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1. IToxinaa QpyHKIil
Hexait  (yHKIiA & J () pmmavena  ma JIeIKOMY — HPOMIKKY X i
touka Y0 €% Hagamo aprymenty dymkmii mprpocty AY (At >0 a50 Av<0)

TaKoro, 06 TOYKa X DVYHKIIA JICTaHe IPI HEOMY IPIPICT

Ay = flxg + Ax)- f(x )
CK1a1eMO0 BiIHOIIEHHS

Ay _ flxg +Ax)— f(xo)
Ax Ax

O3Ha4veHHA BiIHOIEHHA NOPHPOCTY (VHKINI 10 MOPHPOCTY apryMeHTy
Ha3IIBA€ThCS CEPEeOHbOI0 uieuoKicmo sminu oynuruii (rate of change of function).
ITe BiZHOIIIEHHA ITOKa3ye, CKUIBKI OMIIHIIE IIPHPOCTY (PYHKIILL IpIIIIagae Ha

OJIIHIIIIKO IPIIPOCTY apryMeHTY.



O3HadYeHHA [ paHNIA BIIHONIEHHS MIPHPOCTY @VHKIINL HT0 HOIPHPOCTY

apryMeHTY 3a YMOBII, III0 HIPHPICT apryMeHTy HIOpsAMVeE 0 HYIIH, Ha3IIBa€ThCs
MMBILIKICTIO 3MIHII (QVHKINL B [daHII Todumi abo 11 moxionoro (derivative) i

[I03HAYAETHCA OJIHIIM 13 CIIMBOJIIB:

Fla) (), 2L

T dx
OTXe, 3a O3Ha4YeHHIM
f( ) 1]111——]1!11 f(YO AY) f(YO
*o. Ax—=0 Ay Ax—0 Ax
- (1)
SIkmo  moximHa  (yHKIIL - = (Y) Toumi ¢ icHye., TO  (pyHKIIA

Ha3lBaeThCA Qugpepenuiiiosnoro (differentiable function) e mouyi 0.

Skmo GVHKIA JIIpepeHIIIIOBHA B KOXKHIN TOYIIl JeAKOIro IPOMIKKY X, TO
BOHA HA31IBAE€ThCS QUPEPEHUIHLOEHOI0 HA NPOMIdHCKY X.
Omnepanisa BIAITYKAaHHSA [IOX1IHOI HA3NBAETHCA OUPEPEH UItOEAHHAM.




TI'eomempuunuil smicm noxionoi (geometric sense of derivative)

IToxinHa dyHKIIT & T 7 (’C) B TouIli ¢ mopiBHIOE KYTOBOMY
KoedilmieHTY domuuHol (tangent line) 1o rpadika IIaHOI1 b VHKIIIL v
TOYIII M, (xo,f (xo )) . ToOTO

f'(xo)=tga, (2)
Je & -KyT. SAKIII VIBOPIOE IOTHYHA 7 3 JOHATHHM HampsMKoMm oci OX
(prc. 1)]

e | Xo *
Puc. 1
36°A30K MidHC QUPePEeHUIHOGHICHIO PYHKUIL ma il HenepepeHiCnIo

Teopema SIkmo dyuimis » ~ J (Y) audepeHIiioBHA B Todmi ~ ~ 0, TO BOHA
HellepepBHA B II1il TOYII.



Ha OCHOBI TreOMEeTPIYHOIO 3MICTY MOXIIHOL PI6HAHHA OOMUYHOI 00 2padixa
yHruii y=7(x) 3aIIICYETHCA TAKIIM YIHOM:

y= )= X =%5).

SIKIIO0 HemepepBHAa (YHKIIA B TOYLi ~° Mae HeCKiHYeHHY MOXiIHY, TOIi

M, (x,: X =X,

JTOTIMHOIO 10 rpadika (YHKII B TOYIIL : Yo) Oyie mpaMa

Tl HopMmani, TOGTO MPSMOI, IO TIPOXOIIITE Yepe3 ToUKy HoTmky Lo (¥o: Vo)

NEPHEHINKYIAPHO 10 JOTIIYHOL

y—J(x)=- (x—x,), f'(x,)#0.
), PIBHAHHS Ma€ BIITIA [ ( 0)
o

(Ipsama MN

0; AKIIO (YHKIIA B
TOYIi ¢ Mae HecKiHYeHHY IOXiJHy, TOIi HOPMALI 10 KpIBOi Oyue

V  BHIOAIKY S (%)=0 HOpMalLTi0 Oyize mpaMa

mpsava ¥ = (¥o).



»

-

Dizuunuii smicm noxionoil
ITix (pi3I9HIIM 3MICTOM ITOXIZIHOI PO3YVMIOTE INBIIKICTE 3MIHII (PYHKIIII B JaHIIT
To4dli. Hanprnknai:
1) mpn pyci Tima NIBIIKICTE ¥ B HaHIIII MOMEHT dYacy ! € MOXIiIHOK BilX
_ ds
NUIAxXy ° @. dt
2) npIi1 06epTOBOMY pyci TBepaoro Tita HaBkoio oci 9X kxyTroBa mBIaKicTs & B
do

JIAHIIII MOMEHT Jacy ! € IMOXIIHOK Bill KyTa IIOBOPOTY A1) . dt
3) mOpH OXOIODKEeHHI Tila INBIIKICTE OXOIODKeHHsI B MOMEHT dacy ! €
dT

IIOXIJHOIO BLI TeMIepaTypil dt
4) TemnoeMHICTh C UIsI JaHOI TeMIepaTypl ! € IIOXIIHOK BiJ KIUIBKOCTI

_4ago.
Teria <€ dt
5) mpH HarpiBaHHI CTePIKHA Koe(ileHT TIHIITHOTO po3UIIpeHHs & mpIll JaHOMY

_dl

3HAYeHHi TeMnepaTypH ! € IOXiIHOo Bix mopsxkirHII ! dt



2.| IIpaeuaa nudepenniroBanns (Table of Derivative Rule)

Teopema Skmo GyHKIII u(x) ; () yarors moximmi B Towumi X, TO
crpaBeUInBi (GOpMYIH JUIA MOXIIHNX CYMH, JOOYTKY Ta 9acTKHI ITHX (PYHKITIH:

b @)+ v(x)) = ')+ v'(x) - sum Rule):

2) (u (x)'v(x))' = u'(x)' "’(x)'*' 1-"(.7()- u(x) - (Product Rule);
[ @]' _'(x)v(x)—v'(x)- u(x)
3)

v(x) (w(x)r , TIpH v(x)=0 _ (Quotient Rule).
3ayearncenna. Ctaniii MHOKHHK IIpH AHQEpeHIIFOBaHHI BHHOCHTECA 3a 3HAK
noxigHol (ConstantMultiple Rule), Tob6To:

(c-u(x)) =cu'(x) 1o c=const.




IToxiona crkiaonoi pyrrxuii (Chain Rule)

Hexail d@yHKOIA W=k (u) BH3HA4YeHa B JIeIKOMY OKOJI1I TOYKH ¥ |
byuxmia ¥ = @(x) BH3HaA4YeHa B JIEIKOMY OKOJIl TOYKH X |, TAKHM YIHOM BH3HadYeHa
ckimanHa GyHKmisa ¥ i 4 [§0(")] !

Teopema SAxImno dyHEKmisz ¥ T 4 (u) Mae NOXIIHY B TOqIl U 1

dbyuxiia ¥ = ?(X) pae roxiay B Toumi X, To cknamxaa dbyakmis ¥ =/ le(x)] TAKOX
Ma€ NOXiAHY B TO4Il X , IpHIOMYy

¥e = (fle()]) = £1@)-o'(x). 3)

ado0 CKOpOYeHO

’

YV = Vyu-Uy (3%)

sl
Ipurnad. 3uaiitn noxinay dyakmii Y = €05~ 3X

r=wu", u=cos3x

Posze’aszannn. Ilpniimaroan -~ , MAaeMoO:

’
=

1> ) (cos3x)' =5u”((—sin3x)-3)=5cos" 3x-(—3sin3x)= —15cos” 3x -sin 3x.

TyT BpaxoBaHO, mo U = COS3X takok cKiIazeHa (PyHKIISA i ToMy 3a dopmyitoro (3)
BOHAa Ma€ moxigay ¥ = —3sin3x



IToxiorna obeprernoi goyurxuii (derivative of inverse function)
; — z s i g
Teopema SIkmio dyHEHKITIS » f(x)’ x=X_ ¥Y¥<Y ae obepuenay X — J (3’) ;

paass Bcix X € X jcHye moxiaaHa I (Y) = 0, TO paass Bcix Y ¥ icHVE

IIoxiziga (f i (})) . IPpHYOMY cHOpaBeUIHBA PIBHICTS!

(f—]-(} )) 'x-:-' = ’ ’
f( ) ado B NMx . (},x = o)_ (4)
ITpurcsiado . 3HailliTH ITOX1IHY q)yHRnu oSepHeHOI 0o dyHEHKIIT ¥~ S X
Pose’asannsa. OyHKIUST » sin x HeOepepBHA i MOHOTOHHA Ha
7T T
IIPOMIKKY Z 2 . OmrxKe, Ha OBOMY IIPOMIZKKY ICHYE oOepHeHa (OVHKIUSNA, SAKY
7T 7T
5 xeEe| ——. —
HOIHAYAIOTE ~ aoesmy Y& [— 1. 1] 5 2" 2 HaramxaemMo, II1O rpadixix
obepHeHNX DVHKIIIII CHMeTpHYHI BixHOocHO mnpsimol ¥ — ~ (pxc. 3).

-y

e — —— ¥ — SIn X

w N| Y

-
w




: 1 1

’
3HaxXOAHMO IIOXIIHY Yx  C€OSX  Ockinpkm aprymMeHTOM OOepHEHOI

dVYHKIIII € y, TO BUKOHAEMO TaKi IepeTBOPEeHHSA:

e . D 2
cosx=+-u"1—sm‘x= «Jl—y

2

T T P 1
xe[ ___] X} = ——
3HAK «+» B35TO, OCKUIBKH IIPpH 2 2] cosx=0_ Orxe 1-¥" a60
. : 1
(arcsiny) =

«-,,‘1— _}-'2

SIKIIIO apTryMEeHTOM € 3MiHHAa X, TO MaeMO QOpMYIIy

<1)

—,— (3 -

ITpOOOBIKYIOYH 3HAXOAHTH ITIOXIIHI Oa3HCHHUX eJleMeHTapHHuX QYyHKIIH 3
ypaxXyBaHHIM O3HaYeHHs OXIIHOIL, 11 BJAaCTHBOCTEI Ta IpaBHJI JHPEepeHIIIFOBAHHSI
MOJKHAa CKJIACTH HaBeeHYy HIDK4Ye TaOIHIIro.

(arcsin x)'



L)

3)

4)

S)

6)
7)
8)

9)

Tadauusa noXioOHUX OCHOSHUX &TTeMEHMAPHUX PYVHKUIH
(Table of Derivative Formulas)

(const)'=0
S
(a )—a Ina_
() = e,

log x)' — 2
( —a R

x-ma

(nx) ==

X

-

(sin x)’ = cosx.

(cosx)' =—sinx.
(tgx)' = 15
COS™ X

(‘\‘fne;’\’, ado Vne R IIpPII X > 0);

>

(-\.‘/a:a-O,a;él).

((\v’a>0,a¢l)m\v’x> 0.

(V.Y,\)O).

>




14)
15)
16)

7)

18)

(ctgx)' = —

(arcsinx ) =

1

=

SN

1

'\.-'(1— x- X

(arccosx)' = —

(sh x)' = chx.

(chx)' = sh x .
4 1
thx) = ~
(‘ ) chx
: 1
cthx ) = — =
( ) sh-x

>

(X = 0)



Jdozapugprtiune ouPepeHUiro6aHHA. Imomi BIAINYKAHHSA ODOXI1ZHO1L
CIPONIYE€THCS, AKIIO 11 IIonepeaHbO OpojaorapudmyBaTH. B 3B’sA3KYy 3 IIHM TaKHil
METOJI HA3HBAECTHCH JIOZAPUPMIYHUM OUPEPEHUIIOEAHHAM.

s wix)
Ipurnad 3HaTH NOXigHY cKIaaHol GyHKOIl BHIy » u(x)™
Po3zé’azannn. JJorapu(dpMyrodH piBHICTHE JICTaHEMO |]n Y= v(x)- e u(x) :

JAudepeHIi o9 OOHIBI YaCTHHH OCTAaHHBOL PIBHOCTI, MATHMEMO:

= ¥y =v(x) Inu(x)+v(x)-
}.'

o
Ao

(In ) = v'(x) Inu(x)+v(x) (o ux)) 450 .
v’ y=u(x)™

Bupa3uBmHa 3 OCTaHHBOI PIBHOCTI © Ta II1ICTAaBHBIIIH :
OTPHMAEMO

3= u(x)"{"}[v' (x)-In u(x)+v(x)- = (r)]
u(x) ,

IIKO plBHlCTB MOZXHaA IICPCIINCAaTH TakK

-

((2)") =2 I ) ¥ (@) (@) u@) T w @) (g

{x) .’
e 2(x)"" ’ ln u(x)-v'(x) _ NoxXi/iHa BLJI IOKA3HHKOBOI PYHKIIIIL,
1’(X)- u(x)v{x 1 1w

- IIOX1IHA BiJl cTenneHeBO1 (DYHKIIII.



% 1 s rsinx
INpurxinao. 3HaTH IMOXLIHY ~ -~

Po3é’aszanna. Jlorapu(pMyrO4H pIBHICTE JICTAHEMO:

Iny=sinx-lnx

JudepeHnirorodn OOHABI YAaCTHHH OTPHMAHOI PIBHOCTI 3a 3MIHHOKO X,
MaTHMEMO

‘ ' s ' = cos x-]nx—f-lsinx
(ny) =(sinx-lnx) y‘} T
3BLIKH
: 1 . : -
y'= y(cosx-ln X+ —sin x) = xsmx[cos.x-]nx+ —sin x)
X X

KpiM agudepeHOIIOBAaHHS  CTSIICHEBO-IIOKA3HHKOBHX  (QVYHKINI  METOX
jjorapudMIYHOro JudepeHnIrOBaHHs JIOIUIBHO 3aCTOCOBYBATH TAKOXX Y BHIIAJIKY,
Konn (YHKIIA HoJaHa Y BHITLAL JOOYTKY (YacTKH) JOCHTH BeJIHKOI KIUIBKOCTI
QYHKIII.



x? 5 .
~r - -aw ' — . o . )
IHpurinad. 35alTH NOX1JIHY (DYHKIIIL Y= CCLRSAtC SN,

Po3é’azannn. JJorapupmMyrodn oOHIBI YaCTHHH PIBHOCTI JICTAHEMO
In y=x" Ine+ 5In(ctgx)+In(arcsin x)

JndepeHnirorodn oOHIB1 YaCTHHI OTPHMAaHOI PIBHOCTI, MAaTHMEMO:

’

(In y)' = (r’) +5(In (ctgx))' + (In(arcsin x))' ,

ado
1 2 1 ( -1 1 1
—yv'=3x"+5 | —— |+ % -
¥y ctgx \sin-x arcsm x .1 — x-
3BLIKH
.
3 5 ; 2 5 1
v =¢" -ctg’x-arcsinx| 3x° + — .+ -
SN X - COSX -afl—x- arcsin x



IHpuriiao. 3HallTH NOX1IHY OYHKITIL

NxZ3
P== 6 5
(2x—-1)"(B3x+5)
Po3e’asannn. JJorapp@dMyrO9IH OOHIIIBI JaCTHHII PIBHOCTI JiCTaHEMO

lny=]n~\p‘x2 +3 -—In(2x— 1)6 —In(3x —+—5)2 :

In v=

-

m(x2 +3)—6m@2x—1)—2mBx+5)

b | =

JndepeHITIFO0OYH OOHIB]I YacTHHH OTPHMAHOL PIBHOCTI, MaTHMEMO:

(In 1) =—2!—(]n(x2 +3)) —6(m(2x—1)) —2(n(Gx=5))
adbo ’
l}:':lw;:)_x_6 1 2_2;3= ﬁx 12 6
y 2 x“4+3 2x—1 3x+5 x“+3 2x—1 3x+5
3BLIKH

o Jx? =3 [ x 12 6 ]



IToxinaa pyHKHIL, 3agaHol HesasBHO (1mplicit function derivative)

SIKIIO Ha IesKOMY NPOMIXKKY X audepeHniiioBHa dyHKIA ¥ ~ y(x) 3ajaHa

F(x.y)=0 , TO 11 HOXI1IHY ¥'(x) MOZKHA 3HAIITH 3 PIBHAHHSA

[Fx.»)x=0

HESBHO PIBHAHHSIM

e a (x : «V) PO3TIAacThCs AK CKIIajJeHa (PYHKIIIS 3MIHHOI X.
IMpurnad . 3HalTH NOXIHY (PYHKIIIL, 3a/1aHO1 HEABHO

2
3y +2xy+cosy=0

Po3¢é’a3anna. 3HAXOONMO INOXIIHY 3a 3MIHHOKIO X, IIaM’ATaro49i, IO Y x) €
’
—_— _"
dYHKII€IO BiJ X, TOMY &) =5
3-2y -y'+2(1 -y + x-y')+(— sin y)-y' =0
’
PO3B’sDKeMO I1e pIBHAHHS BIIIHOCHO ¥ OTPHMAa€EMO:
y'(6y+2x—sin y)= -2y

3BLIKH




[Tox1iHa QyHKIIL

KA 32)[4HA TAPAMETPITIHO, 00HIICTIOETECA 32 HOPMYTOK:
1L () R )

3d YMOBI,

4

1=10),

y=8().

’ -

—=—= 300 ¥, ==,
dx  x(t) X,

mbeper

g,
i, mpirgony df



T
f=__

Mpuxian .3maiitn B Toumi 6 moximmy Yx byEKm, #ka  3a1aHa
1apaMeTpPIYIHO:

[x=2cost —cos2t.

y,

|y =2sint — sin 2t.
Po3B’sA3aHHSA. 3aCTOCOBYIOUII (GOpMYITy OOYICIeHHS NOXIiJAHOl (VHKIIL sKa
}alaHa mapaMeTpPIrIHO, MAEMO:

E 27 A §
X.==2smi32sm 2 7I—4COS?5111-;

I
./ S :
1,—?cosz—?cosh—-lsstm;

-

TaximM 49I1IIHOM.

3t l
i 4sm7sm:
1-;: =." 4. - d— - .
’ x' 3E. ¥ 3t ) - 3,7_ T
r  4cos—sin— . =te—: Vy|_7=tg——=1g—=1.
5 oy Y =BT Sxlec 26 4



3. Jadepennian QyHxmii

Tudepenmiatom pymxmii - J() g TOYILI X HA31BA€THCA TOJIOBHA (ITIHIIHA
BigHOCHO AV) gacTimHa mpHpocTy by 111(hepPeHIIIIOBHOL B TOYII X (DYHKIIIL.

Jlngepenmian J0pIBHIOE I00YTKY MOXUIHOI (DYHKLII B TOYNI X HA IpPIPICT
He3aIeKHOI 3MIHHOL, TOOTO

dy = f'(x)Ax.

30KpeMa, Ji(epeHIiaToM He3alekKHOo! 3MIHHO! € 11 TIPIIPICT:

dx=1-Ax, dx=Ax,

Toxi Gopmyra mudepenmniana Mae BITTIAL
dv = f'(x)dx.

BIJIKINIA

o Y
/(%) =




OCHOBHI BJACTHBOCTI TH(QepeHmiana
J115 10BLIbHAX TH(epeHniHoBAHAX (YHKIIMH U(x) Ta | (%) MAI0Th MicIIe TaKi
PiBHOCTI:

1. da=0, (a=const).
. dloqu +ayv)=aydu +aydv, (@, @) _ yopim i orari) ;
3. d(uv)=udv+vdu.

‘u\  vdu-udy
d t — l=— =0

¥y v ‘
s

4,
5 df (u)= f'(u)du, u=u(x)



[Ipukaan 3HaIITI JudepeHiian GyHKIL - ¥ =sin X

Po3B’s3aHHA. 32 QOPMYIOK
dv =d(sin x) = (sin x)'dx = cosxdx, dy=cosxdx.

TIpuk1az. 3Kl mbepermian dyHkmii » - X' +4x+8

Po3B’s3aHHA. 32 OPMYIIOK
dv = (x* +4x+8)'dx = (2x + 4)dx = 2(x+2)dx.



3acTocyBaHHA TH(QepeHNiaIa 10 HA0IHKeHHX 009HCIeHb

Tpr Mamx AY crpasezvmsa gopyyta & = 4V 10670

f(xo Ax) = f(_xo) 1 (xo)Ax.

Ipukaag. Oo4ucaT HAaOMIDKEHO 3a JONOMOIoK ndepeHIiaTa 3Ha4eHHA

aee V' = = < — 7 4
dyrkmii + = VY B Toumi ¥ = 177

Po3B’s3annd. Hailompkya 110 1,97 TOYKa, B SAKHiI JerKO OOYIICIHTI
1)

saagerns J (0) g S (%0) e touka Yo =2
Ax =x— X, =1,97—2=—0,03;

f(xp)= f() =3

R J— fx) =5 (@) =1

3a HaBeIeHOI (poph-lynom MaEMO

:
f(1.97) =3 —g(-o,os) =2.98.

Lo | ko



4.11oxigHl Ta 1UdepeHIIa Il BULIIUX HOPAAKIB

IloxigHow JApyroro WOPSAAKY (IPYTroHw IMOXIAHOKW  (YHKIII) y=7) y
TOYILIl X HA3MBAETHCA IOXIAHA BiJ 11 MepIIol IOXIJHOI y'=f) IpH YMOBI,
110 /(%) abepeHIiiioBHa B TOYMI X. BOHA I03HAYA€THCA TAKIIMII CIIMBOJIAMII:
L diw
'@ [P0 “ad fa 2,

AHATIOTI4HO BI3HAYAETHCS MOXITHA /1-T0 MOPSAAKY DYHKIIT » J(x) , IKa Ma€
(n-1) DOXIAHY B TOYII X:

dnf (Y) (n-1) '
—~=(f""(x)). neN.
dx
[ToxiHy, 418 #AKOl ICHY€ n-a IIOXIJIHA B TOYIIX, HA3MBAKTh N Pa3iB

111(hepeHIiIOBHOK) B LT TOYIIL.




OcHOBHI GOpMY/IH 009YHC/ICHHA NOXITHUX BHINHX NOPHAIKIB
(a*)" =a*In"a (a=0.a=1):

(e =e*;

N\
: : nT
(sin )" = &” sm(ar + !
2
=i
(n“. n 3 nﬂ'\
(cosax)’' =« co{oa:-'— =
]

((ax =) =a”a(ax —=1) ... (¢ —n+1D(ax +b)* ™,

30KpeMa,
e N\ (n) '
L 1 = (D"
x+a) fxra)y
(100, I ¥ D (n) e (_1)71-1 (n == 1) !:
%5 "Ina '

(In| xDP = (=)™ (n -
.



OcCHOBHI IPABHIA 00THCIEHHS NOXITHHX

SIKIo QyHKIIL U(X) 1 V(%) paziB JH(hepeH:
PIBHOCTI:

1[I0OBHI, TOJI MAlOTh MiCIe Takl

1) (@u+ a)"” =au"™ +ay" (a;,a, - cram):

| (hopmyaa JTeHOHInA




O04HC/IeHHS NOXITHAX BHINHX NOPAAKIB QYHKIIN, 3aJaHAX apaAMETPHIHO
SIKIO (YHKIIA 3a1aHa TapaMeTPIYHO pPiBHAHHAMI © ({). y= 3"([), TO/I
dy dy d'y

. By 13 3 -
moxizmi 9¥ dx”  dx OOYIICTIOITECA 3a POopMYyIaMII:

-,
4

7 )
dv’ Ld v
d}' ¥ ]; d- v [ dx.,,.t d"}.’ » ax” Jt
ax .x; dx” X, dx Y T
T OXIHOL APYTOro MOPSIAKY Mae Micle (opMyna:

@ ¥y
d’ y_X@y' -0y _ K0 y'0)

dx’ (x'®) (@@




JdudepeHniaTn BHINKEX NOPHAIKIB

JAudeperniaaoM Apyroro nopsaaKy ABidl J1depeHIIIIOBHOL (PYVHKIIIL y=Jj(x)

Ha3HBarOTh AHdepeHnian Bl ipepeHIiaTa IepHIoro MOopsiaKy (PyHKIILL J(x) 3

10610 4 Y =4d(dy) v BIIIAIKY., KOIIIX — He3alleXHa 3MiHHa, mmidepeHmiamil
OOYIICITIOIOTECA 3a POpPMyIaMII:

-~

d’y = y"(dx)*.
d’y = y"(dx)’,

d?f}, e }'k )(df)n )

SIKITIO K X — JesiKa VHKIA Bix £, ~ ~ x(1) . TOIi
d-y= }”(dY): 5 ,"_;;d:x:

-

3 . e 3 T e 2 . g I 3 B
d’y=y"(dx)” -3y dxd "x+ yd'x i TL

Skimo a1 (YHKIIHI U(x) pp v(X) .X— He3alJle)XHa 3MiHHA. ICHYHOTH
- n n - -
mngepenmiaan 4 4 ta d V_ Tomi

” o n,, . .
d” " (au +a,v)=ad " u—+a,d™v (91: a2 cTai).

d?(uv) = Cid" “ud*v.

=0



Ipukiat. 3saiftn mibepermian apyroro mopsuky odyekmii ¥ = VY73

— R
roumi Yo = 12
Po3B’513aHHA. 3TiIHO 3 (OPMYIOK 14 OOHICIeHHS IdepeHIiany Ipyroro
mopky ¢ ¥ =Y (@) g5unemoerses ¥

¥ =x'Jx-3+x(\fx=3) = Jx - )\/\’_ ii}%))

. 3l 1 -2 | 32(x-3)-x+2) 3(x-4)
204%=3 2J(x=3 | 4fx-3  4y(x-3)
2
V)= 12)=—2 =2,
Toul 4-27 9

, 2] s
d"y(xp) = 5((11')' :

OT1Ke.



p)

d vy

Ipuk1an. 38aitrn @¥  pyHKui,
x=Int, y=arctgt.

JAKaA 3da/laHa

mepeHNiroBaHES  (DYHKIIIL,

PIBHAHHAMIL:
Po3p’A3aHHA. 32  IIpaBIUIaMII
napaMeTpIYHO, MaeMO:
dy |
Ay _dt _ 1+t _ 1
de dx 1 144
dt t
dy' 1+t> 21’
dy _\d¢), (1+1r7)" t(1-t7)
dx‘? dx 1

dt t

(Lastoys

[IapaMETPITHO

3aJ[aHOo1



5. 3acTocyBaHHS MOXIAHOI

IIpaBsuaa JIoniTa/is po3KpHTTH HeBH3HavYeHocTeH (L'Hospital rule)

Teopema (I nparuno Jlonitaasd). SAKmo:

1) dyHKII f(x) j olx) andepeHiiioBHI Ha iHTepBati (a;b), @ (x)#0 ;g
i X(a: b).

BC
) lim () =limo() =0
e
3) icHye ckiHgYeHHa a0 HecKiHYeHHA rpaHuns - ¢ (x) |

o L)

TO iCHye rpagunsg @(x) , IPIYOMY Ma€ MicIle piBHICTE:

= _Flx) i £0)

ST e
fx)_ fx)-fla) _ fle)
o(x)  olx)-ela) ofe).




. 1§
x—u]n(x 1)

Ipuxnao. OOYICINTH IPAHIIIO

73
ek s
Po3é’a3annA. M MaeMo HEBH3HAYCHICTh THITY -0-, yHKii I (x )— x -8

i olr)=1n(~1) 35 0p0mmmoms YMOBH TeOPEMI B JIeSKOMY OKOMi Touxi 4 =2
3acToCyeMo TpaBILTO JIOMITAIS:

3 o 3. o) 32
fim — . b (x -8) = lim =12
-2(x-1) 0]  x2 (ln(x-l)) r—»’)l/(t 1)

o O
Il




Hacnioox 1. Teopema

mpy 4=+ jnpu 4 =%,

JTomiTansa

IIpuxnad. OOHCIHTH TPAHNIIIEO

[0]
Po3¢’a3anuA. MaeMO HEBH3HAYEHICTh THIY LV-.

JTomiTang:
. T —2arctgx
i]-lallx' o _1 g

|

0

0

]_

lim

x_’ —x‘

~2

lim

X—=+%

1

1+x° =7 lm .

CIIpaBEIIBa

T —2arctgx

1

e’ -1

0

x&

1

X

-
-

4

Ifx

O] 47

TakoX 1mpu 4=-%,

38CTOC}’€MO [IpABILIO

: 1
==X o



Hachaiooxk 2. SIKITO HTOXI1IHI J (x) 3 (r) 3aJIOBOJIBHAKOTE T1 caMi BHMOIH,

mo 1 pyHKII Y (’C) 1 @lx ), TO OpaBmIo JIomiTajas MOXKHAa 3acTOCyBaTH IIOBTOPHO.
ITp1 NEOMY OTPHMAEMO

. S e X)) s PR
Do) e o(x) rSaol(x).

I B3arami, npaBmwio JlomiTajass OpH BHKOHAHHI YMOB TeOpeMH MOXKHA
3aCTOCOBYBATH Oararopa3osBo.

. X—sinx
lim 3

Hpurxnad. O6aucanTn rpagmmo Y% X :

Po3e¢’a3annna. JlaHa rpaHHII JO3BOJISIE BUKOPHCTOBYBATH IIpaBHIO JIOmiTallsd

OaraTropa3oBO, AIIICHO:

. x—sinx 0] _ 1—cosx [07821)  ginx 015321 cosx
lim —=|—= J = lim s—=|—| = lm =|—=| = lim =
x—0 = (9] x—0 3Ix°



Haciook 3. SIKio B TeopeMi 3aMIHHTH YMOBY 2) Ha HaBeZIeHY HIDKYEe

2) ?_:?af(x)=31[n_g¢(x)=o«:,’ a60 %f(ﬂ:ligaf(x):ix, TO IIPaBHIIO

JlomiTallsg TaKOX Ma€ MicIe.
B 1npOoMy BHIOAIKy HOpaBliIO JIOmiTalus 3acTOCOBYETHCH UL PO3KPHTTA

o0

o0

HEBH3HAYECHOCTI THITY [ ] ( II mpasuo JlomiTansg).

bm BY_g

Ipuxnao. SIxkmo >0 1o x—>+m x& :

TO6TO JOBIIBHMIIT IOJATHHIT CTENiHE X 3pOcTae MBHIIIE, HiX 1 X mpm X —> +%C
Po3eé’azyeanna. JIiiicHO, 3acTocyBaBiH 11 npaBiuio JIOIMTAIS, OTPHMAEMO

E=[2]=um YX  wm Y o

X—+x of - x“-l X—+x of - x“



. n " a :
T00TO, mpH ¥ = +°C creneHeBa  (QyHKIA ¥ 3pocTra€e  MOBUIBHINIE,  HIK

) X

IOKA3HNKOBa GyHKmix 4 , @ >1
Po3é’asyéanna. JIilicHO, 3acTOCYBaBIIH HpaBHIO JIOHmiTals PO3KPHTITH
o0

o0

HEBH3HAYEHOCTI I: :I 1 pa3, OTPHIMAaEMO:

n n—_ n—_
. - . - - . —1 - . !
P =th=i=hmn(n ).,r = o = i £ =0
-2 a*hh‘a =2 a* - n"a




JACTOCYBAHH  JTU®EPEHUIAJBHOI'O YUCJIIEHHA
O NOCIIIIKEHHSA ®YHKIHIN TA INIOBYAOBU I'PADIKIB

I[ocmz[mn (YHKIIFO, 3aJlaHy aHAJIITHYHUM BHpPa3oM V=f(Xx), O3Ha4ae
BU3HAYUTH Takl 11 XapakKTCPUCTHUKH: OO0JACTh BHU3HAUYCHHS; IIAPHICTH 4YH
HEMAPHICTh, MEPIOAUYHICTh; MOHOTOHHICTh;, €KCTPEMyMH; HaHOLIbIIE 1
HaMMEHIIIE 3HAYCHHS B 3aJJaHOMY BIAPI3KY. SKINO € TOYKK pO3PUBY (PYHKIIII, TO
HEOOX1IHO JOCIIAUTH 1i HOBEIIHKY NOOIN3Y IUX TOYOK.

* Ji1st rpad1yHOTrO 300pakeHHs (PYHKIIT HEOOX1THO J0JAaTKOBO BU3HAYWUTH: TOYKHU

nepeTHuHy rpadika 3 OCSIMH KOOPAMHAT, OMYKIICTh HOr0; TOYKH HEPETHHY;
ACUMIITOTH.



O3navenns 1. SIKio KOX)KHOMY 3HAYEHHIO X 3 JIEAKOI YHCIIOBOI MHOKMHUA X
3a [IEBHUM IIPABUJIOM ITOCTABJICHE Y BIAMOBIIHICTh €MHE YHUCIIO ), TO KaXYyTh, L0

y € (hyHKyia B X 13a0UCYIOTh ) = f(X).
O3navennss 2. CyKkynHICTh 3Ha4€Hb X, NMPH SKUX (DYHKIISA y ICHYE, Ha-

3UBAETLCH 001ACHI0 BU3HAYEHHA (PYHKYIL.
O3navenns 3. Hexait Qynkmis y= f(x) Bu3HAueHa B 00J1aCTI, CAMETPUYHIN

BIJTHOCHO MOYATKy KOOpAUHAT. Tol, SKII0
f (X) - _f (X) ’
TO (DYHKIIIS HA3UBAETHCSA HENAPHOI0, A TIPH
f(x)=f(-x)
— RAPHOI0.
O3navenns 4. OyHKIIA HA3UBAECTHCSA HEPIOOUUHOI0, SKIIO ICHYE TAKe JIACHE
yucio [ #0, mo, npu Oyab-IKUX 3HAUCHHSAX apTyMEHTY X 13 00J1aCT1 BU3HAUEHHS
f(x)=f(x+k),

ne k — e yucno, / — nepiop.



O3navenns S. SIkuo s ABOX Oyab-SKUX PI13HUX 3HAYEHb apryMEHTY X| 1 X
3 00J1aCT1 BU3HAYEHHS 13 HEPIBHOCTI X| < X» BUKOHYIOThCSI HEPIBHOCTI:
f(x1)< f(x9), TO PyHKIIISI HA3UBAETHCS 3POCMAIOUOI0,
f(x)) < f(x9), TO — He chadnow,
f(x1)> f(x7), TO — cnaonoro,
f(x1)2 f(x9), TO — He 3pocmarouoro.

3pocraroul, cnajHi, HE 3pOCTar4yl, HE CHajHl (PYHKIl HA3UBAKOTHCI MOHO-
MOHHUMU.
O3HaveHHsi 6. OyHKIIA y = f(X) Ma€ J10KaIbHUI GHYMPIUWIHIT MAKCUMYM

(MIHIMyM) B TOYLl X = X, AKIIO

1) f(x) Bu3HaueHa B TO4Lll X; 1 il JOCTaTHbO MaJOMy «O-OKOJi», TOOTO
X0 —8<x<x0+8;

2) Bci 3HaYeHHS QYHKIIIT 3 « 0-0KOJIY» MeHII1 (OUIbIIN) HixK 11 3HaYEHHS B TOYIII
Xg, 10670 f(x)< f(x0) [f(x)> f(x0)].

['eomMeTpUUHUN 3MICT IIOTO 3pO3YMUINM 13 pPUC.



Xpd o X Xtoo

Puc.

X-9

X

X0

>()

N

Xt0



O3navenns 7. HailOunpimmii 3 MaKkCMMyMIB 1 HAUMEHIIUN 3 MIHIMYMIB Ha3H-

BAKOTb HAUOINbMUM | HAUMEHIMUM 3HAYCHHAM (DYHKUIT HA 8IOPI3KY.
3acTocyemMo TU(EPEHIIFOBAHHS 10 BU3HAYEHHS MOHOTOHHOCTI (DYHKITIH.

Teopema (neoOxigni ymoBu). fxmo audepeHmiiioBana Ha 1HTEepBam (a;b)
bynkuis f(x) spocmae (cnanae), To f'(x)20 | f'(x)<0] s Vxe (a;b).

Teopema (moctaTni ymoBu). Skmio QyHKIis AUdEepeHIIHOBaHA HA IHTEPBAII
(a;0) 1 f(x)>0 [ f'(x)<0] nns Vxe (a;b), 10 ug QyHKuis 3pocmae (cniaznac) Ha

IHTepBan (a;b).

Omxe, 00 3HAMTH IHTEPBAJIM MOHOTOHHOCTI (DyHKIIT f(x), HEOOXITHO:

— 3HAWTHU MOXIAHY JaHO1 (DYHKIIII;

— 3HANTHM KPUTHYHI TOYKH 3 piBHAHHA f (x)=0 i3 ymMoBH f'(Xx)=o0;

— PO30UTH KPUTUYHUMH TOYKAMH 00JIaCTh ICHYBaHHS (DYHKIIII HA IHTEPBAJIH;

— BU3HAYMTHU 3HAK MOXIHOI HA KOKHOMY IHTEpPBAJII; SIKIIO TMOXIHA J0JaTHA —
(GyHKII1s 3pocTae, AKIIO Bl €MHA — (DYHKIIIS CIAJa€ B IIbOMY IHTEPBAJIL.



Teopema (HeoOxigHa ymoBa ekcTpemymy). SKimo auQepeHIIiOBaHa
(yHKUIA y = f(X) Mae eKCTpeMyM B TOUL(l X, TO 1i OX1/HA B LI1i TOYLIl JOPIBHIOE
HyIo, T06T0 f” (X)) =0.

Teopema (gocTaTHs ymoBa ekcTpeMymy). SIKIIO HemepepBHA (YHKIIIA
y= f(x) mudepeHiiiioBaHa B AEIKOMY «O-OKOJi» KPUTHYHOI TOYKH X[ 1 TIPH
repexoii yepes Hei (371iBa HANpaBo) MoXigHa f (X) MiHSE 3HAK 3 «H» HA «-», TO X,
€ TOYKOI MaKCHMyMy; SIKILO 3HAK IOXIJXHOI 3MIHIOETBCS 3 «—» Ha «t», TO X —
TOYKA MIHIMYMY (JIUB. pUC. ).

Omxe, 00 AOCTIIUTH (YHKIIIO HA EKCTPEMYM, HEOOX1IHO:

— 3HaliTH KpUTHYH] ToukH QyHKL(i i3 piBHAHES [ (x)=0;

— BUOpATH Ccepe/l HUX BHYTPILIHI TOUKH 00J1aCT1 BU3HAUCHHS;

— JIOCII/IUTH 3HaK MoxigHoi f”(x) 3/iBa i cripaBa BiJi KOXKHOI KPUTHYHOI TOUKK;

— BUIIUCATH Tl TOYKH, JIE € EKCTPEMYM;

— 3HAUTHU 3HAYEHHS (PYHKIIIT B TOYKAX EKCTPEMYMY.



JI7ist OCHIIKEHHSI HAa E€KCTPEMYM MOXKHA CKOPUCTATUCh TMOHSATTSIM OpPYroi
noxigHoi f”(x).

Teopema. Slkmo B Toumi xy f'(x9)=0, a f"(x9)#0, To mpu f"(xy)<0
(yHKIis Ma€e B miit Touni MakcuMyMm, a ipu f~ (xg) >0 — MiHIMyM.

[1100 3HaliTH HaNOLIbIIE 1 HAWMEHIIIE 3Ha4YeHHs (DYHKIIT HA BIAPI3KY, Tpeoa:

— 3HAWTU KPUTUYHI TOYKU (DYHKIIT HA BIAPI3KY [a;b];

— 00YHCIUTH 3HAYCHHS (DYHKIIIT B [UX TOYKAX;

— oOuucnuTu 3HaueHHs QyHKii f(a) 1 f(b);

— cepell OOYMCIEHHX 3HAYEHb BKa3aTH HaMOUIbIIE f... (X) 1 HaiiMeHIe

Jmin(%).



Mpuxaaa. Jocuigutu Gyakuio f(x)=x" —3x—4 Ha MOHOTOHHICTb.

Po3B’A130K.
@yHKIIIS BU3HAYEHA NIPU (—o0 < X < +o0),

TMoximna dyrkuii f/(x)= (x> —3x —4) =3x> -3.
Kputuuni Touku: f'(x)=0, 3x? -3=0= X2 =%l.

Po310’em0  oOnacTe  ICHyBaHHA  Ha  IHTEpBaJld  MOHOTOHHOCTI:
(—e<x<-1NU(-l<x<])U(l<x<+c0).
Bu3Hauaemo 3HaK MOX1AHOI 1 MTOBEAIHKY (DYHKIII:

1) —co<x<—1: f(x)>0  — QynKuis 3pocTac;
2) -l<x<l: f'(x)<0 - dyskuisg cnazae;
3)l<x<+4eo:  fI(x)>0  — dyHKuig cnagae.
['padiuHo:
! -+ —
3HaK '(x) S

X

-1 1
noefinka y(x) 7 T~ @ _ 7

Puc.



3
Ipuknan. 3HaiiTu ekcTpeMyMH QyHKII f(x) = % - %xz +2x-3.

Po3B’A30K.
O01aCcTh BUBHAUEHHS —o0 < X < 400 ,

3 ’
Kputnuni  touku: f(x)=0, f'(x)= (% - %xz +2x— 3J =x2 -3x+2,
x* =3x+2=0=> x5 =1;2.
To4ok, e moxigHa HE ICHYE, HEMAE.
3a nepuoo MoXiaHOK:
3HaK y'(x) + - ;

; |
MOBEAIHKA Y(X) 7 = TNy 2/
Puc. .
Otxe, Touka x =1 € TOUKOIO MAKCUMyMY, a TOYKa X =2 € TOYKOK MIHIMyMY.

>
X

3HaueHHs QYHKLII B IHUX TOYKAX: fmax = f(1) =—%, Fuinlx)=f (2)=—%. 3a

apyroro noxigaow: f7(x)=2x-3; f'(1)=-1<0; f7(2)=1>0. Orxe, B TOYL]
x =1 QyHKUIS AICTaE MAKCUMYMY, a B TOYIll X =2 — MIHIMyMY.



3amgauya. BuzHauuTHU pO3MIpHU LHHWJIITHIAPHUHYHOTrO Oaka o0’emy V , mpu sIKUX Ha
MO0 BUI'OTOBJICHHS IT1/I€ HAMMEHIIIE MaTepiany.
Po3r’si30k. Hexali paniyc ocHOBMU Oaka », a Bucora moro /4. Tomal moBHaA 1o-

BEpXHs1 Oaka S = 27002 + 210k . Ile dyHKIIsT ABOX 3MIHHUX » 1 A . Bupasumo
= V2 , OCKINIBKH 00’em V 3amanuini. OTxke, S =S5((r)= 2102 + 210 V2 ado

T T
Sr)=2m2 +2L.

z
3HaAAEeMO KPUTUYH]1 TOYKH:
S (r)=0; S'(r)=47tr—z, 2 27'l:r—L =) 27tr—£=0 :>r=3‘/L :
) 2 ;2 27
- . ) — 2V i
3HanaeMoO 3HaK Apyroi noxiagHoi S () =2| 2w+ —= = O Ha mpoM1XKKY (0;4o0) .
2
A V ; e
OT1xe B TOYIll » = 3 B dysKIIIsT S(7) Ma€ MIHIMYM.
7T
Toni Bucora h = A =23 /L =2,
2 21T

&6

BignoBiabk: Bucora 6aka moBuHHAa OyTH BJB14Y1 OUJIBIIIOKO pajilyca OCHOBH, 100
Ha BUTOTOBJIEHHs Oaka 00’ ’emy V' minuio HaiMEHIIE MaTepilany.



puknan. 3HaiiTn  HaOLTBIIE 1  HAMMCHIIE 3HAYCHHS  (YHKI
f(x)= W44 +1 a BUIPI3KY [-21].
PosB’sisok. 3maiizemo Kputmumi Toukd i3 piBEgEEs [ (x)=0,

F0)=0r" +40 +1) =120 +126%, 120 41264 =0 2 x=xy =0, 1y =-1.

Toukn x=-11 x=0 Hanexarb mpoMKKY [-2;1], TOMY 3HAXOMMO 3HAYCHHS
Qynkmii B max Toukax f(-1)=3-4+1=0, a f(0)=1. 3naiigeMo 3HauCHHA
(QyHKmii Ha KiHnAX BiIpi3ky f(-2)=48-32+1=17, f(1)=8. Orxe, cepen mux
3HAYCHb HAMOLTBILE f,,vc = f(=2) =17, a Haiimenwe ... = f(-1)=0.



. OnykJjicTh KpuBUX. TOYKHM NeperuHy

O3unavennss 1. KpuBa y = f(x) Ha3UBA€ETbCI ONYKI0I0 HA IHMEPEAi, SIKIIO
BC1 11 TOYKH, KPIM TOYKH JIOTUKY, JISKATh HUXKYE 11 JIOTUYHOI HA ILOMY 1HTEpPBAJII.
O3navenns 2. KpuBa y = f(x) Ha3uUBAETHCS YGIZHYMOIO HA IHMEPBA, SIKIIO

BCl1 11 TOYKH, KPIM TOYKH JIOTUKY, JISXKATh BUIIE 11 JOTUYHOI HA IIbOMY 1HTEpBaJIl.

O3navennss 3. Toukow nepezuny HA3UBAETHCS TOYKA KPHUBOI, KA BIUIUISE
ONYKJIICTh B1J] YBITHYTOCTI.

[HTEpBaJIM OIMYKJIOCTI 1 YBITHYTOCT1 3HAXOASTh 3a JOIIOMOTOK TEOPEMHU.
Teopema. Hexaii dynkins y = f(x) € naBivi nudepeHiirioBasorw Ha (a:b). Tomi:

—sakuo f7(x) <0, TO KpuBa ONMYyKJIA;

— ko f(x) >0, To KpuBa yBIrHyTAa.

B Touni nneperuny f (x)=0 abo He icHye [ (x)=oo.

Teopema. Hexail xj — KpUTU4YHA TOYKA JAPYroro poay. SIKmo mnpu nepexoil ye-
pe3 Hel f”(x) 3miHIOE 3HaK, TO Touka M (x; /(X)) € TOYKOIO MEPEruHy KPUBOI.

Otxe, 1100 3HAUTHU TOYKHU NMEPETUHY, HEOOX1THO 3HAUTHU KPUTHUYHI TOYKHU JIPY-
roro poay i3 piBHsHHA [ (x)=0 (abo o) i AOCHiAMTH 3MiHYy 3HaKa JPYyroi
IMOX1THOT MPHU TMEPEXO0/I1 Yepe3 11 TOUYKH.



[Ipukaan. 3HalTH IHTEPBAIIHU OIMYKIIOCTI, YBITHYTOCTI T TOYKH NEPETUHY KPUBOI
f(x)=x5 -x+2.

Po3B’s130Kk. O071aCTh BU3HAUEHHS —o0 < X < oo, Tak gk [ (x)= 20x° , TO KpH-
THYHA TOYKA JPyroro poay ogHa - x =0. Po30uBaemMo 001acTh BU3HAUYECHHS HA /IBA
tHTepBaU (—o0;0) U (0;4+00) 1 HOCTIKYEMO 3HAK JAPYrol MOXITHOI TPU MEPEXOI
yepe3 I TOUKY.

[arepBan (—;0) — f"(x) <0, kpusa omykia; (0;4+e) — f”(x)>0, kpuBa yBi-
rayta, omke M (0;2) € TOUKOr meperuHy (hyHKIII.



. ACHMIITOTH KPUBOI

Osnauenns. [IpsMa /| Ha3UBAE€TbCSA ACUMNMOMOIO0 KPUBOI, SKIIO BIICTaHb O
B1Jl 3MIHHOI TOYKM KPHUBOI JI0 L€l TPAMOI MpAMYE 10 HYJIA, KOJM To4ka M , py-
XaKUHUCh 10 MPSAMIN, BIJJIANSETHCSA B HECKIHUYCHHICTb.

PO3pI3HAIOTP aCUMNOTOTH BEPTHKAIbHI 1 HEBEPTHKAIbHI (TOPU30HTANIBHI 1
MOXUJI1).

PIBHSHHS BEPTUKAIBHOI aCUMITOTH X =Xy, AKIO lim f(x)=oco, TOOTO B
X—X
0

TOUYKaX pO3pUBY (DYHKIII1 3aBXK/IH € BEPTHUKAJIbHA aCUMIITOTA.
PIBHSIHHSA NOXWJIO1 aCUMIITOTU MA€ BUTJIS]L

y=kx+b,
e f= tim 2= tim £9; b= fim (1(0)-R).
X=X x—oo X X—>00

P1BHSIHHS TOPU30HTAILHOT ACUMIITOTH Y =b.



" Ilnan gocnizkenns Gynxuii Ta modynosa ii rpadixa

| BusHauaemo o0macts gomyctumix 3xaueHs (O/13).
2. Busiiaemo, un € (pyHKII1S IApHOKO a00 HEapHOK, EPIOMYHOK) TOMIO.
3. 3HaX01UMO TOUKH EKCTPEMYMY Ta IHTEPBAIH MOHOTOHHOCTI.

4, 3HaX0MMO TOYKH TIEPETHHY Ta IHTEPBAIH OMYKIOCTI.

5. 3HAXOMMO PIBHAHHA aCHMIITOT Fpapika (YHKIIII (IKIIO BOHH €).



X

Ipuxaan. locnmautu pyHkmio y = Ta noOyayBartH ii rpadik.

l—x2

Po3B'siz0k. 1. @yHKIlIS HE BU3HAUeHa B Toukax x =—1, x=1. Obnacts ii BU-
3HAYEHHS CKJIAJIA€ThCA 3 TPhOX 1HTEPBAIIB (—oo;—1) U (—1;+1) U (+1;400), a rpadik
— 3 TPHOX TLJIOK.

2. OyHKIA HEMapHa, TOMYy m0 y(—x)= T e B

l={ax)® T=un"
rpadik ii CUMETPUYHUM BIJIHOCHO MOYATKy KOOPAUHAT 1 sl MOOY/I0BU JOCTATHBO
noOyayBaTH HOTro B 4acTUH1 x = 0.
3. OyHKIIS HEMEPIOAUYHA.
4. Touku mepetuHy rpadika 3 ocsamu koopauHat: mpu x=0 py=0 rpadik

=—y(x). Orxe,

nepetuHae oci koopaunar B Touul 0(0;0).



5. [Ipsami x=1 1 x=—1 € BEepTUKAJIbHUMHU ACUMITOTAMU. 3HANAEMO TOXWUII1
ACUMITOTH:

X
o Fen? 1 . :
k= lim = lim 2=O,k=01npnx++oo1npu X —>—o0;
X—oo X X—oo ] —x

b=lim[y—loc]=lim[ : —O-x:|=lim L sy

X—o0 xX—oo| | — x2 X—oo ]| — x2
Otxe, y=0 (Bick Ox) € TOPU3OHTAIBHOK ACUMIITOTO 1 MPU X —> +oo, 1 TIPH
X —>—oo,



6. Jocmiaumo moBemiHKy (QyHKIII B TOYkKax po3puBy x=-1 1 x=1 Ta npu
X400 1 X —>—00;

: % , —-1-¢ : —-1-¢ ; —-1-¢
lim 5= lim 5= lim T lim e
¥—-11—x EWl—-(—~1-g) ENI-({+2e+€ ) EIN-2e~E
. —-1-¢
= lim =+o0;
e—0—€(2+¢)
! x : —-l+¢€ : —-l+¢€ . —1+¢
lim 5 lim i lim N lim 5=
¥-I1-x" EW]—-(-1+g) €EWV]1-(1-2e+€) EIN2e-E
. —1+¢
= lim = —00;
e—>0&(2—¢)
lim =4o0: lim —— =—oo:
x—)ll—x2 x—)ll—x2
: X . X
lim 2—0, lim 2—0.

x——oo]—x X—+oo] —x



7. 3HAaMOEeMO 1HTEpPBAJIU MOHOTOHHOCTI PYHKIIII:

y,_( X ]’_1(1—x2)—x(-2x)_ 2 +1
Kpurtnuni touku x; =—1, xy =+1 ()=o),

l—x

Toni B 1HTEpBAI:

(—o0;=1) >0 | (PYHKLIS 3pOCTaE;
(-1;0) ¥ >0 — (DYHKLLiS 3pOCTac;
(0;+1) y'>0 — (YHKLIS 3pOCTaE;

(+1;40)  y'>0 — (yHKIIIS 3pOCTac.



8. Jlocrmizmmo (yHKIi0 Ha ekctpemyM. Jns mporo y #0, Togi y =oo |
xy==l, Xp=1 - KpUTHYHI TOYKH, ANe BOHH HE HANEKATh 00JACTI BU3HAYCHHS

Qynkuii. OTke, QYHKIILL HE Ma€ eKCTPEMYMIB.
9. JlocmmMo (DYHKIIIO HA OMYKMICT. HAHAEMO CTI0YATKY APYTY MOXITHY

/- 241 ] _2u(l-x) (1 +120-x7)20) _ 2a(x’ +3)
_(1—x2)2_ (-2 1-p

Touxu mepernny rpadixa 3HaiieMo cepej THx, ¢ ) JOpIBHIOE HYITI0 400 He

icaye. Le Touku x=-1, x=0, x=1. Ockuibki Touku x==11 He Hanexkarh 00-
nacti 1cHyBanHg (yHkui, To pr x=0 y =0, 10610 TOuKa O(0;0) € TOUKOKW TIE-

PEruHy rpagika.



34 JHIMH I0CTIKCHHA CKIATAEMO TaOMHIIO 1 OOYIyeMO rpagIK:

IHTCPBATH 00 (~o;=1)] 1] (=1;0) 0 (O | 1] (L4o) | oo
y } } 0 } }
[10BE/IIH- | § 101K % |
@ (my=0 /18 TIEPETHHY /187 i y=0
oo LU U]




Puc. .



