIMHHOCTWN) MHdOOpMaLUK

KpuntoaHanus - 3agayda nccrieqoBaHuss METOA0B NMPeoaoneHund
Kpuntorpadgudeckon 3awmtbl (06beanHAET MmaTeMaTU4ECKNE
MeToAbl HapyLUeHUa KOHUAEHLUMANbLHOCTN N ayTEHTUYHOCTU
NHopmMaLmn 6e3 3HaHUS KITo4en)



 KpunTtorpadma — npuknagHas Hayka, OHa UCMosib3yeT
camble nocnegHne OOCTUXEHUA MaTeMaTUKU K
CYLLIeCTBEHHO 3aBUCUT OT YPOBHA Pa3BUTUA TEXHUKN U
TEXHOMNOIMN, OT NPUMEHSEMbIX CPEACTB CBA3U U
cnocoboB nepenavn nHdopmauun.,

 Kpuntorpadmsa - COBOKYNHOCTb METO40B
npeobpasoBaHnsA JaHHbIX, HarnpaBneHHbIX HAa COKPbITUE
CMbICSia COODLEHNA C MOMOLLLIO LWLNJPOBaHUS U
OTKPbITUE ero pacwmngposbiBaHNEM, KOTOPbIE
BbIMOJTHAKTCA MO crneumanbHbIM KpunTorpagpuieckmum
anropMtTmMam C NOMOLLbIO KIHOYeEn oTnpaBnUTens u
nony4varens.



Anghasum — KOHEYHOE MHOXXECTBO MCMONb3yeMbIX AN KOANPOBaHUS
MHopMaLIMKN 3HAKOB.

Texkcm (coobweHue) — ynopsiaodeHHbIn Habop 13 aneMeHToB andasuTa. B
KadyecTBe NpMMepOoB andaBUToOB, UCMONb3yEMbIX B COBPeMeHHbIX VC,
MOXXHO MPUBECTU crneayoLme:

— andasut Z33 — 32 BykBbI pycckoro andasuta (nckno4vas "é") n npoben;
— andaBut Z256 — cuMBonbl, BXxoasilume B ctaHaapTHble koabl ASCII n

KOW-8;
— ABOMYHbIN andasut — Z2 = {0, 1};
Kogbl v wundpbl ncnonb3oBanmcb 3a40ro Ao nosisneHnsa 9BM.

Koabl onepupyoT SluH28UCMUYECKUMU arieMeHmamu, pasaensas lWndpyembii
TEKCT Ha Takue CMbICIIOBbIE 3NIEMEHTbI, KaK CrioBa 1 Croru.

B Lumcbpe BCerga pas3sinyaroT ABa 3JieMeHTa. as/iecopuimm U KJito4y.

AnropuTM No3BOMSAET UCMONb30BaTh CPAaBHUTENBHO KOPOTKUI KITHoM AN
LM pOBaHNSA CKOMb YFOAHO BOMbLIOIO TEKCTA.
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LLindop - COBOKYMHOCTbL 06paTnMbIX Npeobpa3oBaHnii MHOXECTBA OTKPbITbIX
OaHHbIX HA MHOXECTBO 3aluNPOBaAHHbLIX AaHHbIX, 3a4aHHbLIX anropuTMOM
Kpuntorpadguyeckoro npeobpasoBaHus.

Kpunmoepadpuyeckasi cucmema, vnv wugbp npeacraenser coooil
cemencTBo T obpaTnmMbIX npeo6pa3OBaH|/|v| OTKPbITOrO TEKCTa B
LUNGOPOBAHHbIN.

Koy — KOHKPETHOE CEKPETHOE COCTOAHME HEKOTOPbLIX NapaMeTpoB
anroputTMma Kpuntorpadunyeckoro npeodbpasoBaHns JaHHbIX,
obecneuvnBatoLlee BLIOOP 0QHOIMO BapuaHTa n3 COBOKYMHOCTU
BCEBO3MOXHbIX AN AaHHOro anroputmMa. CekpeTHOCTb Kntova AormkHa
obecne4ymBaTb HEBO3MOXHOCTb BOCCTAHOBJIEHUA UCXOOHOIO TEKCTA MO
LLUNGOPOBAHHOMY.

Cnepyet otnuyatb noHATUSA "krod" 1 "napone”. Naporb Takke ABNseTcs
CEKpeTHOM nocriegoBaTeribHOCTbIO OYKB andasuTta, o4HaKo UCMONb3yeTcH
He Ons wugpoBaHns (Kak Knwod), a Ang ayTeHTuukaunm cybbLeKToB.
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3awugposaHueM faHHbIX Ha3blBaeTCHA NPOLIECC Npeobpas3oBaHNs OTKPbITbIX

[aHHbIX B 3alLUMdpoBaHHbIE C MOMOLLbLIO WKUdpa, a pacwugposaHuem

OaHHbIX — rnpouecc npeobpaszoBaHNS 3aKPbITbIX JaHHbLIX B OTKPLITbIE C
NOMOLLLIO WKrdpa.

BmecTo TepMuHa "OTKpbIThIE AAHHbIE" YaCcTO ynoTpednaATCs TEPMUHbI
"omkpbIimbIilU mekem" n "ucxoOHbIlU mekem", a BMecTo "3alumdpoBaHHble
OaHHble" — "wugpoeaHHkIU mekecm".

HewugpoeaHuem Ha3biBaeTCA NpoLiecc NpeobpasoBaHUSA 3aKPbITbIX JaHHbIX
B OTKPbITbIE NMPU HEU3BECTHOM KJH04€E 1, BO3MOXHO, HEM3BECTHOM
anroputmMe, T.e. METOAAMU KpUNTOoaHanusa.

LlluchpoeaHuem Ha3bIBaeTCA NpoLecc 3amndpoBaHmsa nnm pacmdpoBaHus
OaHHbIX. Takke TePMUH LN POBAHUE NCMOSMb3YETCS Kak CUHOHUM
3awmpoBaHus. OgHako HEBEPHO B Ka4ecTBe CUMHOHMMA LN poBaHUS
ncnosnb3oBaTb TEPMUH "KoduposaHue" (a BMecTo "wughpa" — "kod"), Tak Kak

nog KoanpoBaHMem ObbIYHO MOHMMALOT NpeacTaBrneHne nHpopmaunm B
Buae 3HaKoB (bykB andasuTta).

Kpunmocmolikocmbto Ha3biBaeTcsa XxapakTepuctuka wudpa, onpegenstolulas
ero CTolkocTb K aelundgpoaHmio. OObIYHO 3Ta XapakTepucTmka
onpeaensieTcs NepmoaoM BpeMeHu, HeobxoanMbIM AN AelndpoBaHuS.

12



OCHOBHbIE€ NMOHATUSA

e Kpunmocmoukocmb — CTOMKOCTb LUKdpa K pacKpbITUIO MeTog4amMm
KpunToaHanuaa

OnpepnendeTrcs BbIMUCIUTENBHON CITIOXKHOCTbIO anropuTMOB,
NPUMEHSAEMbIX AJIS aTaky Ha Wndp.

BbluncnutenbHast CRoXXHOCTb N3MEPAETCAH.

BpeMeHHOM CNOXXHOCTLIO - UHTEPBANIOM BPEMEHU, HEOBXOANMBIM
0N packpbiTUa Wndpa

EMKOCTHOWM CNMOXHOCTbIO

KpnnToCTOMKOCTb 3aBUCUT OT CIOXHOCTU anroputMa, AnMnHbl Knoya
n obbemMa Kro4eBOoro NpoCcTpaHCTBa

13



Jlekumnga N°1-2

OCHOBbI TEOpUU YUCEN

¢ OCHOBHble MOHATUA U TeOPEMbI

v Anropntmbl EBKNnaa n IpatocdeHa
v’ KaHOHKMYecKoe pa3noXxeHune ymncna
v’ HenpepbiBHblEe 1 noaxoasiime apobu
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OnpeneneHue 1

Ecnn a genutca Ha b Haueno, Mbl Oyaem roBopuTb,
41O b genut a. lNpun aTOM a HasbIBaeTCs KpaTHbIM
yucna b, a b — genutenem 4ymucna a.

Ymncno a MOXXHO NpencTaBuUTb Kak
a=q-b

roe q — rnoJyiHoe 4acTtHoe

15



Teopema 1

Ecnu a KpaTHO C, C KpaTHO b, TO a KpaTHO b.
[loKka3aTenbCTBO:

a=C-a -

(@)
|
O
(@)
(Y

T.0. a NpPeacTaBndeTcs npon3BeaeHnemM b Ha Lenoe 4mcno
a,= C, UTeMm caMblM OennTCs Ha b

16



Teopema 2

Ecnhn B paBeHCTBe BuAa
k+l+...+n=p+q+...+s

OTHOCUTESIbHO BCEX Y/IEHOB, KPpOME KaKoro-nmbo
OJHOro, N3BEeCTHO, YTO OHW KpaTHblI b, TO N 3TOT
OAWH 4YneH KpaTeH b

17



Teopema 2

- [lokazaTesbCTBO:
[lyCcTb TakuM oAHUM 4sieHOM byaeT k. IMeeM
I=b:l, n=b-n, p=b-p, q=b-q, s=b-'s,

k+b-:l,+...+ b-n,= b-p,+ b-q,+...+ b's,

k=b-p, +b-q,+...+ b's - (bl +...+ b-n )=
=b-(p,+ q,+..+ s~ |,-...-Nn,)

- Takum obpasom, k npeacrasnsaeTca nponssBegeHnem b Ha
Lenoe Ynucrio U TemMm cambiM genutca Ha b (no
onpenenexHuto).
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Teopema 3 (0 AefneHUn C OCTAaTKOM)

Bcakoe uenoe a npeacraBndercd eAMHCTBEHHbIM
CNocoboM C NOMOLLbIO MOJIOXUTENIBHOIO Lesioro b
paBeHCTBOM BWAA

a=bq+r 0=r<b
(6e3 gokasaTesnbCcTBa)

Yncno q HasbiBaeTCd HENOJIHbIM YAaCTHbIM, a
YUCMO I — OCTATKOM OT AesieHUN a Ha b.

19



Hanb6onbwun oébwmn penutenno (HOA)

OnpepeneHune: Hanbonbwnm n3 genntenenm ymcen
a n b Ha3biBaeTca HO/l aTon napbl yncen.

NMpumep: HOA(14, 21)=7.

O6o03HaveHume: HOO=(a,b).

20



Hanb6onbwun oébwmn penutenno (HOA)

AHanorn4yHo pgaertca onpeageneHne HOL cucrtemnl n-
ypucen.

HOA=(a,,a,,...,a )

NMpumep: HOA(15, 21,105)=3

21



B3aMMHO NpoOCTbie Yyucna

Onpeanenenue: Echn HOA(a,b)=1, Touncnaawm b
Ha3bIBAOTCA MOMNAPHO MPOCTbIMM.

OnpepneneHnue: Echm HOZL(a,,a,,...,a_ )=1, TO
yvicna a,,a,,...,a_ Ha3blBalOTCS B3AaUMHO MPOCTbIMMU.

NMpumMmepsbl: Yucna 5,11,16,19 B3aMHO NpoOCThbIE,
T.K. (5,11,16,19)=1.

Yncna 5,13,22 - nonapHo npocTtble, T.K. (5,13)=1;
- (13,22)=1; (5,22)=1.
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Teopema 4

Ecnn a KpaTHO b, TO COBOKYMHOCTb O6LLMNX
nenuntenenm a n b coenagaeTr ¢ COBOKYMNHOCTbIO
nenuntenem oaHoro yncna b; B yactHoctu, (a,b)=Db.

(6e3 gokasaTtenbCcTBa)
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TeopeMma 5

Ecnu
a=bq+c

TO COBOKYMHOCTb 0bWKX aenntenem yumcen a u b

coBnajlaeT C COBOKYMHOCTbIO AenuTtenen yncen b m
C; B yactHoctun (a,b)=(b,c).

(6e3 nokasaTtenbCcTBa)
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AnropntMm EBKNnaa

[TpnuMeHaeTca anga otbickaHmna HO/.
[lycTb a,b — nonoxwuTtenbHble yenvle n a>b.

CornacHo teopeme 3(0 AefieHUN C OCTAaTKOM)
HaxoAMM psih PaBEHCTB

25



AnropntMm EBKNnaa

0<r.<b

b -q,+r,

b =r,-q,+r; 0=r;<r

,=r"q;+r, O=sr,<r

. <
n-2 I‘n-1 cIn-1 + I‘n 0_ I‘n <I‘n-1

n-1 - In'ly

(1)

26



AnropntMm EBKNnaa

(1) 3aKaH4MBaeTCs, Koraa nosiyydaeTcs HeKOTOpOe
r .,=0. lNocnegHee HensbexHo, T.K. psa b,r,,r
He MOXEeT coaep>XaTb b6osee yem b I'IOJ'IO)Kl/ITeJ'IbeIX

YUNCEJ.

T.0., HO/Zl paBeH nocneagHeMy He paBHOMY HYJIIO
OCTaTKy anroputMa EBknnaa. NoCKonbKy, COrnacHo

TeopeMaM 4 n 5:

(a,b)=(b,r2)=(l‘2,l‘3)=...=(I‘n_:l,l‘n)=l‘n

27



NMNpuMmep

- OTbICKaTb HOA(25,9) - ?

25=9 - 2+7
9=7-1+2
/=2 -3+1
2=1-2+40

HOA(25,9)=1

28



NMpocTbie yncna

[Tyctb a>1

OnpepneneHune: Bcsakoe a>1 6yaeM Ha3bliBaThb
NMPOCTbIM, €C/IN Y HEro HeT ApYrmnx Aenntenemn,
KpoMe 1 n camoro cebs, nHaye — COCTaBHbIM.

CBOMCTBO 1: HaMMeHbLWUn OT/INYHbIN OT eANHUUbI
nenutenb Lenoro ymcna, 6onbluero eguHuLbl, ecTb
YMUCO NPOCTOE.
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TeopeMa 6

HanMeHbWNM OTANYHBIN OT eAUHULbI AeNUuTenb
COCTaBHOrO YMCna a HE NPEBOCXOAMT . f; .

Noka3aTenbCTBO:

[lycTb q — HAUMEHbLLUUN AENUTENb YNCA a

OT/INYHbIA OT eANHULbI, TOraa:
a, 2 q

a,-azq-a

dNazq%%

a2q2

g<~a

a=q-aq,

30



Anroputm dpaTtocdeHa

cnonb3yeTca ANa NoCTpoeHund
nocneaoBaTesiIbHOCTU NPOCTbIX YNCEeNT B pAAYy UenbiX
yucen, He npesocxoadwmnx gaHHoro uenoro N.
BboinncbiBaeM pag uncen

1,2,..., N (2)

[lepBoe npocTtoe 4ncno B pagy (2) — 2.
BbiuepkuBaeM 13 psaa (2) Bce yncna KpaTHble 2,
KpoMe caMoro 4yucna 2.
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Anroputm dpaTtocdeHa

[lepBOe, ocTaBlLleecd nocne 2, Npocrtoe 4yncno — 3.
BbiuepkuBaeM 13 psaa (2) Bce uncna KpaTHble 3,
KpoMe caMoro yucna 3.

[lepBoe, cneayroulee 3a 3, HEBbIYEPKHYTOE
npoctoe yncno 5. BeiuepkneaeM mn3 psaaa (2) Bce
Yyucna KpaTHble 5, KpoMe yucna 5. U 1.4.

Koraa yka3aHHbIM cnocob0oM BblYEPKHYTbI BCE

ymcna, KpaTHbIe MPOCTbIX, MEHbLLE MNPOCTOro p, TO
BCE HEBbIYEPKHYTblE MeHbLLUKe p? 6yAyT MPoCTbIe.
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Anroputm dpaTtocdeHa

BbiBOAbI:
1) npucTynasa K BblYEPKUBAHMIO KPATHbIX MPOCTOro
D, 3TO BblUepKMBaHUE cneayeT HavaTb C p2.

2) CoCTaBJieHue rnocsieaoBaTeslbHOCTU MPOCTbIX
ymncen, He npesocxogawmx N, 3aKOHYEHO, Kak
TO/IbKO BbIYEPKHYTbI BCE& COCTaBHbIe KpaTHbIE
NPOCTbIX, HE MPEBOCXOAAWMNX [N .
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[Tpumep

* [locTponTb NocnenoBaTeNbHOCTL MPOCTLIX
yucen angd N=16

«123456,78910,11,12.13,14,15.16
.« \V16=4

* 1,2,3,4,5, 7&{ ,10,11, 1%1314 1§ Q

-1235711 13 3
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KaHOHM4Yyeckoe pa3yio)xXeHue

yT1Bep)>xaeHue 1: Bcakoe uenoe a
NI B3aMMHO NPOCTOE C AaHHbIM MpocTbiM: (a,p)=1
U AennTCcsd Ha p : (a,p)=p

yTBepXxaeHue 2: Echn nponseBegeHne HeCKOoNbKUx
COMHOXUTeNien AennTcs Ha AaHHOe NpocToe p, TO
X0TS Obl OAUH N3 COMHOXUTENEN AENNTCA Ha p.
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Teopema 7

Bcsakoe uenoe, 6onbliee eanHULbI, pa3saraeTcs Ha
npou3BeaeHne NpoCTbiX COMHOXUTENEN U NMPUTOM
eIMHCTBEHHbIM CNocoboMm.
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Teopema 7

[loka3aTenbCTBO:

[ycTb a>1, p, — HAUMEHbLINIM NPOCTON AENUTESb
a, Torga a=p, - a,.

Ecnn a,>1, 0603HauMM 4epes p, HAMMEHbLINA
NpocTon AennTenb a,, Toraa a,=p, - a,.

Ecnu a,>1, TO aHanormn4yHoO HaxoaAmm a,=p,-a; U T.

A., MOKa He Nosly4yMM HekoTopoe a =1, T.e.
an-1=pn'

[lepeMHOXMNB HanaeHHble paBeHCTBa U Npon3Beas
COKpalLleHUs, Noay4YnmMm

a=p1'p2"" 'pn (3)
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Teopema 7

Jloka)xeM, 4To pa3ssioxeHue (3) ymcna a -
eANHCTBEHHOE.

[TpeanooXXnM, CyLWeCTBYEeT BTOpOe pa3JioXXeHue a
Ha MPOCTbl€ COMHOXUTENWN:

a=q,-q,-..-q_ (4)
Torpa

P, P, P, =0q,-q, ... -q_ (5)
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Teopema 7

[paBas 4acTb BbipaXkeHus (5) aenntca Ha q,,
cnenoBaTesibHO U B JIEBOW YaCTu 3TOMO BbIpaXXeHUS
X0Tsl O6bl OAMH M3 COMHOXUTENEN AENNTCA Ha q,
(ytB. 1.2).

[ycTb TakMm comMHOXMTenem 6yaert p,. Toraa
P,=4q,, T.K. p, KpoMe 1 AenunTcs TOJIbKO Ha p,.
CokpaTtuB 0be YacTn paBeHCTBa (5) Ha g,, NONYy4YNM

p,-...-pP,=0d,-...-q_ (6)
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Teopema 7

[TOBTOPMB NpexXHue paccyXaeHmsa npuMeHnTeNbHO
K paBeHCTBY (6), NONy4YnM, 4TO

q4,=P,,

Ps=d5,

ey

Noka B OJHOW 4acTu, HanpuMmep, B 1€BON He
COKpATATCA BCE COMHOXUTENN. HO oAHOBpPEMEHHO
NO/IHKHbI COKPATUTbCS U BCE€ COMHOXUTENN B
npaBon 4acTun, T.K. paBeHCTBO BuAa

1= CIn+1 'qm

HEBO3MOXHO npn q_. ..., 9 >1.
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KaHOHM4Yeckoe pa3siodXeHue yuchia

B pasnoXeHunun 4ncna a Ha nNpocCTblie
COMHOXUTEJIN HEKOTOPbIE N3 HUX MOTYT
MOBTOPATLCA.

KaHOHMYeCcKoe pasioXeHne 4yncna a:

o oy a
a=p P, --..-p,

n

rae p,,...,p, — NPOCTbI€ COMHOXUTENM YMCna a,

d,,...,0 — KPAaTHOCTU BXOXZAEHMNSI COOTBETCTBEHHO
COMHOXWTENEN p.,...,p, B YMCIIO a.
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HenpepbiBHbIe U noaxoasLwmve apobu

[lycTb a - noboe BellecTBEHHOE YMcio. Toraa a
O4YEeBUAHO MOXHO NpeacTaBUTb B BUAE:

1
&=d¢ +—
&y

rae q, — Hanbonbluee Lenoe, He NpeBocxoasilee a;

d, — BelwecTBeHHoe yncno, a,>1.
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HenpepbiBHbIe U noaxoasLwmve apobu

- TOYHO TaK e Npu HeuenbIX dg,...,d; , UMEeM:

........................................

1
Hgy =gg1+—., & >1
Qg

MNonyyaeMm cnenyrollee pasioXeHne d B

HenpepbIBHYO APO6b: 1
=g, +
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HenpepbiBHbIe U noaxoasLwmve apobu

Ecnn a - paunoHanbHOE N MOXET 6bITb NMpeaACTaB/IEHO
pPaUMOHANbHOW HECOKPATUMOWN APO6bIO C
NONOXNTENIbHBIM 3HAMEHATENEM,

TO YKa3aHHbIX npoLuecc byaer KOHeYeH U MOXeT 6bITb
BbIMNOJIHEH C NMOMOLLbIO anropntMma EBknunaa.
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HenpepbiBHbIe U noaxoasLwmve apobu

- ) a 7,
a=>b q1+ I'2 (0 = r2<b —=q,+—
b b
b=r,-q,+r, O0=r,<r b _ 3
2" U™ I35 =1 T =l —=(q, +—
&) r
v 4
_2_
: _qn_1+rn
o =F a 0< r. <r_, n—1 n—1
r
n—1
:qn

|

1

=.

Q
=]

~

n-1 ~
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HenpepbiBHaa y noaxoaswuve apobu

qn—l T
d,

npeacrasnseT cobon HenpepbIBHYO Apobb
AN paumMoHanbHOro Yyncna.
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HenpepbiBHbIe U noaxoasLwmve apobu

Yucna q,,q,,..., YHacCTBYIOLIME B PA3/IOKEHUN YMCNA
a B HEMNPEPbIBHYO Ap06b, HAa3bIBAOTCA HEMOIHbIMU
YaCTHbIMM (B cNydae paunoHaibHOro a 3To é6yayT
HEMNOJIHblE€ YaCTHble NOoCAeaoBaTebHbIX AEEHUN

anroputma Esknunaa).
[pobu
1 /

0, = ¢, 52:ql+q_2 0;=¢q;+ 7
q, +—
qs;

Ha3bIBAlOTCHA NMoagxoadawmMu I£l,|f)O6S:IMl/I
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NMNpuMmep

' [ycTb MMeeTcsa paumoHanbHasa apobb 7/8,
Heob6X0AMMO NOCTPOUTb HENPEPbIBHYO APOObL U
HAaWUTW HeMnoJiHble YacTHble U noaxoasduine apobu.

7=8 :0+7 q,=0 5 =0
8=7 -1+1 q,= |
7=1-7+0 q,=7 5, =0+
1
T gL =0+ L
1+~ I+
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HenpepbiBHbIe U noaxoasLwmve apobu

BbibepeM npakTnyecknm cnocob nocTtpoeHus
noaxoadawmx apoben. O6o3HauymM yepes

f=1 Q =0, P =9, Q =1

44 _4’2*‘?1"'1: g, *H+ 5 _ £
1 g, ¥1+0 g, *0O,+0, O,

2 +—|*B+5
5 43 _ % o *R+R)+A _ 9 t5+A _ 5
’ [ l]* 9'3*(‘?2*Q1+Q0)+Q1 g: "+ &
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HenpepbiBHbIe U noaxoasLwmve apobu

[TO MHOYKUWW Nerko AokKasaTb, YTO

H=q, E 0+ 5
Qn = qx *Qx-l +Qn-2
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e |

ANropmtM HaxoXxaeHus

VlLLem HenosnHble YacTHblE, peann3oBaB ariropuUTm
Esknuga (q,,9,,---,9,)-
ObosHavyaem P =1 Q,=0 P,=q, Q,=1.
Haxoaum
Fo=qs™Fs  + 5,

Qs = dg sz-l +Qs-2

PaccymnTtbiBaeMm

s=2,3...



DdyHKUMA Dunepa

OyHKuMen dunnepa ¢(a) HasbiBaeTcs PyHKUMNA,
KoTopas ana vV a&€Z , paBHa KOJIMYECTBY YuMCeEN B
paay ot 1,...,a-1 nonapHO NpoCThbIX C a, rae a=1.

$(1)=1

$(2)=1

$(3)=2 (1,2)
o(4)=2 (1,3)
¢(5)=4 (1,2,3,4)
$(6)=2 (1,5)



Teopema 8

[TyCTb 4McCno a npeacTtaB/ieHO B BuAe
KaHOHMYECKOro pasJioXXeHus

a=p’-p, .. p,

Toroa nMeem

ola)=(py — pr)-(pse = 227! )-c-(p — pi)

6e3 noka3aTenbCTBa

o(P)=(p' - p*)=P-1
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BbilueTbl

OnpeneneHune: [ycTtb m — HEKOTOPOE LIENOE
nonoxurtenbHoe uncino m>1. Myctb a n b - ato
ymncna, KoTopble Npu AeNEHUN HA M UMEKT OAMH U

TOT >Xe OCTaTOK.

a=m-t, +r O0<r<m

b=m-t,+r

Yncna a n b 6yaem Ha3sbiBaTb paBHOOCTATOYHbIMM.

54



BbilueTbl

CpaBHMMOCTbL 4Mcen a wu b no mMoayntwo m
3arMnCbIBAETCS:
a=bmodm

a CpaBHMMO C b no mMoAay/ito m.
OuyeBMAHO, 4YTO BCe CpaBHUMble Mexay coboun
4yycna MOXHO NpeacTtaBuUTb B BUAeE:

a=b+m -t

roe t — uenoe ymcno.
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NMpuMepbl CpaBHUMbIX Yynucen

7=3-2+1
7 =10 mod 3 10=3-3+1
5=7 mod 2

6 =11 mod>5
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CBomncrea CpaBHUMbIX YUuces

1.a = b mod m
b=amodm
2. CpaBHMMbIE YMCla MOXHO MOYJSIEHHO CKAaAblBaAThb:
a, = b, mod m (a1+a2) = (b1+b2) mod m
a, = b mod m

3. CnaraemMble MOXHO MNEepeHoCUTb M3 OAHOM 4YacTu B
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CBOMCTBa CpaBHUMbIX Uucen

4. CpaBHEeHUS1 MOXXHO MOYSIEHHO NepPeMHOoXaThb:

a, = b1 mod m
a, = b2 mod m

a,-a, = bl-bzmodm

5. Ecnna=b mod m, d — genutenb a n b, NPUYeEM TaK,
yTto a=al-d b=b1:d n (d,m)=1, TO neBy0 M npasyto
4YaCTb CPaBHEHUSI MOXXHO COKPaTUTb Ha d.
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CBOMCTBa CpaBHUMbIX Uucen

6. CpaBHeva MOXHO NO4YJIeHHO NepeMHOXaThb.

Ecnn a = b mod m, a,b,m umerot odwmnn aenutenb d — 10
Ha HEro MOXXHO COKPaTUTb:

a=a1-d, b=b1-d, m=m1-d L) a1=b1 mod m1

7. Bce yacTu cpaBHEHUS MOXXHO YMHOXaTb Ha OOHO U
TOXe uenoe:

a = b mod m nepemHoXuB Ha k = k mod m
nonyymm: a-k=b-kmodm
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Kadeapa BbIYUCAUTENBbHOM TEXHUKN
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JNlekunsa N°3

CpaBHeHMA U X CBOUCTBA

v’ CpaBHeHUS

v’ Knaccbl cpaBHUMbIX Yyncen
v’ BblueTbl, cUCTEMbI Bbl4YETOB
v’ Teopema dunepa, Pepma

v'PelleHne nnMHenHbIX cpaBHeHUn 1
CTeneHwu
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CpaBHeHuA

Onpepenenme: Ecnim a n b ABa uenbIX YUCa U NX PA3HOCTb
a-b nenuTca Ha uenoe NoNoXMTenbHOE YNCIO M, TO FOBOPAT,
4TO @ CpaBHMMO C b no Mmoayto M:

a = b(mod m)
To ectb a - b=mk unu a=b+mk, k - Z

Ecnn npeacraentb b B BUAe b=mqgl+r, TO
a=mql+r+mk=m(ql+k)+r, To ecTb Npun AeNeHnn Ymncen a u
b Ha MoAYy/b M NoNy4YaeM OAMH M TOT XKe OCTaToK

a=m-t, +r O0<r<m

b=m-t,+r
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BblyeThl. [lpyBegeHHaa cuctema BbIYETOB

MHo»XecTBO PaBHOOCTATO4YHbIX MO MOAYJTHO M YNCEST — 3TO KJlacCC
YnCersl, npencraBJi€HHbIX B BUAE.

a=b+m-t
J-||'0609 UUNCJ10 KJ1aCCa Ha3blBaeTCd BblYeTomM 10 MO,EI,yJ'II'O m no
OTHOLWEeHWNK KO BCeM 4HYUUCI1aM TOIo XXe Kliacca.

Bcero no mogynto m cywecTByeT m pasnuyHbIX KNacCoB PaBHOOCTATOYHbIX
ern
(c octatkamun 0,1,...,m-1).

IHotHas cucTemMa BHIYETOB 110 MOAYJII0 M — COCTOUT U3 MPEACTABUTEIIEN KIIACCOB
YHucen cpaBHUMBIX JPYT C IPYTOM I10 MOAYIIIO M.

HpI/IBeZ[eHHaﬂ CUCTEeMa BbBIYCTOB IO MOAYJI0 IM — COCTOUT U3 HpGI[CT&BHTCJ'IGfI
KJIaCCOB YHUCCI B3AUMHOIIPOCTBIX C MOAYJICM (HO OAHOMY BBIYUCTY U3 KaKAO0I'O KH&CC&)
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[Tpumep

OB6bI4YHO NPUBEAEHHYIO CUCTEMY BbIYETOB BblAENSOT U3 CUCTEMBI
HanMeHbLUMX HeoTpuuaTenbHblX BelveToB: {0, 1, ..., m-1}

Tak Kak cpean aTUX Ynucen YMcrio B3auMMHOMPOCTLIX C M
onpegensieTcsa yHKumMen dnnepa, To YACIO Yncesn npnBegeHHON
CUCTEMbI, paBHO KaK 1 YNCIIO KNaccoB, coaepalumx Ynucna,
B3aMMHOMPOCTbIX C Moaynem, ectb ¢(m)

[Tpumep: m=15 ¢$(15)=8
[TonHas cMctema HauMeHbLUMX HEOTPULLATENbHbIX BbIYETOB:
{0,1,2,3,4,5,6,7,8,9,10,11,12,13,14}

rlpl/IBeD,eHHaFl CNCTeMa BblYEeTOB.
{1,2,4,7,8,11,13,14)
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CBOUCTBO:
Ecnu (a/J m}tpc}6eraeT NpUBEAEHHYIO CUCTEMY BbIYETOB MO

MOYITI0 M, TO a-X ToXXe NpoberaeT NpMBeAEHHY0 CUCTEMY BbIYETOB MO
MOAYIHo M.

Ook-Bo: Yuncen a-x OyaeT CTOMNbKO Xe, CKOMbKO 1 Yncen X, T.(Q(m)

peanonoxum, 4To Ans X, NOMyYnM a-x,, He
npuHaanexatlee aox m) 1

ORI ERSHCUYTEET BreTaTerROTOROE Yincno d: d gemvt a-x,, d genut
m. Ho

(a,m)=1= d aenut x,, Ho 1 (x,,m)=1

[Tony4aem
NpoTUBOpPEYME.
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Teopema Sunnepa

Mpu m>1un (a,m)=1 a‘/’(m) = T1modm

Ook-Bo: [NycTb x npoberaet NpnMBEAEHHYO CUCTEMY
ST =, x =1y, X=1, , te | =¢(m)

Hangem 3HadeHue a-X B ykasaHHbIX
TOYKaXx:

P = (a-r])modm

P, = (a-rz)modm

p, =(a-r)modm
CornacHo Cs. 3.2 P11 Py Py
npoGeratoT Ty Xe CUCTEMY, HO PACMOMOXKEHHYIO B MHOM MOpPsiAKe.

[epemHOXasi NOYNEeHHO CpaBHEHWUS
a-rp=p,modm, a-r,=p,modm ... a-r, = p, mod m
nony4nm a r-r..r,=p p,...p,modm

Pasnenus o6e 4acT Ha NPOU3BEAEHUE 71y o'l = Py 05 oo P,

a' =1modm
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Teopema Pepma

Mpy p NpocToM p-1 _
onp a Tmodp

OT1a Teopema aBnseTca crneacTenem T. 3nnepa npu m=p.
YMHOXasa 06e yacTtu cpaBHeHus ¢?™ =1 meédra, Nony4ynum cpaBHeHue

a’".a=amod p

P _
a” =amod p
970 cpaBHEHMe CrpaBea1Bo Npu BCEX Ll,eJ'IbIX a, T.K. OHO BEPHO M npu a

aTHOM p.
oumep 9 modS  (9,5)=1 ¢(5)=4

9'''mod5 = (94)27 .9’ mod5 = (1) -9° mod 5 = 243mod 5 = 3mod 5
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CpaBHEHNA C OQHUM HEN3BECTHbLIM

I_IyCT n n—1 0
. f(x)zao-x +a,-x" +..+a -x | roe
- HEKOTOpasi nepeMeHHas
L n BEMMYMHA.
PyHKLMS f(x) Ha3blBaETCS CTEMEHHBIM MHOTOUYNIEHOM

Ecrm a, 20 Q. (X) MworouneH crenenn n

Eyﬂ,eM paccMaTpuBatb 3TOT MHOIOYJ1IEH HAa MHO>XECTBE LIESbIX
YUnCcerl.

f(x)=0modm (1)

PaccmMoTpum cpaBHeEHWe BMaa.

PelwunTb cpaBHEHNE — 3HAYMT HAWTK BCE 3HAYEHUS X, EMY YOOBMETBOPSAOLLNE, T.€.
TaKkne 3Ha4YeHus1 X, Npy NOACTAHOBKE KOTOPbIX B NIEBYHO YacTb (1), Mbl NOAy4Ynm
BEPHOE YMCNOBOE CPaBHEHME.

Ecnu cpaBHeHuto (1) yooBneTBopsaeT Kakoe-nmbo x=x1, TO TOMY e CpaBHEHWUIO
OyayT yooBneTBOpsATb U BCE YnCna cpaBHMMbIe € X1, o moaynto m: x=x1modm



JINHeMHble CpaBHEeHUs C OAHUM Hen3BeCTHbIM

ax+b=0modm
ax =bmodm

KonnyectBo peLleHnH:
(a,m)=1 — ogHoO pelwleHne
2. (a,m)=d d>1
2.1) dHe genut b (b He kpaTHO d) — peLueHnn HeT
2.2) d genut b He ueno - d pewweHun.

b=b -d
a,-d-x=(b -d)mod(m, -d)= a,-x=bmodm,
(a,,m)=1= cyllecTByeT eANHCTBEHHOE pPeLLEHNe CPABHEHIS N0 MOAYIIo m1:

X = X, modm, (1)

[Mo mogynto m 4ncna (1) obpasytoT He OOHO PeLLEHME, a CTOMBbKO
pelueHnn, ckonbko Yucen (1) Hangetcsa B psge 0,1,...,m-1.
Uncna x,+0-m, x, +1-m, X, +2-my, - x, +(d-1)-m,

ABJIAKOTCA peweHnAMn cpaBHEHUA MO MOAYITHO M.
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1 Cnocob6 pewieHns IMHEUHOrO
CpaBHeHus

« CornacHo Teopuu HeNpepbIBHbLIX Apoben

m 1 Ly, L, _m
g 1 ) 0. ¢
a ql n Q}I—l Q” th
s T v
1 o - = i
== ? s (~)n—l —d- ])n—l o (_ l)

= ((— 1y~ -P_ -b)mod m

n
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o, Kadeapa BblUMCINTENBHON TEXHUKU

[
ANropmtM HaxoXxXxaeHusa noaxoasiimx

aApo6en
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A5) i
iy das®

e |

VlLLem HenosnHble YacTHblE, peann3oBaB ariropuUTm
Esknuga (q,,9,,---,9,)-

ObosHavyaem P =1 Q,=0 P,=q, Q,=1.

3. Haxogum

Fy=qs™ g, +Fg,

Qs = dg 3'cQs-l +Q3-2

4. PaccymnTbiBaeMm

s=2,3...




CBouncTBa nogxoasaLmx gpobdeun

Ceovicteo 1.  [pn S>0 nmeem POy, —0s-FP | = (— I)S

CBoicteo 2. [Mpu S>0 nmeem (— l)S
Og =05 =
QS 'QS—l

[loka3aTenbCTBO:

hS:PS'QS—l_QS'PS—l

1 hl=q1-0—1-1=—1

=2 hz:Pz'Ql_Pl'Qz:%(Pl'i'Po)_Pl(%'Ql"'Qo):Po'Ql_P1'Q0:1'1_611'021
hy =(=1)

_PS _PS—I _PS'QS—l_QS'PS—l_ hs (_I)S

5 _ =
co Os Usy Os - Osy s Osa s Usa
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CornacHo cBoncTBaM HENPEPbIBHLIX Apoben
NMEEM:

m-Q,,—a-F,_, :(_l)n

Bbluncnum nesyto 1 NpaByko YacTb NO MOOYNHO
m:

(m-O. _ Jmodm—(a-P,_ )modm =(—1)" mod m
(a P )mod m = (— 1)”_1 mod m

[(_ l)n—l a-P )mod = (_ 1)n—1+n_1 od m

[(— )" -a-P_ )mod m=(=1)"" =Imodm

[(— )" a-P - b)mod m=bmod m
a-x=bmodm =

x=((1)" £ -b)modm.
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MynbTUNAInMKaTUBHbBIE PYHKLINK

Onp: Besakyto dyHKUMIO O(a) ONpenensitoT Ha MHOXECTBO Lenbix (+)
Oynem HasbiBaTb MYMLTUKATUBHOW €CIN:

1)OHa onpeneneHa Ha MHOXECTBE LeriblX NONOXUTENbHbIX YNCETT
(Z+) a n He paBHa HyIm N0 MEHbLLUEN Mepe NpU OAHOM TaKkoM a;

2) onga noodbIX MONOXUTESNbHLIX NOMNAPHO NPOCTbIX al n a2 nmeewm:

9(31 * az) - 9(31 )*9(32)

Hanpuwmep, 9(3) _ 3 S
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CeouncTtea MynbTUNIUKATUBHbIX
doyHKLNN

1. [ins BCAKOI MynbTUNIMKATMBHOM doyHKUMN H(a)  O(1)=T

2. Ecrm a=a,-a,-....4ge a,,a,,...,a — B3aMMHO MpoCTble, TO

H(a)z 0(a,-a,....a,)= G(al)-Q(az)-...-H(an)

3. Ecrn 6, (aj srf@drvnnmkatneHble dyHKLNK, TO -

69(&)%1)((9)C9¥w()_ll/lﬂ MYIbTUMTIMKaTUBHAA.

4. [TycTb Q(év)yanmnnMKaTMBHaﬂ doyHKUMA U a=p-pP....pH

Toraga, o6o3Ha4Yas CUMBOJIOM dz/: CYMMY, pacrnpoCTpaHeHHYIo Ha Bce
nenutenu d ynucna a, 6ygem NMeThb:

ZO (1+9 p1)+6(p1 )+ +9(pf‘1 ))*...*(1+9(pk)+9(pk2)+...+9(p,‘j‘k ))



Kadeapa BbIYUCAUTENBbHOM TEXHUKN
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DdyHKUMA Dunepa

OyHKuMen dunnepa ¢(a) HasbiBaeTcs PyHKUMNA,
KoTopas ana vV a&€Z , paBHa KOJIMYECTBY YuMCeEN B
paay ot 1,...,a-1 nonapHO NpoCThbIX C a, rae a=1.

$(1)=1

$(2)=1

$(3)=2 (1,2)
o(4)=2 (1,3)
¢(5)=4 (1,2,3,4)
$(6)=2 (1,5)




2 Cnocob peLwieHus JIMHEUHOoro
CpaBHeHus

» CornacHo Teopeme dunepa a”" = 1mod m

?n) b = hbmod m
a-x=bmodm = (CB-BOI)
a-x = (a"’( 7} ob)mod m

(0 -1 - :
X = (a"" my, b)mod m




Jlekunsa N°4-5

OCHOBbI TEOpUU Yncen

AnroputM BbICTPOro BO3BEAEHUS B CTENEHDb
CucTeMbl NIMHENHBbIX CpaBHEHUN 1 cTeneHn
Kutanckas Teopema 06 octatkax
[TokasaTtenu

[TepBOOOpPa3HbIE KOPHU

NHpekcbl
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ANropuTM ObICTPOro BO3BEAEHUS B CTENEHb MO MOAYIHO

1. IlpeacraBum b B jpBomumnblii cucreme ucuncienusi: b = (byby ... by)s,
b; € {0, 1}. Hanpuwmep, 199 = 110001115,

2. 3alloJIHUM CJIeJIYIONLYIO TabJIunILy

b b() b1 bk
a [ dog | ay i (.
a? mod n, ecan by =0, ,
rie ag = ey = ; 120
e = = : st 1 > 0.

a; -a mod n, ecim b; 1 =1

-

Pesyiibrar 1nossBUTCS B Hocje Heil sueiike BTOPOii CTPOKH.

ITpumep. Boruncants 21 mod 1003:

B |4 (L]0 |® @31 || 4
c | 2|8 |64|84|35]|444 |93 | 247

OtBer: 292 mod 1003 = 247.



PelueHune cucrembl NMMHENHbIX
CpaBHEHUN

i
a,x = b, mod m,

a,x =b, modm,

a,x=b, modm,

-

\

x, =b, mod m,

x, =b, modm,

(%)

x, =b modm,

Ecnu kaxxgoe 13 aTux cpaBHEHUW UMEET peLleHne, Toraa paspeLumns
Kaxgoe NIMHEWHOE CpaBHEHMEe OTHOCUTENbHO X CUCTEMY CPpaBHEHUN MOXKHO

npuBecTU K cneaytowemy suay (*)
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Kutanckas teopema ob octartkax

« Cymb meopembl: Lerioe YNCNO MOXHO BOCCTAHOBUTbL MO
MHOXECTBY €ro oCTaTKoB OT JereHust Ha Ynicna u3
HeKoToporo Habopa nonapHO B3aMHO NPOCTbIX YMCEN.

» Teopema bbina 0okasaHa rpubrnu3umesibHoO 8
7100 200y 00 H.a.

* BnepBble Obina ynoMsHyTa B TpakTaTte KNTamcKoro
mMatemaTumka C. Li3bl.

« B 1247 r. 0o H.3. KUuTanmckum matematumk [ky LLlao KesuH
BbIBEN popMyny AnsA BblYUCIIEHNSA 3TOrO Ymcna
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Kutanckasa teopema 06 octatkax (KTO)

* [lyctb m,,...m_— nonapHoO B3aMMHO NPOCTbIE HaTyparnbHbIe Yncra.

Toraa Bcsikas cuctema (*) UMeeT OfHO U TOMNbKO OAHO pelleHne B Z ...

= b, mod m,
X, =b, modm,

< i (%)

x, =b, modm,
* Myctem ,1=l=sk, - "B3aiIMHO npocTble Yncna u M = m,-m, “m

 [lyctb a, 0= a. =m., uenbie yucna.
BBegem obo3HavyeHune M. = M/mi

* [lycTb y. Yncno, koTopoe yAoBMNETBOPSIET CUCTEME CPABHEHWM
My. =1 mod m.

. I‘Ipm 9TUX YCIIOBUAX CUCTEMA CPaBHEHNU

X =a. mod m.nmeeT Ha uHtepsarne [0, M — 1] eaMHCTBEHHOE peLleHue,
KoTopoe onpeaenseTcs hopMyrol

x=ayM, +ayM, +..+ayM
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'an1 mod 4,
| xZa, mod 5,
X Ea, mod 7,

[Tpumep KTO

Pewums cucmemy cpa8HeHuu.

e0e m,

1) Onpeodenum 4vucrio

M = m,-m, m,

2) Bbiqucnum

=4-5-7=140

M, = M/m, = 140/4 = 35,
M, = M/m, = 140/5 = 28,
M., = M/m), = 140/7 = 20.

=4, m,=5, m,=/.

3) Boiyucnum N, N, , u N, u3 cnedyrouux cpagHeHuU:
M.y, =35y, =1 mod 4,
M.y, =28y,=1mod 3,

2

M.y, =20y, =1 mod 7.

y1 :3; y2=2" y3:6

4) x = (a,y,

M1 + aZyZM2 3y3 3

= (35-3a, +28-2a, +20 - 6a,) mod 140.
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[TlepBOOOpPa3HbIE KOPHU

[lycTb (@a,m)=1, TOrga Ha OCHOBaHUW T. dUnepa

a”™ —1modm

CyLLeCTBYIOT Nn Apyrue nokasatenu Y, ans Kotopbix

a” =1lmodm y:y<oe(m)

Onp1: MokasaTtenb a — no moaynio m

HavmeHbluee U3 uucen y: 6=min  y: a’ =1modm

Onp2: Ecnn 6=¢(m) — yncno a — NepBooOOpa3HbLIN KOPEHb MO MOAYSIHO M
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[Tpnmep
[Mpumep: Hantm nokasartenb Yymcna 2 o
mod 7.

o(7)=7-1=6

2' = 2mod7

22 — 4Amod7 = § = 3= 2 He sBIAEeTCA IEPBOOOPA3HBIM KOPHEM.
2° =1mod7

[Mpumep: Hantm nokasartenb yncna 3 no

mod 7.
3' = 3mod7

3% = 2mod7

3° = 6mod7 =0=6=
3* = 4mod7

3° = 243mod7 = 5mod7

3° = 729mod7 = Tmod7

3 sBIISIETCS MIEPBOOOPA3HBIM
KOpHEM



[Tpnmep

[Mpumep: Hantm nokasartenb Ymncna 5 no

mod 7.
a = 5mod/
5 =5mod7
5% = 4mod7
5% —125mod7 = 6mod7 =0=6=
5% = 625mod7 = 2mod7 5 siBIISIETCS IEPBOOOPA3HBIM

55 — 3125mod7 = 3mod7 KOpHeM 110 mod 7.

5° =15625mo0d7 = Tmod7

BeiBoa: Ilo omHOMY 1 TOMY k€ mod MOTYT CyIIeCTBOBAaTh MIEPBOOOPA3HbBIC
KOPHHU U CpaBHUMEIC 10 OJHOMY mod 9urciia, mpuHaIIeKaIIue OqHOMY
MTOKa3aTeIto
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Teopema
MycTtb (@,m)=1u (a,,m)=1 n a=a,modm, Toraga Yicnaau a,
npuHagnexar ogHOMY WU TOMY Xe rnokasartesito no mod m

[ oka3saTtenbCTBO (OT NPOTUBHOIO)

Myctb g € o mod mu n@medan
Oonyctum, 4uto O < 51

Mockonbky @ = a; modm ,To nesyto 1 npaByto YacTb CpaBHEHMS

(cornacHo cBoMcTBaM CpaBHEHWUIN) MOXHO BO3BECTU B CTEMEHb O

a’ =a’ modm

a’ = a° modm

=T1modm

Toraa Ha ocHOBaHWY OMpedeneHns a, MMeeT nokasarenb < 81, a 310
NPOTMBOPEYMT NCXOAHOMY OOMYLIEHMIO, 3HAYUT AonyuieHne & < &, HEBEPHO.
AHanorM4yHo MoXxeT ObITb paccMoTpeHa cutyaumsa O > 01.
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o CIIeIICTBHE M3 TEOPEMEBI: BMECTE C HEKOTOPBIM YHCJIOM a IT0Ka3aTeio O
IPUHAIJICKUT BECh KJIACC CPABHUMBIX IO Mod m KJIaCCOB BRIYETOB I10
mod m.

» TeopeMma (0€3 1OKA3aTEIHCTBA)
Ecnn a no moaynto m NpUHagNeXxuT nokasarternto o, to

YqHuciia
|=a",a,..,a°" (1) nomogynio m HecpaBHNMBI.
B yacTHOCTK, OTMETUM, 4YTO ecrnn a aBndeTcs nepBoobpasHbIM KopHeM no mod m,
[NocnegoBaTenbHOCTL Yncen (2) a L a1 r@ﬁ’é@ﬂélmaﬂ
’ ’. L] .’
cYCTeMa BbIYETOB U BCE 3TN YMCIla He CpaBHUMbI Mexay cobon no mod m.
Bce anemMeHTbl B3BaMHO NpocTbl ¢ mod m.
Ecnun a — nepBoobpasHbI KOpeHb, TO CTENEHN a MOPOXOA0T KI1acChl BbIYETOB

no mod m u NpeacTaBUTENN STUX KNaccoB 0O6pa3yloT NPUBEAEHHYIO CUCTEMY
BbIYETOB
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[Tpumep

 Hawutu npnBeneHHy cuctemy BblHeToB No mod 7

1)1,2,3,4,5,6
2) T.K. 3 — nepBoobpasHbI KOPEHbL MO MOAYMK0 7, TO 30'31“”,35
Ob6pa3syoT NpMBELEHHYIO CUCTEMY BbIYETOB MO MOAYSHO 7.

3° =1mod7

3' =3mod7

3% = 2mod7

3° = 6mod7

3* = 4mod7

3° = 5mod7
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PasbickaHne nepBooOpasHbIX KOPHEN MO MOAYMSAM

(04

p* n 2p°
Teopema: I'IyCTbC:q)(m) n  Gq, 45, pasfsHble npocTbie

aenutenu yncna c. Anga Toro, 4tobbl YACIO q, B3aAUMHO NPOCToe ¢ M, 6bINo
nepBOOOpa3sHbLIM KOPHEM MO MOAYM0 M, He06X0AMMO 1 4OCTAaTOYHO, YTOObI

9TO ( He YOOBMETBOPSANO HU OAHOMY U3 CPaBHEHWUNA:
C C C

g‘f’_1 :1modm,g‘7’_2 =1modm..., ga =T1modm

L m=31,p(m)=30=2-3-5
YCTb
30_15 39_10 V6
2 3 5
g =1mod31 ¢ =Tmod31 g° =1mod31

Ecnn g He yooBneTBopaeT HU O4AHOMY N3 CPaBHEHUN,
TO g — NnepBoobpasHbIN KOPEHDb
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IHOeKcbl

Ecrin P — npoctoe n £ nepBoobpasHbin KOpeHb NO Moaymnto P, To
nobon anemMeHT n3 MHoxectsa vncen 1, 2, ... P-1, umeer
OAHO3Ha4Hble NPEeACTaBNeHNs B BUOAe ;4 — @,mﬂ HEeKOTOpPOro
uenoro ymcna y e{0,1,...,P—1}

Yncno y — ANCKPETHBLIM niorapumMom Unm MHAEKCOM Yncna a no
OCHOBaHWIO g

y =ind ,amod P
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CBoncTBa MHOEKCOB

g’ =g’ modP,ind a= ymod(P—l)

y=y,mod P,y =ind a mod(P—l)

N3 sTorO0 cremyet, 4YTo MHACKCHI TAaHHOTO YKCIIa 10 JAHHOMY OCHOBAHUIO
00pa3yIoT KJ1acC BBIYETOB 10 MOayIt0 P=1

I[Ba qucClia IIpUHAJJICKAIINC OJHOMY M TOMY JKC KJIACCY BbBIYCTOB HMCIOT MHIACKCHI,
IMPpHUHAJICKAIINC OJTHOMY N TOMY JKC KJIACCY BBIYCTOB.

AHaIUTUYECKOTO ammapara Jjis BbIICIICHHBIX HHICKCOB HET.
X HaxoadaT mog00pOM WIIM 110 TaOIHIIE.
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[Tpnmep

3=5Y mod 7 y=ind,3

* Bbiumcnsietca nogbopom:

5" mod 7 #3

52 mod 7 =25 mod 7=4# 3

53 mod 7 =125 mod 7=4*5 mod 7=6# 3
5% mod 7 =625 mod 7=6*5 mod 7=2# 3
5° mod 7 =3125 mod 7=2*5 mod 7=3

"<"<"ﬁ‘<‘<
OB~ WODN -

+ Ind3=5

92



Tabnuubl UHOEKCOB

« CocTtaBrieHHble Tabnuubl UHAEKCOB A1 NPOCTbIX
MOAYNEN p AatoT BO3MOXKHOCTb MO YNCNY HaXxoAuTb ero
NHOEKC N, HA0OOPOT, MO UHAEKCY — YNCHO.

* B kayecTBe ocHOBaHMSA BblbMpaeTcst oanH n3
nepBOOOpa3HbIX KOPHEN YKMcna p.

 [lepBble Tabnuubl MHOEKCOB ANA MPOCTLIX MOoAynewn oo
200 coctaeun B 1837 . pycckmn matematuk M.B.
OcTporpaackun, Hemeukum matemaTmkom K. Akobun atum
Tabnuubl 6binn goseaeHbl Ao 1000, cenyac go 10000.
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Tabnuubl UHOEKCOB

Tabnuubl 00bIYHO coaepXaT HaUMEHbLLINE HeoTpULLAaTENbHbIE
Bbl4ETbI MO Moaynto ¢(p)=p-1 (nepBas Tabnuua) U HAUMEHbLUNE
HeoTpuuUaTenbHble NPUBEAEHHLIE BbIYETHI Yncen (BTopas Tabnuua).

Mpumep. MocTpouTb TAbNMULI ANS onpeaeneHns NHAEKCOB Mo
4yucnam u Ynucen no nHaekcam nNo Moaynto p=7

B kayecTtBe ocHOBaHUSA a yaobHO B3ATb HAUMEHbBLLNI
nepBOOOpa3HbLIN KOPEHb NO Moaynto 7. a=3.

3anuwem ABe rpuneeaeHHble CUCTEMbI BbIHETOB MO MOAYIIHO V4
1)1,2, 3, 4, 5, 6;

2) 30, 31,32, 33 34 35.

C NnOMOLWbKO CpaBHEHUA YCTaHAaBIIBAEM COOTHOLUEHNE MEXOY

1)n2)



Tabnuubl UHOEKCOB

1)1, 2,3, 4, 5, 6;
2) 30, 31 32, 33 34 35
e 3anuwem ABe rnpmnBegeHHble CMCTeMbl BbIMETOB 10

mMoaynwo 7

P=1(mod7) |? 1 12]3] 4 |5
3'=3(mod7) |[INd,;N 0 2] 1 4 | 5
32=2(mod7)

33=6(mod7)

3*=4(mod7) ind,n o (1 |2 |3 |4 |5
3°=5(mod7) 1 1 [3 2 |6 |4 |5




[IlpuMmeHeHne NHOEKCOB K peLUEeHNIo

CpaBHEHUN

* PelleHne cpaBHeEHMN NepBOUN CTENEHU MO
NPOCTOMY MOAYMNIO.

a*=b (mod p ), rae (a,p)=1

* «MlHOekcupyem» NeBylo U NpaBylo YacTu
Ind a +ind x =ind b (mod p-1)

Ind X =ind b —ind a (mod p-1)

MHoekcbl HaxooaT ns Tabnuu

Ind X = ind ¢ (mod p-1)

X = ¢ (mod p)
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[IlpuMmeHeHne NHOEKCOB K peLUEeHNIo
CpaBHEHUN

[Tpumep. PewunTtb cpaBHeHne 4x=5 (mod7)

PeweHne: (4, 7) = 1, cpaBHeEHNE UMEET €QNHCTBEHHbIN
KIlaccC peLueHnH.

NHoekcnpyem obe yactu:
Ind4+indx = ind5 (mod 6)

[1lo Tabnuue nHaekcoB Haxoanum
ind,5=5 ind 4=4

Toraa ind,x =1 (mod 6)
[To obpaTHOM Tabnuue Haxoaum, 4To X =3(mod7)
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[IlpuMmeHeHne NHOEKCOB K peLUEeHNIo
CpaBHEHUN

SBagauga 6. Pemurs cpasnenne 22° =3 (mod 7)

Pemenmne. <«Ungekcupyems» ode qacTn cpaBHEHUS:
ind2+5ndz =ind3  (mod 6) <

S bindx =ind3 —ind2  (mod 6) <
& Shindr=1-—2 (mod 6) &
& SHindxr=—1 (mod 6) <
& hindz=5 (mod6), (b, 6)=1&
Sindr=1 (mod 6) <

S e =3 (mod 7).
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1.

Jlekunsa N°6

OCHOBbI TEOpUU Yncen

CpaBHEHMA BTOPOMN CTEMNEHMU
KBagpaTu4HbI€ BbIYETbI U HEBLIYETHI
Cuwmson JlexaHgpa

CumBon Akobu

N3Bne4yeHune KBagpaTrHOro KOpHA U3 KBagpaTtn4Horo
BblHETA
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CpaBHEHUSA BTOPOUN CTEMEHM

N3 cpaBHEHMN cTeneHn n>1 paccMmaTpuBaem npocrtenime —
OBYYNEeHHble CpaBHEHUS:

x"=a(modp); (a,m)=1 (1)

Ecnu cpaBHeHne (1) UMEET peLleHust, TO a Ha3bIBAETCS BbIYETOM
CTENEeHU N No MOAYIIHO M.

Ecnn n=2 BblYEeTbI N HEBbLIYETHI HA3bIBaOTCH KBaapaTn4iHbiMU
Ecnn n=3 BblYETbI N HEBbLIYETHI HA3bIBAOTCH |<y6|/|qec:|<|/|M|/|

Ecnn n=4 BblYEeTbI N HEBLIYETLI HA3bIBAIOTCS 6I/IKBaD,paTHbIMI/I.
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CpaBHEHNA BTOPON CTEMNEHN

PaccmoTpum 6ornee noapobHo ABYy4YNIeHHblE CpaBHEHUSI BTOPOW
CTErneHwu:

x?Za(modp); (a,p)=1 (2)

Ecnn a — kBagpaTuUyHbIW BbIYET MO MOAYNIO P, TO CpaBHEHMKE (2)
meeT 2 pelueHuns.

HencTBnTENBHO, €CNM @ - KBaAPaTUYHbIV BbIYET, TO CPaBHEHME (2)
MMeeT, no KpanHen mepe, O4HO peLleHne X = X (modp) _Toraa BBUAY
(- x1)2—x TO Xe CpaBHEHNE UMEET BTOPOE peLIJeHI/Ie X = - x,(modp),
KOTOpoe OTAMYHO OT nepBoro, Tak kKak 13 x, = - x,(modp) 66110 Obl
2x,=0(modp), 4TO HEBO3MOXHO B BUAy (2, p) (X 1,p) =1

BeiBoa: [1BymMA peleHnsiMm ncHepnbiBatoTCA BCE pPeLLUEHNS
cpaBHeHus (2), Tak CpaBHEHME BTOPOM CTerneHn bonee aByx
PELUEHNN UMETb HE MOXET.
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CpaBHEHNA BTOPON CTEMNEHN

[MpnBegeHHas cmctema BblHETOB MO MOAYIHO P COCTOUT N3 KBagpaTUYHbIX p-1
BbIYETOB, CPAaBHMMbIX C YUCITAMMU: 2

12,2232 Ep_ljz (3)

2
n p— KBagpaTtuyHbIX HEBbIYETOB

2
[lenctBuTtenbHO, cpean BbIYETOB NpuBegeHHON CUCTEMBI BLIYETOB MO

MOAYIO P KBagpaTUn4HbIMN BblHETAMU ABITAKOTCA TE€ U TOJIbKO T€, KOTOPbIE

CpaBHUMbI C KBagpaTtamu Yncen (NnpuBegeHHON CUCTEMbI BbIYETOB), TO
ecTb yncrnamu (3)

Yl S T T S
2

[Tpn aTom ymncna (3) N0 Moaynto p He CpaBHUMBI
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Cumon JlexxaHgpa

a

pP

OnpepensieTca Ansa Bcex a, He Aensuwmxca Ha p.

a

3apaetca paBeHCTBOM [;}1 ,E€CI a KBaApaTU4HbIA BbIYET MO MOAYIIHO P,

N PAaBEHCTBOM [ﬁj=_,1ecn|/| a KBagpaTUYHbIN HEBLIYET MO MOAYMIO P,
p

Bbluncnntb cnmeon JlexxaHapa n Takum nytTem onpenennTb, SBAFeTCs nNu a
KBagpaTUYHbIMWN BbIYETOM UM HEBBLIMETOM MO MOAYSIHO P NO3BOMSET KPUTEPUI
dunepa (Teopema):

[lpn a, He genswemcs Ha p, UMEeM

LS
a? =|— |[(mod p)

P
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[Tpumep
1. OnpenenunTb aBNaeTcs nu 5 KBagpaTUYHbIM BbIYETOM MO
moaynto 29
p-1 a 29-1 5
a?’ = {—j{mod p)=52 = [z—j(mod 29) =5""mod 29 =1
P
CnenosaTeano 5 KBagpaTU4HbIN BbIYET N0 MOAYII0 29 U
cpaBHeHMne X2 =5(mod 29) nmeet aBa peleHus

2. OnpenenuTb ABNSETCH NU 3 KBagpaTUYHbIM BblYETOM UIN
HEeBbIYETOM MO Moaynio 29

CJ'Ie,EI,OBaTeJ'IbHO 3 KBagpaTUYHbIM HEBLIYET NO Moaysto 29 n
cpaBHeHue x*=3(mod 29) pelueHne He umeer

31 = (14j(m0d29) 28(mod 29) = —1(mod 29)
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1.

6.

CBounctBa cumBona JlexxaHgpa

|

Ecnu a=a,(mod p), T0 (
NencTBUTENBLHO, 1=12 , cCnegoBaTenbHO
E(‘E%ﬂbaTl/l‘-leIVl BblYeT

1

p

Ecnn p u q npocTble HeYeTHbIE, TO (3aKOH B3aMMHOCTM

a-b-..1

; N;M%‘jﬂefgsme

a

p

KBaapaTN4HbIX Bbl‘-IeTOB)

|

q

p

|

1 g-1

—(-1)2 2

|

P

q

|

M

a,

p

J

—_lj:(_l)elnencmme 1“3 Teopembl npu a=-1

|
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a
A.TII‘OpHTM HaX0XJ1eHud (—) .
p

a r
Ecm a > p wim a < 0, GepeM ocTaToK OT @ IpH JieJieHun Ha p: a = pg + r. Toraa (—) = <—>
p p

Ecm 0 <a < P, TO pacCKJla/IbIBas a Ha ITPOCTbIE COMHOZKUTEJIN (I‘I —1) 11O CBOﬁCTBy 4 CBO/IUM 3a/lavdy K
e

HAXO0XKJIEHHIO (p—l>, rie p; — npocroe wm —1; k € N,
p

ecim p; = —1, HaXoMM cHMBOJI JlexKaH/Ipa 10 CBOCTBY 2.
k k
. | | 1 t. .
ecan k-46THOE, TO (&> = 1, nnaue (‘ﬁ) = <p_> (cBOIiCTBO 5).
p D D
2 p2—1
ecyim p; = 2, TO (— =(-1)"=s".
D

€CJIA D1 — HEYETHOE IIpocToe, TO, NMpUMEHAA 3aKOH KB&ﬂpaTH‘IHOﬁ B3aMMHOCTH, CBO/JIUM HaXOzKJ/IeHHe

(%) K HaXOZKJIEHHUIO (§'> . ,Z[aﬂee IIOBTOpAEM IIpOoIe/ypy CHavaJia.
1
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CumBon Akobwu

O6o6uieHne cumBona JlexxaHgpa

[Myctb P — HeyeTHoe, Oonbliee eanHuubl, U P=p.p,...p. —
pasroXeHne ero Ha npocTble coMmHoxuTenu. lNycte (a,P)=1, Toraga
cumBon Akobu onpegenseTcs paBeHCTBOM

S 2] (2]
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CBouncTBa cumMmBoOna Akoou

a a, 3
1. Ecnn aEa1(mod p), TO (Fj:(?j’ eciu  a = a,(mod P)
2. (lj
— |=1
P
-1 Pl
3, (?j=(—1)z

b () =2

6. Ecnn P 1 Q npocTble HEYETHbIE U B3AaUMHO NPOCTbIE, TO

gy
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[IlpumeHeHne

« PaccmartpuBas cumBos JlexxaHgpa Kak YaCTHbIN crlyvyan cumBosia
Akobun 1 Nonb3ysacb CBOMCTBAMU MOXHO BbIYMCINTL cuMmBon Jlexxanapa
BbicTpee, YeM No KpuTeputo Anunepa (Teopeme)

290 Ly 5n(383 ) (383 _ (164)_ (41 )
383 219 219 219 219

EIROEGGEERORCR

CnepoBaTeribHO, pacCMOTPEHHOEe CpaBHEHME NMEET [Ba PeLLEeHS
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13Bne4yeHne KBagpaTHOro KoOpHA 13
KBagpaTUYHOIo BbIYETA

[lycTb p HEYETHOE MPOCTOE YNCHO, a — Lienoe YNCro, B3aMMHO NPOCTOE C P

Ecnin cpaBHeHue x°=a (mod p) pa3peLLunmmo, TO BbIMOMHEHb! crieayoLme
YTBEPXKOEHUS

p+l
1.ecnmp=3 (mod 4), 70  y=g4 ¢ (mod p)
2. ecnun p=5 (mod 8, 10 )
p—1 p+3

eciu a* =1l(modp), mo x=a ® (modp)

p-1 p—=35

eciu a * =-l(modp), mo x= 2a(4a)T(m0d p)

110



Anroputm ToHHenu-LLeHKkca

3. ecnn p=1 (mod 4, 170 )

Bxoa: neuernoe npoctoe unciio p = 2"qg+ 1, ¢ — HedeTHOE 1e/10e U 1ej10e YHCI0 a TaKoe,

4TO (5) = 1.
P
2 —

Boixoxa: Beruer x Takoii, yro z° = a (mod p).
Bribupas ciryuailHbIM 0Opa3zoM HaUTH KBa/[paTUYHbII HEeBbIYEeT ¢ U OIPe/IeJINTh

q

=G

(mod p), r=n.

OmnpeienTh

t=a? (modp), z=at (modp), b=zt (modp).

Ecommz =1 (mod p),

TO 3aKOHYHUTDHL BBIYMHCJICHHA,

Mua4e BuIMUCINTD HanMeHbIIee m Takoe, uto b> =1 (mod p).
7-27'—171—1

Onpegennts t = z (mod p),
2=t (modp), z=2t (modp), b=bz (modp), r=m
I BEPHYThCs Ha Iar 3
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N3BnedeHne kBagpaTHOrO KOPHS Mo COCTAaBHOMY MOAYIHO

X = q modp;) x1 = X by modp;)

X = a(modn) X* = ay(modp)) x2 = L bjy(modp))
—P> —P>
e & 0 ® &

n=pXp,X--Xp, .

X" = ai (modpy) Xp = T p il modpA._)
IIpennonoxum, 9To 2% = 36 (mod77) 77=7x11
MbI MOKEM Hanucarb  z° = 36(mod 7) = 1(mod 7T)uz” = 36(mod 11)

r=+1(mod 7) r=+5(mod 11)

= —1(mod 7) r=-=5(mod 11)

TGHCpB MBI MOKCM U3 HUX COCTABUTH YCTBIPC CUCTCMBbI ypaBHeHI/If/’Il

x=+1l(mod7) x=+1(mod?7) = —1(mod 7) = —1(mod 7)
x=+4+5(modl11) x=-5(modll) x=+5(modll) x=-5(modll)

OTeeTsl x 46 +27
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Anrebpanuyeckume CTpyYKTypbl
1.
2.

3.

Jlekunsa N9/

BuHapHasa anrebpa (bA)

[pynna. Linknnyeckas rpynna. Abenesa rpynna
KonbLo

[Nons

[Mong Manya
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Anreppaunyeckas CTpyKTypa

AC - KOMOMHaUyst MHOXECTB U onegaunn, KoTopble MOyt 6bITb
NPUMEHEHbI K JneMeHTaM MHoxecnjea

Anrebpanyecku
e
CTPYKTYpbI
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[ pynna

[pynna ( G ) — Habop anemeHToB ¢ buHapHoU

oriepayued "+" obnagaeTt 4YeTblpbMsi CBOMCTBAMMW:

3aMKHYTOCTb. Ecnu a u b — anemeHTbl G, TO C = a * b — Takke
anemeHT G.

AccounaTtuBHoOCTb. Ecnn a, b n ¢ — anemeHTbl G, TO BEPHO
(a*b)ec=a- (b °C)

CyuwecTtBOoBaHMe HEUTpPaAribHOro anemMeHTa. [1na Bcex arileMeHTOB
B G CywWeCcTBYET 3fIEMEHT €, KOTOPbIN Ha3bIBAETCA HENTPAbHbIM
3NEMEHTOM, TaKoW, YTO

eée*ea=ac*e=a.

CyuwiectBOoBaHue nHBepcun. [inga kaxgoro a B G cyliecrteyer
9NIEMEHT a', Ha3blBaeMbIl UHBEPCUEWN, TaKOU, YTOa*a'=a' *a=e.
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AbeneBa rpynna

KommyTatnBHocTtb. [Inda Bcexan b B G mbl umeem a+b =b - a.

KommyTaTtnBHas (abeneBa) rpynna - rpynna, B KOTOPOW oneparop
obnagaeT YeTbIpbMS CBOMCTBAMU (3aMKHYTOCTb, acCoOLMaTUBHOCTD,
HeuUTpanbHbIN ANEMEHT U MHBEPCUS) AN rPynn NNc AONOSTHUTENBHBIM —
KOMMYTaTUBHOCTbIO.

[pynna BkNoYaeT eanHCTBEHHbIN oneparop.

Ho cBouncTtBa, npucyLlue Kaxxgon onepaunm, no3sonaroT
MCnosib30BaHME napbl onepawmn, ecrim OHM — UHBEPCUKU OPYr Apyra.

Hanpumep, ecnu onepatop — CrioXXeHue, TO rpynna rnogaepXmeaet
N CIIOXeHne, N BblunTaHue, oo BblYUTAHUE U CNOXEHNE —
agaNTUBHO MHBEPCHbIE onepaunn (gpyras onepaums - YMHOXEHUS U
oeneHus).
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[pynna

3aMKHYTOCTb
AccoLUnaTUBHOCTb

-

KoMMmyTaTMBHOCTL
HentparnbHbI anemMeHT
NHBepcus

e Sl

Muoxectso {a, b, c, ...}

Onepauna e

\_

3amevaHue:
Ceolicmeo 3

KOMMYmamueHOCMb MOJIbKO
0719 KOMMymamueHoU 2pyriribl

~

/
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[Tpumep rpynnobl

MHOXeCTBO LernbIX Yncen, BXOAALWMX B BbIHET C OrnepaTtopom
cnoxenusa, G = <Zn, +>, aBnNseTca KOMMYTaTUBHOM rPYMMNoWn.

3aMKHYTOCTb yOOBNeTBOpAeTCA. Pe3ynbraT CroXeHUs ABYX LenblX YNCET
B Zn — Apyroe uenoe 4ymcrio B Zn.

AccoumaTtnuBHOCTb yaosreTBopsieTcs. Pesynerart 4 + (3 + 2) TOT Xxe
cambln, YTO B criyyae (4 + 3) + 2.

KommymamuesHocme ypnosnetsopsietca. Mol umeem 3 + 5 =5 + 3.
HenTtpanbHbi anemeHT — 0. Mbl umeem 3+ 0 =0+ 3 = 3.

Kaxxgbin anemMeHT umeeT agauTuBHYKO UHBePCUID. MIHeepcus anemMeHTa
— ero gonosnHeHne. Hanpumep, uHeepcusi 3 — 310 -3 (n—3 B Zn ),

N uHeepcusi —3 — 310 3. MIHeepcus NO3BOSIAET HAM BbIMOSTHATb
BblYMTAHME HA MHOXECTBE.
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Konbuo

« KonbLo — anrebpanyeckasi CTpykTypa C ABYMS
onepauusiMu.

R={...}, o, L1
® [10JTKHA YOOBMNETBOPATL BCEM CBOMCTBAM

(3aMKHYTOCTb, aCCOLMATUBHOCTb, KOMMYTaTUBHOCTb,
HEeNTparbHbIA 3NEMEHT, MHBEPCUS)

L 3amMKHYTOCTb 1 accoumaTMBHOCTL U 3Ta pacnpeaeneHa
C MOMOLLbIO MEPBON onepaLun e.

ONCcTpMOYTUBHOCTbL O3HA4YaEeT, YTo ASIS
BCex a, b u c anemeHToB 13 R Mbl nmeem

al (bec) =(al- b)e(alc)nu
(@ae b)Lc) =(@alc)e(bLlc)

KommymamueHoe KornbLio —KOMMYymamueHOoe CBONCTBO
yOOBNETBOPEHO U A9 BTOPON onepawmm
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KonbLuo

ONCTPMBYTUBHOCTL - ¢ nomoLLbio @

SEESE Sl

3aMKHYTOCTb e 1. 3amkHytoctb -+
AccounaTnBHOCTb 2. AccoumaTtnuBHOCTb
KomMMmyTaTMBHOCTb 3. KommyTtatmBHOCTb
HeunTtparnbHbI anemMeHT

NHBepcus

-

Muoxectso {a, b, c, ...}

Onepaunn o L

\_

3ameyaHue:
Ceoticmeo 3
MmorsibKo Or1s
KommymamueHoz20
Kornbuya

~

%
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YMHOXeHMe ANCTpubyTUBHO C
MOMOLLIbIO CITOXEHUS
+ 5x(3+2) = (5 x3)+(5 x2) = 25

* MOXXHO BbINOMHUTL HA MHOXECTBE LEeNnbIX YNCcen
CNOXXeHue U BbliUTaHUE N YMHOXEHME, HO He
aenexHve. [leneHne He MOXET NMPUMEHATLCA B
9TOWU CTPYKTYpe, NOTOMY YTO OHO NPUBOOUT K
9NeMeHTY U3 Apyroro MHoXxecTBa. Peaynbrar
neneHuna 12 Ha 5 ectb 2,4, n OH HE HAaXOaAUTCH B
3ajaHHOM MHOXeCTBe

121



[Tone

F={...}, o, L KommymamusHoe konbLo0, B KOTOPOM BTOpas
onepauus - ynosneTBopsieT BceM NATU CBOWCTBAM, ONpeaeneHHbIM
Onsi nepBoun onepauunn, 3a UCKNKYEHNEM TOro, YTo HeUTpPanbHbIN
aNeMeHT nepBou onepauumn (MHorga HasblBaeMbIW HYNeBOW
9JIEMEHT) HE MMEET UHBEPCUM.

[Tlone — cTpyKTypa, KoTOopas nogaepXXuBaeT ABe napbl onepauun,
NCnonb3yemMble B MaTeMaTUKE: CIIOXEHNE/BbIYNTAHUE U
YMHOXeHue/aeneHne. ECTb 0gHO UCKIIOYEHUE: HE pPa3peLLEHO
OeneHve Ha HyIb.
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[Tone

ONCTPMBYTUBHOCTL - ¢ nomoLLbio @

SUESEON

3aMKHYTOCTb ° I 3amrryTocTE = /—‘%ZMWW
ACCOLIMATUBHOCTH 2. AccoumaTtmMBHOCTb Heumpaanbluv
KOMMYTaTUBHOCTb 3. KOVMMyTaTI/IB\IJ-IOCTb arieMeHm nepesou
HeTPAmbHBIN SMEMEHT 4. HentpanbHbIn orniepauyuu

NEMEHT He umeem uHsepcuu
VHeepcus 5. HBepcus \ OMHoOCUMeribHO

Muoxectso {a, b, c, ...}

Onepaunn o L
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[longa l'anya

KoHe4yHoOe none — rnosie ¢ KOHEYHbIM YNCITOM 3NIEMEHTOB — SABMNSETCHA OYEHb
BaXXHOW CTPYKTYPOU B KpMNTOrpadun.

[anya nokasan 4YTo rnons, YTobbl ObITb KOHEYHLIMU, AOMKHBI UMETb YMUCIIO
9NeMeHTOoB p", rae p — NPOCToe, a N — MOJIOXUTENBHOE Lienioe YnCro.

KoHeuHble nonst obbl4HO Ha3biBaoT nonamu Nanya n obosHadvatot kak GF(p").

Nona GF (p)

Korga n = 1, mbl umeem norse GF (p). 9To none MoxeTt
O6bITb MHOXecTBOM Zp, (0, 1, ...p—1) c ABymM4A
apumMeTnd4eCcKMMn onepaumamm (CrioxxeHme u
YMHOXEHME).
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[Tone GF(2)

001
11110

x 101

01010 al0(11a |01

11ol411 [-al1|0] [a'|- |1

CnoxeHue

YMHOX€EHUE NHBepcus

1.MHOXeCTBO UMeeT TosbKO aABa aremMeHTa (0un 1).

Muoxectso {0, 1}

Onepaumn  + %

2. Onepauunsa cnoxeHus — NCKITHOYAIOLWEE NN (),

3. Onepauuns ymHoxeHns — AND
4. CnoxeHune u onepaunu BbldntaHnsg — XOR

5. YMHOXeHue n onepauunn geneHnsa — AND
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Mone GF(2"

B kpuntorpadgpun ncnonbaytot 4 onepaummn (CnoXeHue, BoliUTaHUE,
YMHOXXEHME 1N OeneHne), To eCTb UCNOSb3YTCA Nongd

[MonoXxuTtenbHbIE LiENbIE YMCNa B KOMMbIOTEPE NPEACTaBSATCA Kak N
buToBble cnoBa, B KOTOpbIX N — 8, 16, 32, 64 n T.4., TO €CTb AnanasoH
uenbix Ymncen 0 o 2"-1

To ectb ucnonb3yetcsa B GF(2") - MHOXXeCTBO 2" 3reMeHTOB.
Hanpumep, ecnn n = 3, MHOXXECTBO PaBHO:
{000,001,010,100,101,110,111}

Modyrb 2" — He npocmoe yucro. Mbl 4oSmKHbI onpeaennTbe MHOXECTBO CI10B
no 2 6uta 1 aBe HOBbIX ornepayuu, KOTopble yOOBNETBOPAIOT CBOMCTBAM,
onpeaeneHHbIM a4 rnosis.
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[TonIMHOMBI

 [lonMHoOMManbHoOeE BbipaXeHue cteneHn n — 1 wvleeT cboplvly
f(x)=a _x""+a x"?+ ... +ax'+ax’
rae X' - i -Tbl 3NemMeHT, a a. - KoacbcbmumeHT | - Toro anelvleHTa

[Mpn npeacTaeneHnn n -OUTOBbLIX CITOB NONMHOMaMK HeobxoanMo
crnegoBaTb HEKOTOPbLIM NMpaBUaMm:

* CTeneHb X onpeaessieT no3nuuio OouTta B N - OUTOBbIX CINOB. OTO
O3Hayaer, ‘-ITO KpaI/IHl/II/I nesbl BUT HaxoOUTCA B HyNeEBOW NO3NLINK

(CBHSaH ¢ x° ), camblit NpaBbIi BUT HaxoauTCH B NO3uLMK n—| (cBA3aH
c x™);

* KO3 MPUUMEHTbI COMHOXUTENEN ONpPeaenstoT 3Ha4yeHne GUToB.
Kaxxabi 6UT npuHMMaeT Tornbko 3HadeHne 0 nnm 1, noaTomy Halim
NoNMHOMUAarbHbIe KO3PPUUNEHTLI MOTYT UMeTb 3HadeHue 0 unun 1.
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lcnonb3oBaHMe NONMMHOMOB ANH npenocTtaBJieHnd CJioBa

13 8 61T (10011001)

OrIEMEHT MOSTHOCTbLIO MPOnyLEeH, ecnn ero kKoaddununeHT paseH 0, 1 nponyLeH
TONbKO KO3 MPULMEHT, ecnu a1o 1. Takke 3aMeTuM, 4YTo anemeHT x° paseH 1.

n-0UTOBOMH CJI0BO | 0 (0 | 1

v v v v ¢¢¢ v

7 6 5 - 3 0
NOJMHOM 1 x +0 x +0 x +1x l x +0x*  +0x'  +1x
7 4 .3 A
[lepsoe ynpomenue ¥ ¥ Ixt F D Ix
Bropoe yipormenue x! + x* + x + X0

Heobxoammo HanTu CnoBo Ha 8 BUTOB, CBA3aHHOE C NOSIMHOMOM X2+ X2 + X,
n = 8, 9TO O3HaYaeT rMosIUHOM cTenenu 7. PacluMpeHHbIn rnosiuHOM NMeET BUA;
OX” + OX® + 1X° + OX* + 0X3 + 1X2 + 1X' + 0X©
MonuHom X5+ X2 + X cBsA3aH co criosom Ha 8 6mutoB 00100110.
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HenpuBognmbie NOIMHOMBI

YMHOXXEHME OBYX NOSIMHOMOB MOXET co3aaTb 10/ITUHOM CO CTENEHLIO BONbLLUEN,
yem n — 1.

Heobxoanmo genntb pesynstaTt Ha MOAYNb U COXPaHATb TOMbKO OCTAaTOK, Kak B
MOAYJSIbHOMN apndMeTUKe.

Ansa mHoxecTB nonuHomoB B GF(2") rpynna nonmMHOMOB CTeNeHu n onpenernexHa
Kak MoyJib. TO eCTb HUKaKmne NnoriMHOMblI MHOXEeCTBa He MOTYT ennTb
9TOT I1O/TUHOM.

npOCTOG NONMHOMMANbHOE YNUCIO HE MOXET ObITb pa3fioKeHo B MNoJINHOMbI CO
CTENEHbIO MEHbLUEN, YEM N. TakmMe NoNMMHOMbI Ha3bIBaOTCS HenpunsoaAnMbie
NMOJINHOMBDI.

[na Ka)xaoro 3Ha4YeHUs1 CTeneHn YacTo ecTb bonee Yyem oaunH
Hepasnaraemblin rnofiuHom, — npu onpegenennn GF(2"), Heobxoanmo oobLABUTD,
Kakon HENPMBOAMMbIN MOSIUHOM Mbl UCTIONb3YEM Kak MOAaYrb.

Crenennb HenpuBoauMbIu noiurnom
1 (x+1)x
2 (x*+x+1)
3 (x3Hx+1)(x>+x+1)
4 (x*x3xHx D) (x 3+ (xHx+1)
5 (x> (X3 x+ ) (3D (O3 (x4 +1)




CnoxeHune B GF(2")

« Onepauuna crioxeHus : cknagbiBaem Ko OULNEHTDI

COOTBETCTBYHROLLUNX 3Ir1EMEHTOB MNMOJIMHOMa

)

(x°+ 2+ x) D <_.1"” F 2 4 1)

02" +025+12°+ 02+ 023 + 122+ 12" +02° D 02" +02°+02°+ 02 + 13+ 122+ 02 +12°

0x’ + 0z% + 12° + 0z* + 123 + 022 + 12! + 120 —
4+ +z+1
Pesynbrart crioXXeHus - coxpaHeHbl 3fieMeHThl ¢ KoadpdununeHTom 1 1 yaaneHsol
anemMeHTbl ¢ koadpdpuuneHtom 0. Kpome Toro, yaaneHsl coBnagaroLlne anemMeHTbl
0boux NoONMHOMOB, a HECOBNaaLWmMe COXPaHAKTCS.

[Mockonbky crnoxeHne B GF(2) o3HavaeT onepaunto MCKITFOYAROLEE UTIN (XOR),
Mbl MOXXeM nonyunTtb pesynesrat MCKIIKOHAROLLEIO UTIA gna aTux AByX CrioB ouT
3a 6butom. B npegbigywem npumepe x5 + x2 + x ectb 00100110, nnn nonuHom, v
x3 + x2 + 1 ectb 00001101. Pesynsrat — 00101011 nnn, B nosfimHOMUanbHOM
obo3HayeHnn, x5 + x3 + x + 1.

CnoxeHune un onepauun BbiIMUTaHUA Ha NOJIMHOMAaxX — Ta K€ CaMafd ornepauuns.
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YMHoOXeHue B GF(2")

YMHOXeHMe B NosIMHOMax — CyMMa YMHOXEHUNA KaxXgoro arieMeHTa
OAHOIo NoJfiINHOMa C KaXgbiM 3rieMeHTOM BTOPOIo NoJinHomMa.

yMHOXeHne koadpduuneHTa nposogutca B nosie GF(2).
yMHOXeHue X' Ha X! gaet pesynbsrar x™.

YMHOXEHNe MOXET co3aTb aNeMeHTbl CO CTeNneHbio bonbLuen, Yyem n—1,
M 3TO O3HA4aeT, YTO pe3ynbTaT JOMKeH OblTb YMEHbLLEH C
MCMNONb30BaHMEM MONMMHOMAa-MOAYIS.
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[Tpumep YMHOXEHMUS

o Hangute peaynsratr (27 + 2% + 2) @ (2" + 2 + 27 +
B GF(2%) c Hepa3snaraembiM nonmHoMom (X8 + x* + x> + x + 1).
PelueHue

« CHa4dana ymMHOXaeM 3Tu ABa MnofiMHoMa Tak, Kak Mbl 9TO Aenanuv B
obbl4HOW anrebpe (napa anemMeHTOB C paBHOW CTEMNEHbLIO YOANseTCs
— HYNeBOW MOSIMHOM)

2

F )

PP, = 2’ (2" +x*+ 2’ +2°+x)+ 2% (2 + 2+

— (2"+2"+2%) mod (2°+2+2°+x+1) = 2’42+ +x+1

UTOObI HAUTN KOHEYHbIW pe3ynbTaT, pasgenum rnosiuHOM ctenenn 12 Ha rnosiuHom
cteneHn 8 (MoAayrnb) U COXPaHMM TOSTbKO OCTAaTOK.

X ~r\ +x X' +X +x +x+1

x" ‘ \ X XX x*+1 [Tpouecc aeneHns ToT XKe caMbli,

X+ X0y 4TO 1 B 0BbIYHON anrebpe, HO 30echb

XX XX+ BblYMTaAHUE TO Xe camoe, YTO U CITIOXKEHUE.
x + x+ x+ x+1 | Ocrarok
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MopgynapHaa apudmeTumka

MHOXEeCTBO KnacCoB BbIYETOB MO MOAYS0 N 0OpasyroT KOMbLO —
HEMyCTOe MHOXECTBO 3/IEMEHTOB, HA KOTOPOM onpeaeneHbl ABe
apudmeTrnyeckmne onepaunm CRoXeHNsa + 1 YMHOXEHNS -, OTHOCUTESNbHO
KOTOPbIX BbIMOMHANTCS crieaytoLimne dopMyIbi:

1. AccoumaTtnBHOCTbL NO cnoXeHnuto a+(b+c)=(a+b)+c

2. CyllecTBoBaHMeE HYNeBOro afieMeHTa

a+0=0+a=a

3. CyuwiectBoBaHMe obpaTHOro arieMeHTa

a+b=b+a=0

4. AccoumaTtmuBHOCTbL Mo YMHOXeHuto a -(b - c)=(a - b) - c
5. QuctpmnoytmneHoctba (b+c)J=a-b+a-c
(b+c)-a=b-a+c-a

MHOXXeCTBO 35IeMeHTOB, YA0BJIETBOPAKOLWLMX TONLKO NEPBbIM TPEM
cBOMCTBaM — rpynna, ecnu B rpynne <G, +> BbINOMHAETCA CBOUCTBO
KOMMYTaTuUBHOCTK a+b=b+a, To rpynna abenesa. [pynna no CroxeHuo
Konbua Zn — abernesa rpynna.
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MopgynapHasa apudmeTumka

Anrebpanyeckne CTPYKTYpbl, cogepxallne adbeneBy rpynbl no
CMOXEHMUIO 1 TPYNNY N0 YMHOXEHUIO, CBA3aHHbIE 3aKOHaMMU
ONCTPUOYTUBHOCTU — NOMSAMU

KoHeuHble nonga — nonga [anya
[TycTb G — npoun3BosibHas rpynra no yMHOXEHMUIO

Onp. MNopsgkom anemMeHTa a rpynnbi ( G (ord,(a)) HasbIBaeTCs
HanMmeHbLuee Yuncrno k Takoe, yto ak = 1. ﬂOpﬂ,D,KOM rpynnbl
Ha3blBaeTCHA YMCNO ee ANIEMEHTOB

Teopema JlarpaHxa. [Nopssgok noboro anemMeHTa KOHEYHOM rpynnol
SBNSETCA genutenem nopsigka rpynnoi
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[Tpumep

« Konbuo Zp npu p=29. HeHyneBble 3NneMeHTbl 3TOro
KomnbLa obpasyloT rpynny no YMHOXEHUIO, NOPALO0K
KOTOporo paseH p-1=28. 1o Teopeme JlarpaHxa nopsagok
nobOoro arieMeHTa a 3Ton rpynrbl ABNAETCH AeNUTENEM
28, T.e. MOXeT NpUHMMaTb O4HO U3 crneaytownx
3HadyeHun: 1, 2,4, 7, 14 n 28.

e ONEeMEHT a Ha3blBaeTCs NPUMUTUBHbLIM 3JIEMEHTOM UK
reHepaTopoM rpynnbl, eCrn ero nopsinok ord (a) paseH
nopsaAakKy rpynnel. [pynna, B KOTOPOW eCTb reHepartop,
nopoXgaeTcs O4AHMM 3NIEMEHTOM U Ha3blBaETCS
LIUKITNYECKOU
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Jlekunsa N°98

JINHenHble peKyppeHTHble
nocsefnoBaTesibHOCTU HaA
KOHEeYHbIMM MNOJIAMM
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J1PT]

[TyCcTb K — HaTypasribHOe 4ncro, a,, a4, 15,8, . — 32a@HHbIE 3NIEMEHTbI
KOHEYHOro nong Fq ﬂOCﬂe,D,OBaTeJ'IbHOCTb é ... 3fIeMEeHTOoB
nonga F , YOOBIETBOPSAOLLAA COOTHOLLUEHUIO

S..=a,. Sn+k1 a,,S .ot 1a,S,ta,

n=1,2,...Ha3bIBaeTCH nMHeMHow pEKypp9HTHOl7I
nocnepoBatensHocTbio (JIPI) k-ro nopsaaka Haa nonem Fq

[lepBble 4rieHbl SO, S1, Sk_1 OAHO3HA4YHO ornpeaensitoT BCHO
nocrnegoBaTernbHOCTb U HA3biBAETCA Ha4yallbHbIMU 3HAYEHUSAMU UM
NMMHEVHOE PEKYPPEHTHOE COOTHOLIEHNE K-ro nopsaaka.

[Mpumep: k=4, Toraa NMHeNHasa pekyppeHTHas NnocnenoBaTefibHOCTb
4 nopsigka Hag Nnornem MMeeT BUA:

Sn+4=a33n+3+aZSn+2+ +a1Sn+1 -l-aOSO-l-a
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Peanunsauwusa J1PI'1 Ha ocHOBe
perncTpa casura

Bbix
2l s lds S |«

a, a
O - CymmaTop no moaynio 2

- TpUITEP

S ,4=aS ta,S

n+4 3 n+3

+a. S ., +a.S

n+2 1" n+1 0~0

a0=a1=a2=a3=1
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XapaKTepucTniyecknm MHOroYsneH
NPT

Sn+k=ak-1 Sn+k—1 +ak-28n+k-2+ T +aOSO+a’

—k k-1 _ k2 _
MHorouneH Buga f(x)=x*-a_,x“"-a, X"“-...-a,

[Mpumep:

S ,,=S . +S_ f(x)=x*x-1

n+2 n+1
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[Iprvep: IlycTs ecTh peKyppeHTHOEe COOTHOIIEHHEe AJIA OJHO-
POIHOIT JIPII HAJT F, BHIIA:
S =84 +8,3+5,.,+S, n=01,..

XapakTtepuctHueckrii MHorouwneH »5Ttoit JIPII mmeer BHi:

f(x)=x" —x* —x> —x* —1< F,[x] U ABIIeTCS IIPHMHTHEHEIM Ha

F 5 T.€. ABIJLCICTCA HOPMITPOBAHHBIM HEIIPHBOIIMBIM HA/T F 2 MHOI'O-

WIEHOM IMOpsaKa ord(f(x))=2" -1=127.
COOTBETCTBYIOIIIMIT PErncTp CABHIa IJI1 3aJaHHOTO pPeKyp-
PEHTHOTO COOTHOIIEHHA OyaeT nMeTh BHI: n=0,1,...

o e —

Bbixon
Sn = Sn+1 Sn+2 Sn+3 Sn+4 [ Sn+5 ] Sn+6
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MaTtemaTnyeckasa ocHOBa

[TICIT NOTOYHBLIX WNJPOB CTPOATCA HA OCHOBE Kflacca BbIMETOB MHOIMOYNEHOB MO
MOAYNKO p(x) HEMPUBOANMOro MHOroYsieHa CTENEHN N, KOTOpoe obpasyeT norne
anya GF(p") ¢ KOHEYHbIM YNCITIOM 3FIEMEHTOB.

MHorouneH, no kotopomy ctpontca LFSR, gomkeH 0bITb NPUMUTUBHBLIM MO
Moayso 2.

CTeneHb MHOro4vneHa aBndeTcs ANMHOW COBUTOBOIO perncrpa.

MpUMUTUBHBLI(6230BbIN) MHOTrOYSIEH CTENEHM N NO MOAYNIO 2 — 3TO
HenpMBOANMbIN MHOMOYSIEH, KOTOPLIN ABMAETCA AenUTeNnem o

x* T+
HO He siBnseTcsa genutenem x%+ 1 anga Bcex d, ssnsawowmxca genutenamm 2" — 1.

HeﬂpVIBO,CWIMbIVI MHOro4JsieH cteneHun N HeJb34d npeacraBntb B BUAE YMHOXEHUA
MHOIo4sy1ieHoB KpomMe Hero camoro n eguHN4YHOro.
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B oOLuem cny4yae He cyLlecTByEeT NPoCcToro cnocoba reHepmpoBaThb
NMPUMUTUBHBIE MHOTOYNIEHBI JAHHOW cTeneHn no moaysnto 2. MNpolle
BCEro BbIOMpaTb MHOMOYMEH Cny4YyaHbiM 06pa3oM 1 NPOBEPSATb, HEe
ABNSAETCA N OH NPUMUTUBHbIM.

(32,7, 5, 3, 2, 1, 0) o3Ha4aeT, 4TO CreayroLwmin MHOro4S1EH
APUMUTUBEH NO MOAYIIO 2:

X2+ xT+x°+ X3+ X2+ x+ 1

Ona LFSR ¢ MakcumanbHbIM NEpUOAOoM NePBLIM YMCIOM ABIISIETCS
annHa LFSR. MNMocnegHee yncno Bcerga paBHo 0, 1 ero MoXxHO
onyctutb. Bce yncna, 3a ncknodeHnem 0, 3agaroT OTBOAHYHO
nocriefoBaTesnlbHOCTb, OTCYUTBLIBAEMYIO OT NMPABOro Kpasi CABUIOBOIO
perncrtpa. To ecTb, YSieHbl MHOIOYSleHa C MEHbLLEN CTENEHbIO
COOTBETCTBYIOT NMO3NLNSAM BnvKe K npaBoMy Kpato perucrpa.

(32,7, 5, 3, 2, 1, 0) o3Ha4vaerT, 4To ANna B3ATOro 32-0MTOBOIO
CABUIOBOro perncrpa HoBbIN DUT reHepupyeTcs ¢ nomoubio XOR
32,7,5, 3, 2un106utos, nonyyatowmmncsa LFSR byget nmetb
MaKCUMarnbHY ANUHY, LMKNNYEeCKM Npoxoas A0 NOBTOPEHUs Yepes
2%2-1 3HaYeHUI.
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COBuroBble perncTpbl ¢ 0bpaTHOWU CBSA3bIO

PyHKUMA C 0BpaTHOM CBA3bIO

» COBUIroBbIN perucTp npeacrasnaeT cobon nocrnegoBaTenbHOCTb OUTOB.

» Korga Hy>kHO 13Bnedb OuT, BCce GUTbI CABUIOBOrO peructpa caBuratoTcsl BnpaBo
Ha 1 no3nuuto.

* HoBbI KpanHMM NeBbIN DUT ABNAETCA 3HAYEeHMEM DYHKLMKM 0BpaTHOM CBA3U OT
OCTanbHbIX BUTOB perncrpa.

lMepuod coBuroBoro perncTpa - ArnvHa nory4yaemMon nocrnenoBaTenbHOCTM A0
Ha4yana ee NoBTOPEHUS.
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COBUroBbIN PETNCTP C JIMHEMHON ODpPaTHOW
ceasbio (PCJ1OC nnn LFSR)

— b, | b, b, b, b, | by —

N

ObpaTHas cBs3b npeactaesnsaetr cobom npocto XOR HEKOTOPLIX OUTOB perncTpa,
nepeveHb 3TUX OUTOB Ha3bIBAETCS 0MB0OHOU nocsiedoe8amesibHOCMbIO.

n-outoBbIn LFSR MoXeT HaxoanTbca B 04HOM M3 2"-1 BHYTPEHHNX COCTOAHUN.
Pernctp MoXeT reHepmpoBaThb NCeBAOCITy4YanHy0 nocnegoBaTesibHOCTb
c nepunogom 2"-1 6UToB.

TornbKo Npu onpeaeneHHbIX OTBOAHbLIX nocregoBatenbHocTaX LFSR unknmnyeckn
nponaet Yepes Bce 2"-1 BHYTPEHHUX COCTOSAHMN - LFSR ¢ makcumanbHbIM nepuodom.
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Ceowuctsa J1PIT

B kpuntorpadumn npumensarotca JIPI1 makcumanbHOro
nepuoaa, PopMmpyemMble xapakTepucTtudeCcKnmm
MHOro4YneHamm, asnalLWLUMMNUCA NPUMUTUBHbLIMU
MHOro4YneHamm Hag CoOOTBETCTBYHOLLMMUN NONSMW.

NP1 makcumanbHOM OnNvHbl UMEKT paBHOMEPHbIV
CMNEKTpP, CTaTUCTUYECKYO PAaBHOMEPHOCTD.

MpenensbHo Gonbliasa aAnvHa nepuoga q--1

OTCyTCTBME CKPbITOW NEPUOANYHOCTU
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