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Linear homogeneous recurrence relations
with constant coefficients

@efinition 1
A linear homogeneous recurrence relation of degree k
with constant coefficients is a recurrence relation of

the form
A, = C1Ay_1 + C20p_» + -+ CrAy _,

where ¢4, ¢y, ..., i are real numbers, and ¢, # 0.



Linear homogeneous recurrence relations
with constant coefficients

o Ap, = C1Ay_1 + C20p_» + -+ CrQpy_

A sequence satisfying the recurrence relation in the
definition is uniqguely determined by this recurrence
relation and the k initial conditions:

Ag = Co,al = Cl! e, Ape—1 = Ck—l'



Linear homogeneous recurrence relations
with constant coefficients

fexample 1

The recurrence relation
P, = (1.11)P,_4

is a linear homogeneous recurrence relation of degree

one.



Linear homogeneous recurrence relations
with constant coefficients

fexample 2

The recurrence relation
fan = fa-1t fa—2
is a linear homogeneous recurrence relation of degree
two.
The sequence of Fibonacci numbers satisfies this

recurrence relation f,, = f,,_1 + f,,—» and also satisfies
the initial conditions f, = 0, f; = 1.



Linear homogeneous recurrence relations
with constant coefficients

fexample 3

The recurrence relation

ap = Ap-s5
is a linear homogeneous recurrence relation of degree
five.



Linear homogeneous recurrence relations
with constant coefficients

fexample 4

The recurrence relation
_ 2
an - an—l + an—z

is not linear.



Linear homogeneous recurrence relations
with constant coefficients

fexample 5

The recurrence relation
Hn — 2Hn—1 + 1

iIs not homogeneous.



Linear homogeneous recurrence relations
with constant coefficients

fexample 6

The recurrence relation
B, =nB,_4

does not have constant coefficients.



Solving linear homogeneous recurrence relations
with constant coefficients

Phe basic approach for solving linear homogeneous
recurrence relations

A, = C10p_1 T+ CQy_» + -+ Cry_
is to look for solutions of the form
a, =1",
where 1 is a constant.



Solving linear homogeneous recurrence relations
with constant coefficients

Note that
A, =7
is a solution of the recurrence relation
A, = C10p_1 +C2Qp_o + =+ CrAp_x
if and only if
=™l 4 ™2 et TR,



Solving linear homogeneous recurrence relations
with constant coefficients

. =™l 4,2 R
K

When both sides of this equation are divided by r"*™%,

we obtain the equation
k _ k—1 k-2 4 ...
rt = cqr + C,T + o+ Cp_q7 + .

When the right-hand side is subtracted from the left we

obtain the equation

k k-1 k—2

r —cqr — C,T — oo — Cp_1T" — ¢, = 0.



Solving linear homogeneous recurrence relations
with constant coefficients

Gonsequently, the sequence {a,,} with a,, = r™is a
solution of linear homogeneous recurrence relations
with constant coefficients

Ap = C10p_1 + C2An_3 + -+ Cpp_j (%)
is a solution if and only if
r is a solution of this last equation

k _ k-1 _ k-2 _ ... _ P

r Cc1T CyT Cyp_17" — ¢, = 0.

We call this the characteristic equation of the
recurrence relation ().

The solutions of this equation are called the
characteristic roots of the recurrence relation ().



Solving linear homogeneous recurrence relations
with constant coefficients

As we will see, these characteristic roots can be used to
give an explicit formula for all the solutions of the
recurrence relation.



Solving linear homogeneous recurrence relations with
constant coefficients of degree two

Pheorem 1

Let ¢; and ¢, be real numbers. Suppose that
ré—cir—c, =0
has two distinct roots r; and 5.

Then the sequence {a,,} is a solution of the recurrence
relation

Ap = C1Ap_1 T C2an_»

if and only if a,, = ayr{ + a,1r} forn=0,1,2, ...,
where a; and a, are constants.



Proof of theorem 1

3Ifry and ry, are roots of 4 — ¢yr — ¢, = 0, @4 and a,
are constants then the sequence {a, } with a,, =

a.r{" + a,ry is a solution of the recurrence relation
A, = C10y_1 +C20,_5 .

ré =cry ey, TE= 1y + G

U
C10p—1 T C20p_3 =
ci(aar ™+ o) F (g T+ apry ) =
arr{ 2 (e + ¢p) F apr T (eary + ¢p) =
A TATE + a T =
ar{" + a,r)t =
a,



Proof of theorem 1

2 If the sequence {a,,} is a solution of a,, = c;a,,_; +
C,Qn_, ,thena, = a;r{* + a,ry forn =0,1, 2, ..., for
some constants a; and «,, where r; and r, are distinct
roots of r¢ — ¢;7r — ¢, = 0.

Let 1a,, ; is a solution of the recurrence relation
An = C1Ap-1 T C20yn >
and the initial conditions ay = Cy, a; = €4 hold.



Proof of theorem 1

2 If the sequence {a,,} is a solution of a,, = c;a,,_; +
C,Qn_, ,thena,, = a;r{* + a,ry forn =0,1, 2, ..., for
some constants a; and «,, where r; and r, are distinct
roots of r¢ — ¢;7 — ¢, = 0.

It will be shown that there are constants a; and a,such
that the sequence {a, } with a,, = ar{* + a,r)’
satisfies these same initial conditions ay, = Cy, a; = Cj.



Proof of theorem 1

2 If the sequence {a,,} is a solution of a,, = c;a,,_; +
C,Qn_, ,thena, = a;r{* + a,ry forn =0,1, 2, ..., for
some constants a; and «,, where r; and r, are distinct
roots of r¢ — ¢;7r — ¢, = 0.

This requires that
a, = 0y =aqr; + a,ry,
We can solve these two equations for a; and «,:
Cl - Corz Cor]_ - Cl

a1 o>

rn—n n—n



Proof of theorem 1

2 If the sequence {a,,} is a solution of a,, = c;a,,_; +
C,Qn_, ,thena, = a;r{* + a,ry forn =0,1, 2, ..., for
some constants a; and «,, where r; and r, are distinct
roots of r¢ — ¢;7r — ¢, = 0.

Hence, with these values for

C1 — Cory Cory — C4
al —_ ) az — )
rHn—n n—n

the sequence {a,, } with a,, = a;r{* + a,r}},
satisfies the two initial conditions ay = Cy, a; = Cj.



Proof of theorem 1

2 If the sequence {a,, } is a solution ofa, = cia,,_1 +
C,an_, ,thena,, = a;r{* + a,ry forn =0,1, 2, ..., for
some constants a, and a,, where r; and r, are distinct
roots of r¢ — ¢;7 — ¢, = 0.

We know that {a, } and {a;7{* + a,1r;'} are both
solutions of the recurrence relation a,, = c;a,,_1 +
c,a,_, and both satisfy the initial conditions when
n=0andn = 1.

Because there is a unique solution of a linear
homogeneous recurrence relation of degree two with
two initial conditions, it follows that the two solutions
are the same, that is, a,, = a 1r{* + a,r;" for
n=2012,..m



Solving linear homogeneous recurrence relations with
constant coefficients of degree two

Example 7

What is the solution of the recurrence relation
Ap = Ap-1 + 20y

withay, =2 anday = 77?

Solution

The characteristic eqt%ation of the recurrence relation is
r«—r—2=0.

Its roots are
r=2andr = —1.
By theorem 1, a,, = a,2"™ + a,(—1)™.



Solving linear homogeneous recurrence relations with
constant coefficients of degree two

Bxample 7

What is the solution of the recurrence relation
Ap = Ap-1 + 20y

withay, =2 anday = 77?

Solution

a, = a;2" + a,(—1)"

Ay = 2 = a1 + a5,
7=a,"2+a, (—1),=
a; =3,a, =—1,=

a, =3-2"—(—1D".

Q
[
|



Solving linear homogeneous recurrence relations with
constant coefficients of degree two

Bxample 8 (Fibonacci numbers)
What is the solution of the recurrence relation

fn = fn—l T fn—z
with fo =0 and f; = 1?
Solution

The characteristic equation of the recurrence relation is
rée—r—1=0.
Its roots are
r=(1++vV5)/2andr =(1-+5)/2.
By theorem 1,

frn = al((l + \/g)/Z)n + az((l — \/E)/Z)n.



Solving linear homogeneous recurrence relations with
constant coefficients of degree two

Bxample 8 (Fibonacci numbers)
What is the solution of the recurrence relation

fan = fn-1+ fn—2

with fop =0 and f; = 1?
Solution

fo=a (1 +V5)/2)" + ay((1-V5)/2)"
fo=0=a; +ay,
fi=1=a,((1+V5)/2) +ay((1 -V5)/2),=
a, = 1/\/3,(12 = —1/\/3,:>
fo=1/V5((1+V5)/2)" + (- 1/¥5)((1 -5)/2) .




Solving linear homogeneous recurrence relations with
constant coefficients of degree two

Pheorem 2

Let ¢; and ¢, be real numbers with ¢, # 0. Suppose

that

2

r“—cir—c, =90

has only one root ry,.
A sequence {a, } is a solution of the recurrence relation
ap = C1Qp-1 T+ C2ap—>

if and only if a,, = aqrg + a;nrg forn=20,1,2, ...,
where a; and a, are constants.



Solving linear homogeneous recurrence relations with
constant coefficients of degree two

Example 9

What is the solution of the recurrence relation
ap = 6an_1 —9a,;

withay =1 and a; = 67

Solution

The characteristic equation of the recurrence relation is
ré—6r+9=0.
Its root is
r = 3.
By theorem 2, a,, = ;3™ + a,n3™.



Solving linear homogeneous recurrence relations with
constant coefficients of degree two

fexample 9

What is the solution of the recurrence relation
ap = 6an_1 — 9a,;
withay =1 and a; = 67

Solution

a, = a;3" + a,n3"

a, = 1 =ay,
a,=6=a1"3+a,"3,=>
a,=1,a,=1,=

a, = 3" +n3".



Solving linear homogeneous recurrence relations with
constant coefficients of degree three

Pheorem 3

Let ¢4, Co, ..., Cx be real numbers.
Suppose that the characteristic equation

rk — el —c k2 — i — v —¢c, =0
has k distinct roots 7y, 15, ..., 7.

A sequence {a, } is a solution of the recurrence relation
A, = C10p_1 +C2Qp_o + **++ CrAp_x
if and only if a,, = a 1] + ayry + -+ a1y,

forn=20,1,2,.., where a4, a5, ..., @) are constants.



Solving linear homogeneous recurrence relations with
constant coefficients of degree three

Example 10

What is the solution of the recurrence relation
a, = 6a,_, —1la,,_,+6a,,_;

with ap = 2,a, = 5,a, = 15.

Solution

The characteristic equation of the recurrence relation is
r3—6r¢+11r — 6 = 0.
Its roots are
rn=1r= 2,13 = 3.
By theorem 3, a,, = a; - 1" + a, - 2" +a5 - 3™.



Solving linear homogeneous recurrence relations with
constant coefficients of degree three

Bxample 10

What is the solution of the recurrence relation
a, = 6a,_4—1la,,_,+6a,,_3

with ay, = 2,a; = 5,a, = 15.

Solution

a, =a; 1"+ a, - 2™ +a5 - 3"

Ay =2 = a1 + a, + as,

A, =5=a;+a, 2+ a3-3,

a, =15=a;+a,"4+a3-9,=
a;=1,a,=-1,a; =2,

a, =1-2"+2-3"



Linear nonhomogeneous recurrence relations
with constant coefficients

Pefinition 2
A linear nonhomogeneous recurrence relation with
constant coefficients is a recurrence relation of the
form
A, = C10p_1 +CoQy_o + -+ i + F(n),

where ¢y, Cy, ..., Ci are real numbers, ¢, # 0; F(n) is a
function not identically zero depending only on n.
The recurrence relation

A, = C10p_1 T CQy_5 + =+ Cr Ay
is called the associated homogeneous recurrence
relation.
It plays an important role in the solution of the
nonhomogeneous recurrence relation.




Linear nonhomogeneous recurrence relations
with constant coefficients

xample 11

The recurrence relation
a, = a,_q + 2"

Is a linear nonhomogeneous recurrence relation with
constant coefficients.
The associated linear homogeneous recurrence relation

IS
Ap = Ap-1.



Linear nonhomogeneous recurrence relations
with constant coefficients

example 12
The recurrence relation
a,=a,_1+a, ,+n*+n+1
Is a linear nonhomogeneous recurrence relation with

constant coefficients.
The associated linear homogeneous recurrence relation

IS
p = Ap-1 + Ap—3.



Linear nonhomogeneous recurrence relations
with constant coefficients

example 13
The recurrence relation
a, = 3a,,_, + n3"
Is a linear nonhomogeneous recurrence relation with

constant coefficients.
The associated linear homogeneous recurrence relation

IS



Linear nonhomogeneous recurrence relations
with constant coefficients

xample 14

The recurrence relation

a, =ay_1+ a,_, +a,_3 +n!

Is a linear nonhomogeneous recurrence relation with
constant coefficients.

The associated linear homogeneous recurrence relation
IS



Linear nonhomogeneous recurrence relations
with constant coefficients

Bheorem 4

If {a,(f)} is a particular solution of the
nonhomogeneous linear recurrence relation with
constant coefficients

A, = C10p_1 + C2Ap_o + -+ Crap_i + F(n),

then every solution is of the form {a,(,tp) + a,gh)},

where {a,gh)} s a solution of the associated

homogeneous recurrence relation
A, = C1A,_1 + C20p_» + =+ + CrAp_-



Proof of theorem 4

Because { (p)} is a particular solution of the
nonhomogeneous recurrence relation

A, = C1Ap_1 + Co0y_o + -+ Ccray_i + F(n),
we know that

a,(,tp) = cla(p) + cza(p) + -+ ckagp_)k + F(n).



Proof of theorem 4

Mow suppose that {b, } is a second solution of the
nonhomogeneous recurrence relation

A, = C10p_1 + CrAp_o + -+ Cray_ + F(n),
so that
b, =cib,_1+ Ccyby_o + -+ Crb_; + F(n).



Proof of theorem 4

0,

a,(f) = cla(p) + cza(p) + - cka(p) + F(n),

b, = ciby,_1 + Cybyy_o + -+ Ci by + F(n).

Subtracting the first of these two equations from the second

shows that
by — a,(lp) =

= 1 (baoa =) + Co(bng — AL) + -+ Celbni—a).
It follows that {b — a(p)} is a solution of the associated
homogeneous linear recurrence relation, say, { ( )}

Consequently, b,, (p) + a(h)



Linear nonhomogeneous recurrence relations
with constant coefficients

fexample 15

Find all solutions of the recurrence relation
a, = 3a,_1 + 2n.

Solution

This is a linear nonhomogeneous recurrence relation.

The solutions of its associated homogeneous
recurrence relation
Ap = 30p-1

are a,gh) =a- 3™



Linear nonhomogeneous recurrence relations
with constant coefficients

example 15

Find all solutions of the recurrence relation
a, = 3a,_1 + 2n.

Solution

We now find a particular solution.

Suppose that p,, = cn + d, where c and d are
constants, such a solution.
cn+d=3(c(n—1)+d) + 2n,
(2+ 2c)n+ (2d — 3¢c) = 0.



Linear nonhomogeneous recurrence relations
with constant coefficients

Bxample 15

Find all solutions of the recurrence relation
a, = 3a,_1 + 2n.

Solution
(24 2c)n+ (2d — 3¢c) =0,

{2+2C=0, N
2d — 3¢c = 0,

=-1l,d=—-—z7,=>
‘ 2

a,(lp) =-n—3/2,=

an =a,(1p)+a,(1h) =-n—3/2+a-3™M



Linear nonhomogeneous recurrence relations
with constant coefficients

fexample 16

Find all solutions of the recurrence relation
a, =5a,_;1 —6a,_, + 7"

Solution

This is a linear nonhomogeneous recurrence relation.

The solutions of its associated homogeneous
recurrence relation

are a,gh) =a- 3"+ a, - 2™,



Linear nonhomogeneous recurrence relations
with constant coefficients

Bxample 16

Find all solutions of the recurrence relation
a, = 5a,_1—6a,_, + 7"

Solution
We now find a particular solution.

Suppose that F(n) = C - 7", where C is a constant,
such a solution.

C-7"=5C-7""1—6C-7"2+ 7,
49C = 35C — 6C + 49,
C = 49/20.




Linear nonhomogeneous recurrence relations
with constant coefficients

fexample 16

Find all solutions of the recurrence relation
a, = 5a,_, —6a,_, +7".

Solution
a'? = (49/20)7", =
a, = a,(f’) + a,gh) =, 3"+ a, - 2"+ (49/20)7".




Befinition 3

The generating function for the sequence
Ao, A1y «oey) Ay -
of real numbers is the infinite series

(00}
G(x)=ayg+ax+ ..+axk+- = Z apx”

w
I
o



fxample 17

The generating function for the sequence
{ak}) Ar = 3;
IS

34+3x+ ..4+3xk+.. = 23xk
k=0



xample 18

The generating function for the sequence
{ak}, Ay = k + 1,

IS

14+2x+ ..+ (k+Dxf+- = z(k + 1)x*
k=0



fxample 19

The generating function for the sequence
{ak}) Ar = zk;

IS

14 2x+ ...+ 2kxk 4 ... = z 2Kk
k=0



We can define generating functions for finite sequences
of real numbers by extending a finite sequence
Ay, A1, wey Ay,

into an infinite sequence by setting
a,+1 = 0,a,4,, = 0,and so on.

The generating function of this infinite sequence is a
polynomial of degree n because no terms of the form
a;x’ with j > n occur, that is,

G(x)=ay+a;x+ ...+ a,x™



Bxample 20
The generating function of
1,1,1,1,1,1
IS
1+x+x%+x3+x*+x°.
We have

x—1)/(x—1D)=14+x+x>+x3+x*4+x°
when x # 1.

Consequently, G(x) = (x® — 1)/(x — 1) is the
generating function of the sequence 1,1,1,1, 1, 1.



xample 21

Let m be a positive integer.

The generating function G (x) for the sequence
{ar},a, = C(m, k) withk =0,1,2,...,m

IS
C(m,0)+C(m,Dx+ C(m,2)x*> + .-+ C(m,m)x™.
The binomial theorem shows that G(x) = (1 + x)™.



xample 22

The function
flx)=1/(1—-x)
is the generating function of the sequence
1,1,1,1, ...,
because
1/1—x)=14+x+x*+--
for |x| < 1.



xample 23

The function
f(x)=1/(1— ax)

is the generating function of the sequence

2
1)a)a )a3, nen

because
1/(1 —ax) =1+ ax + a®x? + -

for lax| < 1.



Using generating functions to solve recurrence relations

xample 24

Solve the recurrence relation
a, = 3a,_q,fork =1,2,3, ...
and initial condition ay, = 2.



a;, = 3ap_1,0p = 2

Solution of example 24

Let G (x) be the generating function for the sequence
{a;}, thatis,
G(x) = z a, x"®
k=0
First note that

xG(x) = z z ap_xk.

k=1



Solution of example 24

oo

G(x) —3xG(x) = 2 apx® —3 ak_lxk

k=0

= a,+ z(ak — 3ay_1) x"




Solution of example 24
G(x) —3xG(x) =2

U
(1—-3x)G(x) =2
U
G(x)=2/(1-3x)
U



Solution of example 24
G(x) = zz 3k xk = z 2 - 3kxk
k=0 k=0

U

ak=2'3k



Using generating functions to solve recurrence relations

xample 25
Solve the recurrence relation

a, =8a,_,+ 10" 1 forn=23,4,..
and initial condition a; = 9.
Suppose that a valid codeword is an n-digit number in
decimal notation containing an even number of Os.
Let a,, denote the number of valid codewords of length
n.
Proof that a,, satisfies the recurrence relation
a, = 8a,_,; + 10 ™! and the initial condition a; = 9.
Use generating functions to find an explicit formula for
A, .




dy =80, 1+ 10% ay =9

Solution of example 25

To make our work with generating functions simpler,
we extend this sequence by setting a, = 1 and use the
recurrence relation, we have

a, =8a;_,+101"1 =8a,+10°=8+1 =09,
which is consistent with our original initial condition.

(It also makes sense because there is one code word of
length 0 — the empty string.)



Solution of example 25
a, = 8a,_; + 101
U

a,x™ = 8a.,_x™+ 10" 1xn
n n-1

G(x) = i a,x"

n=0
be the generating function of the sequence
Ag, A1) -+, Agpy on

Let



Solution of example 25

oo

a,x" = 8a,_{x"+ 10" 1x",G(x) = 2 a,x"
n=0
We sum both sides of the last equation starting with
n = 1, to find that
(00}

G(x)—1= z a,x" = z(Ban_lx” + 10" 1x™)
n=1

n=1




Solution of example 25

G(x)—1= E(San X"+ 10" 1x™)

—82an X" +210" 1x
z Ay x™ 1+x210" Iy




Solution of example 25

oo

G(x)—1=8x 2 a,_1x" 1 +x 2 10" 1xn-1

n=1

oo

—8x2 a,x" +xz 10™x™

= 8xg(£) +x/(1 — 10x)



d, =80, 1+ 10 ias =

Solution of example 25
G(x)—1=8xG(x)+x/(1—10x)
U
1—9x
(1-8x)(1— 10x)
Expanding the right-hand side of this equation into
partial fractions gives

G(x) =

1 — 9x 1 1 . 1
(1-8x)(1—-10x) 2\1—-8x 1-—10x



d, =80, 1+ 10 ias =

Solution of example 25

6x) = 1—9x 1( 1

(1-8x)(1—10x) 2

1 (0.0) (00)
=§(2 8"x"+2 10"x">

1

1—8x+1—10x

)



Solution of example 25

-1
G (x) =z§ (8™ 4+ 10™) x™

— E (8" + 10")



