MaremaTuueCcKu aHajins
Pasnen: HeonpeneineHHbIN HHTETPAT

Tema: IHepeoobpasznas pynxuusa u neonpedenennutit
unmeezpan. Memoovlt unmezpuposanus



IJTABA I. HeonpeaejeHHBbIN HHTErPaJl

HMHTEerpasbHoe WCYUCIEHUE — pas3leil MareéMaThukd, B KOTOPOM
M3YyYarOTCA CBOMCTBA MHTETPAJIOB U CBA3AHHBIX C HUM MPOIECCOB
UHTETPUPOBAHUSL.

MHTEerpaibHOE MCYHUCICHUE TECHO CBS3aHO € AU @epeHIMraIbHbIM
HMCUHUCJIICHUEM M COCTaBISIET BMECTE€ C HMM OJHY W3 OCHOBHBIX
4acTel MaTeMaTU4eCKOTO aHaJIn3a.



§1. IlepBooOpasHast GpyHKIMA
U HEONPEACJCHHBIM HHTErpaJl

OcHoBHad 3a7a4a TP PEepEHIMATIBHOTO UCYUCTCHUS:
s yHkuuu f(x) HautH f'(x).
OOparHas 3aga4a: u3BecTHa f'(x), TpeOyeTcs HalTu f(x).

OIIPEJEJIEHUE. Ilycms fix) u F(x) onpeoenenvt na XCR.
@yuxkuyua F(x) nasvieaemcs nepeooopaznout 0ns gynkuuu f(x)
na npomexcymxe XCR, ecimu F(x) ougpgepenyupyema na X u
VxEX svinonnsemcs pasencmeo

F(x) = fx) .
[TPUMEPHL.
1) F(x) = sinx —nepBoooOpa3Has ajisi f(x) = cosx Ha [R, T.K.
(sinx) " =cosx , VxER;

2) F(x) =In| x | — nepBooOpa3Has s f(x)= y Ha Jr000M mpome-
KyTKe, He comeprkamieMm Touku x = 0, T.K. (In|x| )'= T



BOITPOCKHI:

1) njist 1000 K (PYHKIIMH CYILIECTBYET IepBOOOpa3Has;
2) ecim  (PyHKUMS HMEET IIEpBOOOpa3Hyr, TO OyaeT JU OHa
€IUHCTBEHHOU ?

TEOPEMA 1 (o cBs3u nepBo0Opa3HbIX).
Ilycmv F(x) — nepsoobpasznas ons pynkuuu f(x) Ha X.
Dyuxyus O(x) 6yoem nepsoobpasmnou 015 f(x) Ha X & @dyukyuu
O(x) u F(x) na X ceazanvt pasencmeom
d(x) = F(x) + C,
20e C — Hexomopoe Yuco.



OIIPEAEJIEHUE. Muoowcecmso ecex nepsoobpasnwvix hyrkuuu f(x)
HA3b18AIOM HEONPedeleHHbIM UHmezpanom om gynkyuu f(x) u

0003HAUAOM CUMBOIOM
[ f(x)dr
HazwiBaror:

f(x) —noguHTErpaibHas PyHKIIHS,
f(x)dx — moguHTErpaIbHOE BEIPAKECHHUE,
X — IIEpeMEHHAas UHTETPUPOBaHU,

CHMBOJ | — 3HAK MHTErpaja.
[To onpenenienuto u teopeme |

[ f(x)dx=F(x}C,

rne F(x) — mobas nepBooOpaszHas 11a f(x), C — npou3BoOJIbHAS
MIOCTOSIHHASL.

Haxoxnaenne mnepBooOpazHOM I (QyHKUMH f(x) Ha3bIBaeTCs
unmezpuposanuem gynkuyuu f(x).



TEOPEMA 2 (mocTato4yHO€ yCIIOBHE UHTETPUPYEMOCTH).
Ecnu ¢hynkyus nenpepoléna Ha HEKOMOPOM NPOMENCYMKE, MO OHA
uMeem Ha SMOM NPOMENCYMKe NepeooOPA3HYIO.

3ameuanue.
IIpon3BogHass OT D3JIEMEHTApHOM (PYHKLIMH BCerga sBIsSETCS
(YHKIIMEN 2JI€MEHTAPHOM.
IlepBooOpa3Hass OT 3JIeMEHTApHON (DYHKIIMM MOXKET HE OBbITh
(YHKIIMEN 2JI€MEHTAPHOM.
HHTerpansl oT TakuX (DYHKIIMM HA3bIBAIOTCS HeOepyuiumMucA.
HebOepymumucs SIBISIIOTCS, HAIPUMEDP, HHTETPaIb

I & X dx _[ sinx“dx I cosx“dx

J'smx ICOSXd I_dxh



CBOMCTBA HEOIIPEJAEJEHHOI'O MHTEI'PAJIA

1. IIpousBogHAsT HEONPEAECICHHOIO HHTErpajga paBHA IIOJMHTET-
paJIbHOW (DYHKIIUH:

I
([ fO)dx) = f(x)
3ameuanue.

HeonpeneneHHblit HHTErpal — MHOXKECTBO (pyHKIuii. CBOMCTBO 1
yTBEPKJAET, YTO IMPOU3BOHAS KaXI0M U3 HUX paBHa f(x).

- MPaBUJIbHOCTh MHTETPUPOBAHMSI BCETJAa MOXXHO IPOBEPUTH:
OOCTAaTOYHO IpoauddepeHuupoBarb pe3yiabrar. llpum  sToM
JT0JKHA MOJIYYUTHCS MTOJUHTErpajibHast (DyHKITHS.



2. [ F(x)dx=F(x)+C.

3ameuanue.
Nmeem: F'(x) - dx = dF(x).
> IloguHTerpajabHOE BBIPAXKEHUE SBISCTCS PEalbHBIM MPOHU3BE-
neHueM — nuddepeHnuaiom nepBooopazHon GyHkuu F(x).
= CBOMCTBO 2 MOKHO 3aIlucaTh B BUJIC

[ d(F(x)= F(x)+C.

3. HeonpeneneHHbI WMHTErpajl OT alreOpandyeckor CyMMBI JBYX
(KOHEYHOI'0 YHCJIa) cpyHKum”I paBeH aareOpandyeCcKkol CyMMeE
WHTETPAJIOB OT 3TI/IX (YHKIMH:

[ () @)= £(x) et [ dx)cbe



4. IlocTossHHBIM MHOXUTEIb Ak (k# (0) MOXHO BBIHOCHUTH 3a 3HAK
HEOMNPEACICHHOIO MHTErpaa;

[ Kf (x)de= k[ £(x)d



§2. MeToabl MHTErPUPOBAHUSA

1. HemocpeAaCTBEHHOE MHTETPUPOBAHUE

CyTh METOJa: C IMOMOIBIO IIPOCTBIX MpeoOpa3oBaHUll (BBHIIOJIHECHUE

KaKUX-I1100 apUPMETUIECCKHUX JIECVCTBHH, IIPUMEHECHHUE
CTaHJApTHBIX (GopMyl airedpa W TEOMETPUHM UM T.J.)
NOAUMHTErpaibHasl (YHKIMS 3allUChIBACTCS B BHJIE CYMMBI
(yHKLIMHA, NEpBOOOpa3HbIE MJISI KOTOPHIX H3BECTHBI (TOBOPST:
«3aMHUChIBAETCS B BUAE CYMMBbI TAOJIMYHBIX HHTETPAJIOB ).

I[TPUMEP. Hanitu I/IHTeF aJibl

a)f( v )dx b) [ Xz”:’;&de



2. 3aMeHa IEPEMEHHON (METOA ITOACTAHOBKM )

OIIPEAEJIEHUE. @yuxyus y = f(x) nazvieaemcs nenpepviéHo ough-
pepenyupyemoit na npomesxcymrxe XCR, eciu  f(x) ougpgepen-
uupyema na X, npuuem ee npouszeoonas f'(x) — nenpepwvierna Ha X .

TEOPEMA 3 (o0 3amMeHe IIepeMEHHOM I0]T 3HAKOM MHTErpaja).
Ilycmo ¢:T - X u x =¢(t) — nenpepwvieno oughgpepenyupyema na T,
f:X - Y n y=f(x) Henpepviena na X.

Tocoa gpynxyuu f(x) n f(¢(1)) - ¢ '(t) umumeecpupyemor na X u T
COOMBEMCMBEHHO, NPUYEM, eClU

[ f(x)de=F(x)+C,
mo [ F(e(t)i(t)dt= F(¢(t)+C .

IIPUMEP. Havitu unTerpan I

dx
VA x- x?



3. BHecenue (hYHKuI/II/I 1101 3HAK gnghghepeﬁgﬂaﬂ —

YACTHBIN CIIy4au MOACTAHOBKHU

CJIEACTBHUE 4 Tteopemsbl 3 (00 mHBapHaHTHOCTH (hOPMYJI HHTEIPH-
pOBaHMA).
Jlobas chopmyna unmeepuposanus ocmaemcs cnpageoiuso, eciu
gez0e 3aAMeHUmMb HNePeMEeHHYI0 HA HenpepbleHo Oupgepenyu-
pyemyro pyHKyuro, m.e. eciu

[ f(x)dr=F(x)+C,
mo [ f(u)du=F(u)tC,
20e u = ¢(x) — mobas Henpepvl8HO Oupepenyupyemas gyHKkuus

Hanpumep, Tak Kak I cosxdx=sinx+C
[ cos(x’+1)d(x*+1)= sin(x'+1)+C,

[ cose*d(e")= sine"+C

TO



4. VIHTErpupOBAHUE 110 YACTIM

TEOPEMA 5.

Ilycmo ¢ynxyuu u(x) u v(x) HenpepwviHO Oughgeperuupyemol
na XCR . Toeoa na X cywecmasyrom unmezpaiivi

J' udv u J' vau

u cnpaeedﬂueo pPaA6eHCcmeo

0 [ udv=uv- [ vdu

®opmyna (1) HaspIBaeTcs @hopmynoi unmezpuposanus no
Yacmsam.



3ameuanusn.

1) mpy HaxOXJACHUM HHTErpaja (QopMyly HHTETPUPOBAHUS II0
4acTsIM MOXXHO IIPUMEHITh HECKOJIbKO pa3, IOCTEHEHHO
«yJIydlasy OCTAOLIUNCST UHTETPAT,

2) popMyna HHTETPUPOBAHUSA IO YaCTIM — €IUHCTBCHHAas
BO3MOXXHOCTb HAMTH UHTETPAJIbl BUIA

[ P, (xpa(x)dr,

rne P (X) — MHOTOWICH CTEHCeHH 1, @(X) — TOKas3aTenbHasl,
gorapuMHuYecKas, TPUITOHOMETpUYECKas WM  oOpaTHas
TPUTOHOMETPUYECKasd (YHKIIUS;

3) ¢ momompbo (HOPMYJIBI MHTETPUPOBAHUS MO YaCTSAIM HAXOMATCA
TAKKE [UKINYECKUE UHTErPAJIBL:

[ a¥lcosBxdx, [ a“lsinBxd .

[TPUMEP. Havitu unTerpansl
a) [ x*sinxdx b) [ €*cosxdx



