Week 12

Method of undetermined coetficients.

Method of variation of parameters.
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12.1 = REVIEW

Second-Order Linear Equations
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THEOREM 1—The Superposition Principle If y1(x) and y,(x) are two solutions
to the linear homogeneous equation (2), then for any constants ¢; and ¢, the
function

Yx) = cyix) + caya(x)

is also a solution to Equation (2).

THEOREM 2 If P, O, and R are continuous over the open interval / and P(x) is
never zero on /, then the linear homogeneous equation (2) has two linearly
independent solutions y; and y, on I. Moreover, if y; and y, are any two linearly
independent solutions of Equation (2), then the general solution is given by

¥(x) = ciyix) + c2y2(x),

where ¢ and ¢, are arbitrary constants.

THEOREM 3 If »; and r, are two real and unequal roots to the auxiliary
equation ar® + br + ¢ = 0, then

y = cie"* + cre™”

is the general solution to ay” + by’ + cy = 0.
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THEOREM 4 If » is the only (repeated) real root to the auxiliary equation
ar’ + br + ¢ = 0, then

y = cie™ + cyxe™

is the general solution to ay” + by’ + cy = 0.

ar’ + br + ¢ = 0. (4)

THEOREM 5 Ifri = a+ iB and r, = a — i are two complex roots to the
auxiliary equation ar® + br + ¢ = 0, then

y = e™(cicos Bx + c;sin Bx)

is the general solution to ay” + by’ + ¢y = 0.
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THEOREM 6 If P, O, R, and G are continuous throughout an open interval /,
then there exists one and only one function y(x) satisfying both the differential
equation

P(x)y"(x) + O(x)y'(x) + Rx)y(x) = G(x)
on the interval /, and the initial conditions

¥(x0) = Yo and  y'(xo) = yi

at the specified point xo € /.
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12.2

Nonhomogeneous Linear Equations
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THEOREM 7 The general solution y = y(x) to the nonhomogeneous differen-
tial equation (1) has the form

Y=Yt Vp

where the complementary solution . is the general solution to the associated
homogeneous equation (2) and y, is any particular solution to the nonhomoge-
neous equation (1).
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12.3

Method of undetermined coeftficients
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Form of the General Solution
Suppose we wish to solve the nonhomogeneous equation
ay" + by' + ¢y = G(x), (1)

where a, b, and ¢ are constants and G is continuous over some open interval /. Let
Ve = €1¥) + c2v2 be the general solution to the associated complementary equation

ay" + by’ +cy = 0. (2)

(We learned how to find y. in Section 17.1.) Now suppose we could somehow come up
with a particular function y, that solves the nonhomogeneous equation (1). Then the sum

Y=yt (3)
also solves the nonhomogeneous equation (1) because
a(ye + yp)" + b(ye + yp) + c(yc + yp)
= (ay" + by + cyo) + (aypy" + by’ + cyp)
=0+ G(x) ve solves Eq. (2) and y, solves Eq. (1)
= G(x).

Moreover, if y = y(x) is the general solution to the nonhomogeneous equation (1), it must
have the form of Equation (3). The reason for this last statement follows from the observa-
tion that for any function y, satisfying Equation (1), we have

aly = y)" +b(y =)' +c(y — w)
= (@" + by’ +cy) — (ay," + by’ + o)

G(x) — G(x) = 0.

Thus, yc = v — y, is the general solution to the homogeneous equation (2). We have
established the following result.
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THEOREM 7  The general solution y = y(x) to the nonhomogeneous differen-
tial equation (1) has the form

y=y. + Vps

where the complementary solution y. is the general solution to the associated

homogeneous equation (2) and y,, is any particular solution to the nonhomoge-
neous equation (1).
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The Method of Undetermined Coefficients

This method for finding a particular solution y, to the nonhomogeneous equation (1) ap-
plies to special cases for which G(x) is a sum of terms of various polynomials p(x) multi-
plying an exponential with possibly sine or cosine factors. That is, G(x) 1s a sum of terms
of the following forms:

pi(x)e™, pa(x)e™ cos Bx, pi(x)e™ sin Bx.

For instance, 1 — x, e, xe", cos x, and Se* — sin 2x represent functions in this category.

(Essentially these are functions solving homogeneous linear differential equations with
constant coefficients, but the equations may be of order higher than two.) We now present
several examples illustrating the method.
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EXAMPLES

Method of undetermined coeftficients
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EXAMPLE 1  Solve the nonhomogeneous equation y” — 2y’ — 3y = 1 — x2,

Solution The auxiliary equation for the complementary equation y” — 2y" — 3y = 01is
P=2r=3=@+1r-3)=0.

It has the roots » = —1 and » = 3 giving the complementary solution
ye = cre™* + cre™,

Now G(x) = 1 — x?is a polynomial of degree 2. It would be reasonable to assume that a
particular solution to the given nonhomogeneous equation is also a polynomial of degree 2
because if y is a polynomial of degree 2, then y" — 2y" — 3y is also a polynomial of de-
gree 2. So we seek a particular solution of the form

Yo = Ax* + Bx + C.

We need to determine the unknown coefficients 4, B, and C. When we substitute the poly-
nomial y, and its derivatives into the given nonhomogeneous equation, we obtain

2

24 — 2(2Ax + B) = 3(Ax* + Bx + ) =1 — x

or, collecting terms with like powers of x,

)

—3Ax% + (=44 — 3B)x + 24 — 2B - 30) =1 — x2.
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This last equation holds for all values of x if its two sides are identical polynomials of
degree 2. Thus, we equate corresponding powers of x to get

=34 = -1, —44 — 3B = (), and 24 =28 —=3C = 1.

These equations imply in turn that 4 = 1/3, B = —4/9, and C = 5/27. Substituting these
values into the quadratic expression for our particular solution gives

By Theorem 7, the general solution to the nonhomogeneous equation is

Copyright © 2010 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 17 - 15



EXAMPLE 2  Find a particular solution of y" — y’ = 2 sinx.

Solution If we try to find a particular solution of the form
yp = Asinx
and substitute the derivatives of y, in the given equation, we find that 4 must satisfy the
equation
—Asinx + Acosx = 2sinx
for all values of x. Since this requires 4 to equal both —2 and 0 at the same time, we con-

clude that the nonhomogeneous differential equation has no solution of the form A sin x.
[t turns out that the required form is the sum

Yp = Asinx + Bcosx.

The result of substituting the derivatives of this new trial solution into the differential
equation is

—Asinx — Bcosx — (Acosx — Bsinx) = 2sinx
or
(B— A)sinx — (4 + B)cosx = 2sinx.

This last equation must be an identity. Equating the coefficients for like terms on each side

then gives

B—A4=2 and A+ B=0.
Simultaneous solution of these two equations gives 4 = —1 and B = 1. Our particular
solution is

Yp = COSX — SInX. &)
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EXAMPLE 3  Find a particular solution of y" — 3y’ + 2y = Se*.

Solution If we substitute
Yp = Ae*
and its derivatives in the differential equation, we find that
Ae* — 34e* + 24e* = 5e*
or
0 = Se".

However, the exponential function is never zero. The trouble can be traced to the fact that
v = e" is already a solution of the related homogeneous equation

y' =3y + 2y =0.
The auxiliary equation is
r2=3+2=@F-1)(r—-2)=0,

which has » = 1 as a root. So we would expect 4e” to become zero when substituted into
the left-hand side of the differential equation.

The appropriate way to modify the trial solution in this case is to multiply 4e* by x.
Thus, our new trial solution is

¥p = Axe”.
The result of substituting the derivatives of this new candidate into the differential equation is
(Axe* + 24e*) — 3(Axe* + Ae*) + 24xe* = Se*
or
—Ae* = Se.
Thus, 4 = —5 gives our sought-after particular solution

Yp = —Sxe*. &
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EXAMPLE 4  Find a particular solution of y" — 6y' + 9y = ™

Solution The auxiliary equation for the complementary equation
r—6r+9=@0r-32%=0

has » = 3 as a repeated root. The appropriate choice for y, in this case is neither Ae nor
Axe** because the complementary solution contains both of those terms already. Thus, we
choose a term containing the next higher power of x as a factor. When we substitute

yp = Ax%e*
and its derivatives in the given differential equation, we get
(94x%e™ + 124xe™ + 24e) — 6(34x%e™ + 24xe™) + 94x%e™ = *
or
2de™ =g,

Thus, 4 = 1/2, and the particular solution is

I 2 3x
_v') — 5.\ € .
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EXAMPLE 5  Find the general solution to y" — y' = Se* — sin 2x.

Solution We first check the auxiliary equation
rt—r=0.

Its roots are » = | and » = 0. Therefore, the complementary solution to the associated ho-
mogeneous equation is

Yo = cre* + ca.

We now seek a particular solution y,. That is, we seek a function that will produce
S5e* — sin 2x when substituted into the left-hand side of the given differential equation.
One part of y,, is to produce 5e”, the other —sin 2x.

Since any function of the form ¢e”* is a solution of the associated homogeneous equa-
tion, we choose our trial solution y, to be the sum

Yo = Axe* + B cos 2x + Csin 2x,

including xe* where we might otherwise have included only e*. When the derivatives of y,
are substituted into the differential equation, the resulting equation is

(Axe™ + 24e* — 4B cos 2x — 4C sin 2x)
— (Axe™ + Ae* — 2B sin 2x + 2C cos 2x) = Se* — sin 2x
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or
Ae* — (4B + 2C)cos 2x + (2B — 4C) sin 2x = 5¢* — sin 2u.
This equation will hold if
A =35, 4B + 2C = 0, 2B — 4C = -1,
ord =5,B= —1/10,and C = 1/5. Our particular solution is
Yp = Sxe* — %cos 2% # %sin 2x.

The general solution to the differential equation is

: ; | } 5
Y=yt yp=cie" + c2 + Sxe* — 10 ©°8 2x + 3 sin 2x. B
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TABLE 17.1 The method of undetermined coefficients for selected equations

of the form

ay" + by' + cy = G(x).

If G(x) has a term
that is a constant
multiple of . ..

And if

Then include this
expression in the
trial function for y,.

erx

sin kx, cos kx

px2+qx+m

r 1s not a root of
the auxiliary equation

r is a single root of the
auxiliary equation

r 1s a double root of the
auxiliary equation

ki 1s not a root of

the auxiliary equation
0 is not a root of the
auxiliary equation

0 is a single root of the
auxiliary equation

0 1s a double root of the
auxiliary equation

Ae™

Axe™

szerx

Bcoskx + Csinkx
Dx*+ Ex+ F
Dx* + Ex* + Fx

Dx* + Ex3 + Fx?
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12.4

Method of variation of parameters.
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The Method of Variation of Parameters

This is a general method for finding a particular solution of the nonhomogeneous equation
(1) once the general solution of the associated homogeneous equation is known. The
method consists of replacing the constants ¢; and ¢, in the complementary solution by
functions v; = v (x) and v, = v,(x) and requiring (in a way to be explained) that the

resulting expression satisfy the nonhomogeneous equation (1). There are two functions to
be determined, and requiring that Equation (1) be satisfied is only one condition. As a sec-
ond condition, we also require that

vi'yi + v’y = 0. (4)

Then we have
y =y t+ vy,

!/

y' = uy + vy,

"

vl_V|" + vg.VQ" + v1'y|' = vglyg'.
If we substitute these expressions into the left-hand side of Equation (1), we obtain

vilan," + byy" + cy)) + va(ayy” + byy' + cyy) + a(v'y)! + va'yy') = G(x).
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The first two parenthetical terms are zero since y, and y; are solutions of the associated
homogeneous equation (2). So the nonhomogeneous equation (1) is satisfied if, in addition
to Equation (4), we require that

a(v'vi" + vu'vy') = G(x). (5)
Equations (4) and (5) can be solved together as a pair
vi'yr + v’y =0,

G(x)
a

vll'vll + vzl.vzl —_

for the unknown functions v," and v,’. The usual procedure for solving this simple system
is to use the method of determinants (also known as Cramer s Rule), which will be demon-
strated in the examples to follow. Once the derivative functions v;" and v," are known, the
two functions vy = vy(x) and vy = wj(x) can be found by integration. Here is a summary
of the method.
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Variation of Parameters Procedure

To use the method of variation of parameters to find a particular solution to the
nonhomogeneous equation

ay” + by’ + cy = G(x),

we can work directly with Equations (4) and (5). It is not necessary to rederive
them. The steps are as follows.
1. Solve the associated homogeneous equation

ay’ + by +cy =0

to find the functions y; and y;.

2. Solve the equations

vi'y1 + vy =0,

! ! ! ! G(x)
vyl twmy =

simultaneously for the derivative functions v;’ and v,’.
Integrate v;" and v,’ to find the functions v; = vi(x) and v, = vy(x).
4. Write down the particular solution to nonhomogeneous equation (1) as

o

Yp = viy1 + vy,
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EXAMPLES

Method of variation of parameters.
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EXAMPLE 6  Find the general solution to the equation

y' +y = tanux.

Solution The solution of the homogeneous equation
y'+y=0
is given by
Ve = €1 €CO8X + ¢ 8in X,

Since yj(x) = cosx and y,(x) = sin x, the conditions to be satisfied in Equations (4) and
(5) are

vy’ cosx + vy sinx = 0,
—v,'sinx + v’ cosx = tanx. a=1
Solution of this system gives

0 Sin x

tanx  CoS X
vl h— ; —
| CoSX  sinx

. «
—tanxsmmx _ —sSIn°x
G ¢

2 o9
cos°x + sin“x

sinx  CcosXx
Likewise,

‘ cosx 0
'

—sinx  tanx A
v = - = §in x.
cosx sinx

—sinxX  COSX
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After integrating v," and vy’, we have
—sin’ x
vil®) = / “cosx &

= — / (sec x — cosx)dx

= —=In

secx + tanx| + sinx,

and

v(x) = / sinx dx = —cos X.

Note that we have omitted the constants of integration in determining v; and v,. They
would merely be absorbed into the arbitrary constants in the complementary solution.
Substituting v and v, into the expression for y, in Step 4 gives

Vp = [~In|secx + tanx|+ sinx] cosx + (—cos x) sinx
= (—cos x) In |sec x + tan x|

The general solution is

y=cycosx + casinx — (cosx) In |sec X + tan x| 4l
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EXAMPLE 7  Solve the nonhomogeneous equation

y" + y' = 2y = xe”.

Solution The auxiliary equation is
rP+r=-2=@F+2)(r—-1=0
giving the complementary solution
Vo = cie ™ + cye’.
The conditions to be satisfied in Equations (4) and (5) are
vi'e ¥ + vy'e* =0,
—2u'e” % + vy'e* = xe". a=|

Solving the above system for v;" and v," gives

0 e
CRED X .
- ' xXe e . _.‘.eZ\ . l \'()3".
l e "2.1' e\ 3e =X 3 z .
—2e < e
Likewise,
e 0
i —2e~ % xe* _xe' _x
4 3™ e 3
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Integrating to obtain the parameter functions, we have

vi(x) = / —%xel" dx

o Lfxe™  fe* .
-4~ 5 =)

— L _ 2\, 3X
= 27(1 3x)e™,

and

Therefore,

I T
—_— e X oy + —X .\-
57 € g Xe gXe
The general solution to the differential equation is
=2x X 1 X I 2%
= + cre* — =xe* + =x2e*,
y = cie cre g Xe cXe
where the term (1/27)e” in y, has been absorbed into the term cye” in the complementary
solution. G
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EXERCISES

George B. Thomas, Maurice D. Weir, Joel R. Hass. Thomas’ Calculus. — 12" ed.:
-Chapter 17: Second-Order Differential Equations
-EXERCISES 17.2

-Applications 17-16
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B
EXERCISES 17.2

Solve the equations in Exercises 1-16 by the method of undetermined
coefficients.

1. y" =3y’ — 10y = -3 -3y —10y=2x -3

2

3. y" — )" =sinx y" +2y'+y=x

2.
4,

§5. y" + y = cos 3x 6. y' +y= ez‘
8.

7. y" —y' — 2y = 20cosx y"+y=2x + 3e*
9, y' —y=¢e"+x* 10. y" + 2y' + y = 65sin 2x
11. y" —y' — 6y =™ — Tcosx
12 " + 3y +2y=e  + e —x
13, %2 1 5P _ 152 VR0 S
dx? dx di?  dx
dy _dy d’y _dy
IS'F_",E_? — 12x 16. d—+7-&; 42x% + 5x + 1
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B
EXERCISES 17.2

Solve the equations in Exercises 17-28 by variation of parameters.
17. y" +y' = x

T T
18, y" + py=tanx, ——m— L<¥< =

2 2
19. y" + y = sinx 20. y" + 2y' + y=¢€*
2. y" + 2" + y = e 22, y' —y=x
23. y' —y=¢e" 24, y" — y = sinx
25. y" + 4" + 5y = 10 26. y" —y' = 2*
2
27. i‘; + y = secux, —-g— B ol %
28.£—£1£—ecosx x>0
dx?  dx
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B
EXERCISES 17.2

In each of Exercises 29-32, the given differential equation has a par-
ticular solution y, of the form given. Determine the coefficients in ;.
Then solve the differential equation.

29. y" — 5y’ = xe™, y, = Ax’e’* + Bxe™

30. y" — y' = cosx + sinx, y, = Acosx + Bsinx
31. y" + y = 2cosx + sinx, yp, = Axcosx + Bxsinx
32, y" +y' —2y=xe’, yp,= Ax’e* + Bxe'

In Exercises 33-36, solve the given differential equations (a) by
variation of parameters and (b) by the method of undetermined

coefficients.
d*v dy . d*y dy 5
4 VD 17, - 3/ > + 3 8 . L C I LA + ) = 2 A §
33 73 e e 34 . T 4y e
3692 4% _ o oova 3652 oD _ g
e ‘I‘\, 2 dx _‘ - ? . (I.r 2 d_\' - e
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B
EXERCISES 17.2

Solve the differential equations in Exercises 37-46. Some of the equa-
tions can be solved by the method of undetermined coefficients, but
others cannot.

37. YV + y=cotx, 0<x<mw
38. YV + y=cscx, 0<x<m

39, y" — 8y’ = e 40. v" + 4y = sinx
41. y" — y' = x° 2. v"+4 +5y=x+2
43. y" + 2y’ = x% — ¢ 44. y" + 9y = Ox — cosx

”n 1r 7T
45. y" + y = secxtanux, 5 < XK 5

46. y" — 3y’ + 2y = &* — ¥
The method of undetermined coefficients can sometimes be used to

solve first-order ordinary differential equations. Use the method to
solve the equations in Exercises 47-50.

47. y' — 3y = ¢ 48. v' + 4y = x
49. y' — 3y = S5e* 50. y' + y = sinx
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B
EXERCISES 17.2

Solve the differential equations in Exercises 51 and 52 subject to the
given initial conditions.

d?y
51. F + y = sec’x, _% <x< %; y(0) =y'(0) =1
o
d?y
52. —5- + y = elt; 1(0) = O, ,\"'(0) =~ -2-
dx~ >

In Exercises 5358, verify that the given function is a particular solu-
tion to the specified nonhomogeneous equation. Find the general solu-
tion and evaluate its arbitrary constants to find the unique solution sat-
isfying the equation and the given initial conditions.

83. ) +y'=x, yp=%—x, 00=0,y'0)=0

L
d
l\)l s

5. y'" +y=x, yp=2sinx+x, 0)=0,y'0)=0
55. %_v" + y' + y = 4e"(cos x — sinx),
¥p = 2e"cosx, w0)=0,y'(0) =1
56. ' =y —2y=1-2x p=x—1 ¥0)=0y(0)=1
§7. y" — 2y + y=2", y,= x%e*, y0)=1, »'(0) =0
58. y" — 2y + y=x"1e*, x>0,

yp=xeInx, y(1)=e, »'(1) =0
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Dear my students,

T

for attending my online lecture :-)

Copyright © 2010 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 17 - 37



Protect Yourself & Those Around You

A\

0 [
@

STAY AT HOME IF AVOID TOUCHING YOUR STAY 1.5 METRES AWAY
YOU'RE UNWELL FACE, NOSE AND MOUTH FROM PEOPLE WHO ARE
COUGHING OR SNEEZING

COVER COUGHS AND WASH HANDS
SNEEZES REGULARLY
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Stay at home and take care of yourself and others
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