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[TO9CHUTEABHAS 3AMMCKA
1

MynsTmegunHoe nocobme « PyHKUMA» — pesynbraT peanu3aumm meTtoaa nNpoeKToB B
X04€e NU3y4YeHUs ANEeKTUBHOIO Kypca « KOMNLIOTEPHBLIN MPAKTUKYM MO MaTeMaTUKe»
nuuenctamum rpynnsl J110-2 Jlnuesa HITY B 2008-09 yyebHom roay.

[Tocobue sBnseTcs KOMMNbIOTEPHOM NOAAEPXKKOW NEKUMOHHOro Kypca anredpbl 10-11
Kracca, pa3paboTaHHOro B COOTBETCTBUM CO cTaHgapTamu |V nokoneHma yuntenem
matematukm O.M. Kpaseu, n cogepxut 85 cnangos Nno BOCbMW TEMaM, B TOM YAUCTIE!
«Onpepenenne n ceonctea pyHKUMMY, «lNpeobpasoBaHus rpacdukoBy, «I'padpurkm
TpUroHoMeTpmiecknx pyHkunmn», «ObpaTtHaa dyHKUnS», « PyHKUNK, obpaTHbIe
TPUrOHOMETPUYECKNMY, « CTerneHHaa QYHKLUNSA».

HassaHunsa Tem B ornasrieHnn paboTatoT Kak runepCcchbisikin.

Nekuma «OnpeneneHne n 0OCHOBHbIE CBONCTBA (PYHKLUMN» COOEPKUT COOCTBEHHOE
ornasrieHne. B Hee BCTpPOEHbI YeTbIpe oby4vatowme paboTbl, NOCre BbIMNOSITHEHNA KaXXa0u
N3 KOTOPbIX MOXHO BEPHYTLCS K TEKCTY JTIEKLMN.

JlekunoHHbIN MaTepuan, NnpeacTaBreHHbIN HA crangax, conpoBoXaaeTcst 60NbLNM
KOSIM4eCTBOM MPUMEPOB N YrpaXXHEHUAMWN A4 NEPBUYHONO 3akpensieHuns.
[Tpe3eHTaumn coaepXxXuT aHnmauuo, HarnagHo UNMKCTPUPYIOLLYIO KOy TeMy.
[Tocobue agpecoBaHo yunTensam, paboTtaroLwmm rno nporpaMmmam NpogunbHOro n
yrnyoneHHoro ypoBHs. OHO Takke MOXET BbITb NOfIe3HO B 00LWeobpasoBaTenbHbIX
Kflaccax B XO4e UTOroBOro NoBTOPEHUA 3a KYpC cpefHeW LUKOnbI.



PeL.eH3us
Ha «MyAbTMMeEeAMHHOE Nocobue «PYyHKUUNAD,
pPa3spaboTAHHOE YYUTEAEM MATEMATUKU BbICLLUEN KBAAMCOUKALUOHHOU KATEropmumu
Kpasew, OAbrom MUXAUAOBHOMU

MYABTUMEAMMHOE NMOCOBME (PYHKLMAN IBAIETCA PE3YABTATOM OBOOLLLEHMA MHOTOAETHETO OMbITA
PABOTbI yinTeAd B 10-11-X KAQOCCOX CPEAHEM LLIKOAbI, B TOM YUCAE LLIECTHOALLOTM AET PAOOTHI B
NPOCOUABHBIX KAQCCOX A3DOKOCMMIYECKOTO AULLES 1 Aned HITY. B xoae peaamsaumm
METOAQ MPOEKTOB MPU U3YYEHMU DAEKTUBHOTO KYPCA «(KOMMBIOTEPHbIM NPAKTUKYM MO
MATEMATUKEN AMLEMCTAMM TpYynnbl A10-2 Anues HITY B 2008-09 y4eOHOM TOAY PA3pABOTAHA
KOMMbIOTEPHAA MOAAEPXKKA AEKLLIMOHHOIO KypCa.

B paboTe NpeAAOXEH AEKLMOHHbIM MATEPUAA, COMPOBOXKAQIOLLMMNCA OOABLLIMM KOAMHECTBOM
NPUMMEPOB M MATEPUAAOM AASL MEPBUYHOTO 3AKPEMAEHMUS, OCTABASS 30 KOAPOM
NPAKTMHECKYIO YACTb, KOTOPYHIO KOXKAbIM YYUTEAD CADOPMUPYET B 3ABUCUMOCTM OT YO OBHS
NOAFOTOBAEHHOCTM €70 KAQCCAQ.

Ha3BAHMS TEM B OTAOBAEHMM PADOTAIOT KAK MTMNEPCChIAKM. HACTb MPE3EHTALMM COAEPXKMT
QHUMALMIO, MO3BOAFIOLLLYIO HOTASAHO MPEACTABUTL M TAYDOXE YCBOMTb MATEPUAA MO TEMAM
«Mpeobpa3oBaHMS rPAdOMKOBY, «IPAJOUKM TOUTOHOMETPUYECKMX OYHKLIMMY, «OBPATHAS
DYHKLUMD, (PYHKLIMKM, ODPATHBIE TOUTOHOMETPUHECKMM,

Aekumsg «OnpeAeAeHne M OCHOBHbIE CBOMCTBA COYHKLIMMY) TEOPETUYECKM O4EHb HACHILLLEHA,
MO3TOMY OHQO COAEPXUT CODCTBEHHOE OIFAOBAEHME, OTPAXKAIKOLLLEE ee CTPYKTYPY.

AAS NEPBUYHOIO 30KPENAEHMSI B HEE BCTPOEHbI HEThIPE ODYHAOLLIME PADOTHI, TPU M3 KOTOPbIX
(onpeaeAeHmne PyHKUMM, HETHOCTb, MOHOTOHHOCTbL) MPOBOASTCS HAO OOLLIMX YePTEXAX,
CaMOCTOATEABHAS PADOTA «DKCTPEMYMbI COAEPKUT AHUMALMIO, MO3BOASIOLLLYIO
NPOPABOTATL ONPEAEAEHNE TOYKM DKCTPEMYMA.

[TOCAE BbINMOAHEHMUS KOXKAOM OBYHAOLLLEN PABOTbI MOXHO BEPHYTbCS K TEKCTY AEKLIMM.



B pasgene «[lpeobpasoBaHue rpadukoBy» aHMMauus pabotaeT Takum obpasom, 4YToObl B Xo4€e BbIMOSHEHUS
KOMMJIEKCHOrO 3afaHnst MOXHO 6bino Obl BLINONHUTL BCe Npeobpa3oBaHnst OAHOBPEMEHHO.

[Mo3sonas umsbexatb TpaguLMOHHOIO W300paxeHus rpaddMKkoB Ha OAHOM 4epTexe, MEeToq 3HaYUMTEeNbHO
CoKpawaeT Bpemsi BbIMNOAHEeHUs1 3agaHma. OcobeHHO uWHTepeceH B 3dTOM nnaHe pasgen «lpaduku
TPUrOHOMETPUYECKNX CDYHKLINNY.

PaccmoTpeH Takke paumoHanbHblii cnocob noCTpoeHus rpaduka YHKUUMKM — FMHENHOW KOMOMHauum
Moaynemn.

O6obwatowas nekuns «CteneHHaa yHKUMS» npegnonaraet 3anucb €e COAepXaHus B BUAE OMOPHOro
KOHcnekta dopmaTta A-4, No3ToMy OHa npeaBapsieTCa cnanWaoMm, nokasbiBatlowem obuiee pacrnonoxeHue
MaTepuana Ha CTpaHuue, a 3aTeM Mo NPUHUUNY yBenuumnsarowencs gortorpacdmm npeacraBneHo n3obpaxeHune
ero otaenbHbIX parMeHTOB.

MynetumeguinHoe nocobune «PyHKkuusa», paspabotaHHoe yuuTenem matematukm O.M. Kpaseu oTnuvyaet
rny6buHa, Hay4YHOCTb, AOCTYMNHOCTb, YeTKasA CTPYKTypa U3NOXEHHOro Matepmana, bonbLloe Kofim4ecTBO NpMMepos,
obyvatowmx paboT Ana NepBUYHONO 3akpenneHus, rpadukos, obnerdarowmnx U3noxeHMe matepuana, BbICOKOE
Ka4yeCTBO aHMMAaLUMOHHbIX paboT, yaobHas HaBuraums.

ABTOp agpecyeT cBot pa3paboTky yuntenam, pabotalowmm nNo nporpaMmmam NpodUnbHOroO 1 yrnybneHHoro
YPOBHS, a Takke yuntenam, pabotatowmm B obLieobpasoBaTernbHbIX Knaccax st UTOroBoro NOBTOPEHNSA 3a Kypce
cpeaHen wkonbl. NMocobne MoOXeT ObiTb NOME3HO CTapLlekriacCHMKaM Afis caMocTosTenbHON paboTbl B xoae
noarotoBkn K EIM9.

Yuntenb maTeMaTUKN BbICLLEN

KBanudvKauMOHHOW KaTeropuu,

3acny>XeHHHbIN yuntens PO,

Copocosckuin yunternb CpegHen LLUKonbl,

nobeautens KoHkypca ny4dwmnx yumrenemn

obuweobpaszoBartenbHbIX yupexaeHun 2007 r. E.H. ConoBbeBa
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3aKAlOHEeHue

CoAep>xXaHue

PYHKUNA. OCHOBHbIE OINPEAEAEHNA N TTOHATAA
SAEMEHTAPHbBIE PYHKLNN. TPAPUKIN. CBOUCTBA.

[NPEOBPA3OBAHNE TPAPNKOB
TPUTOHOMETPUHECKNX PYHKLLAN

B3AMMHO OBPATHbLIE @YHKUMU. TPAPUNKIA. CBOMCTBA

PYHKUNN OBPATHBIE TPUTOHOMETPUHECKMM.
[PAPUKIN. CBONCTBA.

CTEMNEHHAS PYHKLUMA C AEMCTBUTEABHBIM
NOKA3ATEAEM. TPAPUKN. CBOMUCTBA.




CoAep>xXaHue

PYHKUUNA. OCHOBHbIE ONMPEAEAEHUA U MOHATUA
|.OCHOBHbIE OMPEAEAEHMUS

Il. CBOMCTBA COYHKLLMM
Il.Cxema MCCAEAOBAHUA QOYHKLMM

V. Toadomk doyHKLUMM C OTPAHUYEHHOM
OOAQCTbIO ONPEAEAEHMNS
V. MNpeobpa3oBAHMS IOACOMKOB

VI.lMNocTpoeHne roadomkoB doyHKLMM,
COAEPXKALLMX MOAYAb




PYHKLMNA.
OCHOBHbIE OTTPEAEAEHNA
[TOHATNA

B



|.OCHOBHbIE OonpeAeAeHuns




|.OCHOBHbIE onpeAeAeHuns

- PyHKUMEN HO3BIBAETCH TOKAS 3ABMCUMOCTb
nepemeHHoOM Y OT nepemeHHom X, npu
KOTOPOU KODKAOMY 3HAYEHMUIO MEPEMEHHOM X
COOTBETCTBYET EAMHCTIBEHHOE 3HAYEHMEY.

X-HE3ABUCHMMAA MEPEMEHHAA(APTYMEHT)
Y-30BMCUMAI MEPEMEHHAOS

. 3HOYEHMS 30BUCMMOU NEPEMEHOM HA3LIBAIOT
3HAYEeHUAMU CPYHKLUUU



|.OCHOBHbIE onpeAeAeHuns

T
- HyAamMu doyHKLLMKM HA3BIBAKOT 3HAYEHMS

HE3ABMCMMOM NEPLEMEHHOM, MPU KOTOPbIX
3HAYEHME ADYHKLIMM PABHO HYALIO.

. OBAacTbIO onpeAeAeHn PYHKLUU HO3bIBAIOT
MHOXXECTBO BCEX 3HAYEHUMM HE3IABUCUMOU
nepemeHHOM

- MHOXXECTBO BCEX 3HAYEHMM 30BUCUMOM
NnepemMeHHOM, KOTOPbIE OHA MPUMHUMAOET MNP
M3IMEHEHMM X HO OBAACTb OMNPEAEAEHUS
HQ3bIBAIOT OBOAACTbIO 3HAYEHUA PYHKLUUM




|.OCHOBHbIE onpeAeAeHuns

[TpoaMaq HAO3bIBAETCH

ACUMNTOTOM rpadouka
PYHKLUU, ECAMU v
PACCTOAHME MEXAY

NPOM3BOABHOM TOYKOU M

DTOU MNPIMOU U \/VM
OACOUMKOM COYHKLMU o7
cTpemmtcd K O npu
HEOIPAHNYEHHOM

YAQAEHUM OT TOYKU M,




NMPUMEPDI

ABAAOTCA AU CPYHKLIMAMM 30BUCUMOCTMS AAT DYHKUMKM YKA3aTb A(f) 1 E(f)e

a) AQ 0) HeT B) AC
. y=f(x) % Y=g(x) /1. Yehis B
\\/ _ \/ A B(X)=2  Ad
|
0 X /0> X A e 2 e)f2(x)= x-2 Ad
| /\ ) a(x)=x Aa
r)aa 7] vekiv K) AQ yapiy 3) y=1 Het

M) x=2 Het
ANIVEA .




Il. CBoucTBa chyHKLUMU




Il. CBoncTBa cbyHKLUMU
1. HeTHOCTb M HEYETHOCTH

. PyHKUMA Y=F(X) HO3bIBOETCH YETHOU, ECAM BbINMOAHSIIOTCS

ABO YCAOBUS:

a) D(f)-cummeTpmyHa oTHOCUTEABHO O
O)AAg BCeX X, MPUHAAAEXALLMX ODAQCTM OMNPEAEAEHUS

. 'padomk 4eTHOM JOYHKLLMM
CUMMETPUYEH OTHOCUTEABHO
ocun Oy

JdoyHKUMKM BEPHO paBeHCTBO f(-x)=f(x)

v

NN

g U g X




Il. CBoncTBa cbyHKLUMU
1. HeTHOCTb M HEYETHOCTH

. PyHKUMA Y=F(X) HO3bIBOETCH HEYETHOMU, ECAMU
BbINMOAHAIOTCA ABO YCAOBMS:

a)D(f)-cMMMeTpUYHA OTHOCUTEABHO O

0)AAsd BCEX X, MPUHAAAEXALLMX ODAQCTU OMPEAEAEHUS
JOYHKLLMM BEPHO paBeHCTBO f(-x)=-f(x)

. 'padpmk HEYETHOM QDYHKLMM Y
CUMMETPMYEH OTHOCUTEABHO -
HAYOAQ KOOPAMHAT ‘

a




NMPUMEPDI

]
YKOXKUTE KAKME COYHKLMM:
1) 4eTHble K
2) HEeYeTHble h, f3

3) obLuero smaa f,p, f1, f2

Y=f(x)

/ yp o  Y=hiy
\\/ -
™ d
0 X Tl K X
7T y=kix)

A) F1(X)=Vx-2
1

e)f2(x)= x-2

X) fa(X)=X

3) y=1

n) Xx=2




Il. CBoncTBa cbyHKLUMU
2. MOHOTOHHOCTb
T

PyHKUMA Y=f(X) HO3bIBOETCA BO3PACTAIOLLEN B HEKOTOPOM
MPOMEXYTKE, ECAM DOAbLLEMY 3HAYEHMIO APTYMEHTA U3 DTOTO
NPOMEXYTKA COOTBETCTBYET OOAbLLIEE 3HAYEHME JOYHKLMM, T.E.
ECAM AN AIOBBIX X, U X, U3 DTOTO MDOMEXYTKA TAKMX YTO X, <X,
BbIMOAHAETCs HepaBeHCTBO f(x,)>f(x,)

PYHKLMS HO3bIBAETCSH BO3PACTAKOLWLEN, ECAM OHA BO3PACTAET BO
BCEM ODAQCTM OMNPEAEAEHMS

PyHKUMA Y=f(X) HO3bIBOETCS YObIBAIOLLEN B HEKOTOPOM
MPOMEXYTKE, ECAM DOAbLLEMY 3HAYEHMIO APTYMEHTA U3 3TOIO
NPOMEXYTKA COOTBETCTBYET MEHbLLIEE 3HAYEHUNE CDYHKLIMM, T.E.
ECAM AAS AIODBIX X, U X, U3 STOTO NPOMEXKYTKA, TAKMUX HTO X,>X,
BbIMOAHAETCS HepaBeHCTBO f(x,)<f(x,)

PYHKLMA HO3bIBAETCS YObIBAKOLWLEU, ECAM OHA YObIBOET BO BCEM
ODAQCTU ONPEAEAEHMS



NMPUMEPDI

YKOXKMTE KOKME COYHKLMM:

1) yObIBOKOT HO HEKOTOPOM MPOMEXKYTKE

M BO3PACTAIOT HO HEKOTOPOM MpomexyTke h, k
2) Bo3pacTtatouime fi, f
3) ybbiBatoLLME

7

\

y=f(x)

P

Y=g(x)
AN

_ Y=h(x)

A) f1(x)=Vx-2
1

e)f2(x)= x-2

X) fa(x)=x

3) y=1

M) x=2



Il. CBoncTBa cbyHKLUMU
3.TOYKM DKCTPEMYMA. DKCTPEMYMDbI
I

H4TOObI MCCAEAOBATH MOBEAEHME AOYHKLIMM
BOAM3M HEKOTOPOU TOYKM HY>KHO BBECTM
MNOHATME OKPECTHOCTM.

- OKpeCTHOCTBIO TOYKM A HO3bIBAETCH AKODOM
MHTEPBAA, COAEPXKALLIMM TOYKY A.

[ToUMEPLI:

—VHAHAA— — A A— -OKPECTHOCTM TOYKM 3
2 3 9 50 3 10



Il. CBoncTBa cbyHKLUMU
3.TOYKM DKCTPEMYMA. DKCTPEMYMDbI
I

PaccmoTtpum noseaeHme doyHKLUM B
OKPECTHOCTAX To4eK A, B, C, D:

Y |
-CAeBa o1 To4eK A 1 C HOXOAMUTCH A
Y4ACTOK BO3PACTAHMA, A CNPABA YObIBOAHMS Y, 7\

C

X+ X — TOHKM MOKCHMMYMO Y. :
Y, Yo — MOKCUMYMbI / \ /

Vo . D
-CAeBa OT TO4eK B 1 D HOXOAMTCS Yy4ACTOK / X | X/ %" X
yObIBAHMS, O CMPABA BO3PACTAHMS y A / c o
Xg, X5 = TOYKM MUHMMYMO ° B

Yo Yo - MUHUMYMBb



Il. CBoncTBa cbyHKLUMU
3.TOYKM DKCTPEMYMA. DKCTPEMYMDbI

]

To4ka X, Ha3biBAETCA TOYKOM MAKCUMYMO Makcrmym
DOYHKUMM f, eCAM AAS AKOOOTO X M3 HEKOTOPOM Y
OKPECTHOCTU TOYKM X BbINMOAHSETCS YCAOBME F(Xo)
f(x)<f(x,)
3HA4YeHMEe OYHKLIMM B TOHKE MOAKCUMYMA
HQ3bIBAETCS MAOKCUMYMOM PYHKLUUMU 0 X y
To4ka X, Ha3bIBAETCS TOYKOU MUHUMYMO T. MAOKCUMYMQ
DYHKLMM f, eCAU AAS AOBOTO X M3 HEKOTOPOM y

T. MMHMMYMOQ
OKPECTHOCTM TOYKM X, BBINMOAHSETCS yCAOBUE
f(x)2f(x,)
3Ha4YeHMe OYHKLMM B TOHKE MUHMMYMO Xo X
HQO3bIBAETCY MUHUMYMOM HKLUUMU 0 X

Y oyHKL, F(X,) \/
TOYKM MUHUMYMA 1 MOKCUMYMA HA3bIBAKOTCH
MUHUMYM

TOYKAMM IKCTPEMYMA, MUHUMYMbI U
MOKCUMYMblI OYHKLLMM - IKCTPEMYMbI



NMPUMEPDI

f(a)l—o

f(k)

2

N
——0
N

a x /0 b \x K x \&[—_‘V X

a — To4YKa MakcMMmyma b — ToYKa MUHUMYMa k — He aBnsAeTcs. (2;7) — TOYKM MUHUMYMA U
AkcTpemyma Makcumyma



Il. CBoncTBa cbyHKLUMU
4. [1epnoANYHOCTb

PyHKLMS f HO3bIBOETCH NEPUOAUHECKON, ECAM BbINOAHIAOTCS
YCAOBUS:

1) (x£T)eD(f)

2) Ard BCeXx X, MOUHAAAEXALLIMX ODAACTM ONPEAEAEHMT BEPHO
PABeHCTBO f(X+T)=f(x-T)=f(x)

v Y
MMpumep: -1
E/):{);}R / / / / /
Dy)= R S R R
-1
T=1 — HOMMEHBLUMM NOAOXKXMTEAbHbBIM MEPUOA. AtoDOE LLEAOE YUCAO —

NePUOA ITOM PYHKLMM



Il. CBoncTBa cbyHKLUMU
4. [1epnoANYHOCTb

AAA MOCTPOEHMS TPACOUKA MEPUMOANYHOM AOYHKLLUM
C NeEPUOAOM T AOCTATOYHO MPOBECTM NOCTPOEHME
HQ OTPE3Ke AAUHDLI T, O 3ATEM MOAYYEHHbIM FOATOMK

NEPEHECTU MAPAAAEABHO HA PACCTOAHME NT BAEBO
1 BMNPABO BAOAb OX (NEN)

YA

3T T u T 21 3T X




Il. CBoncTBa cbyHKLUMU
4. [1epnoANYHOCTb

T
. CBOMCTBA NEpPHUOAOB

1)Ecan T — nepumoa doyHKummM f, TO —T TOXXE MEPUOA

2)EcAan T 1 T, - nepuoabl doyHkuMmM f, TO T + T, — TOXE
NEPUOA

3)EcAam T — nepmoa dbyHkumm f, 70 NT (neZ, n#0) — Toxe
NEPUOA

4)Ecam T — nepmoa doyHkUMM T 1 g, TO oyHKUMM T+Q, T-g, f.Q
MMEIOT TOT XXE MEPUMOA

S)EcAn T, — nepuoa dpyHKUmu f, T, — neproa qoyHKLMM g,
10 HOK (T, n T, ) — nepmoa coyHkummn f+g, g, f:g

6)ECAM T__ — HOMMEHBLLMU MOAOXKMUTEABHbBIN MEPUOA
QOYHKUMK f, TO Nneproa doyHKumm y=f(kx) paseH T__ /K|




Il.Cxema MCCAEAOBAHMA COYHKLMNM




lIl.Cxema nccae AoOBaHUA PyHKLLUM

N
1)OBAQCTb ONPEAEAEHMS

2)OBAACTb 3HOYEHMS

3)4eTHOCTb, HEYETHOCTD

4)T1eprOAMHHOCTD

S)HYAU QOYHKLMM

6)Touykn nepeceyerHmsd c Oy

/) TO4YKM DKCTPEMYMO

8) ACMMMTOTHI

?)HamboAbLLEE M HOMMEHDbLLIEE 3HAYEHME




V. Tpadbuk coyHKUMM C OFrPAHUHEHHOMU
OBGAACTBIO ONpeAeAeHus




IV. Tpadouk coyHKLUU C OrPAHUYEHHOU
OOAQCTbLIO ONpeAeAeHus
AATOPUTM

1)HamT OOAQCTL OMpeEAEAEHMS
2)YNpOCTUTb BbIpOXEHME

3)3anmcaTtb YHKLMIO BMECTE
C ODAQCTBIO ONPEAEAEHUS

ty
Mpumep: 1 L
Y=6-X-X2/X-2 OA3: X#£2 Ny I :
6-X-X2/x-2=-(x+3) (x-3) /x-2=-x-3 3N\2 - ] 1 o2 X
=-X-3; X#2 y=6-Xx-X*/x2 \ 2+
o
X 0 -3 \




V. Npeobpa3zoBaHus rpacoukos




V. NpeobpasoBaHusa rpacmkoB
MNCXOAHbBIM TOACOUK




V. NpeobpasoBaHusa rpacmkoB
1. CummeTpund
I

- y=t(-x) - y=-f(X)
Cc ocblo Oy C ocbio Ox
Y13 Y13
19 +2
__'| N ]
574-3-2-10] 1 2 3 4\5x  -5-4-3-2-10 12 3745 x
) +-2




V. NpeobpasoBaHusa rpacmkoB
2. [P AAAEABbHbBIM MEPEHOC
I

. y=f(x+a)+c — NAPAAAEAbHBIM MEPEHOC HA BEKTOP K C
KoopAamHatamm{-q;c}

a)MpoBECTM AOMOAHMUTEABHBIE OCK TAK, 4TOObLI O— (-O;C)
D) «[1PMBA3ATE) K HUM MCXOAHbBIM TOAdOMK
C)ECAM Yy QoyHKUMM €CTb QCUMMIMTOTHI,

TO CHOYOAQ MNEPEHOCAT ACMMMTOTHI Y1

y=f(x-2)+1




V. NpeobpasoBaHusa rpacmkoB
3. PactaxeHune n cxarme

+ y=kf(x) - y=f(bx)
BAOAb QY (QbmKCHPOBATH BAOAb OX (CYUTATb HYAM)
HyAm) b>1 - cxatme
k>1 - pacraxerue 0<b<1 - pacTtaxeHue
0<k<1 - cxartme
y=2(x) vl y=f(2x) vi
13 I
2 2
11 x \\ ]
5-4-3-2-10 1 2 3 &Y x -5-4-3'-2'-1'0 12N 3 4\5X
4] ]
- 9




Vi.MocTpoeHue rpacdmnkoB byHKUUY,
COAEPXALLUX MOAYAD




Vi.MocTpoeHue rpadoukoB chyHKLUY,
COAEPXALLUX MOAYAD
1. NMNpoeobpa30BAHMS
I

- y=|f(x)| - HeoTpHMLOTEABHOS - y=f(|x|)
1)4acTb BbiLLe Ox 0OBECTH 1)HacTb npasee Oy COXPAHUTb
(COXpaHUTh) 2)OTOBPA3UTE CUMMETPUYHO
2)4acTb HMKe OX OTOOPA3UTb Oy
CUMMETPUHHO OX 3)4acTtb Aesee Oy oT6POCUTH
Y1a Y]
19 +2
T T
'_5'_4_'3_'2_'19__]]' 5 3 48 x| SA432-10,1 2345«
19 +-2
15 1.3




Vi.MocTpoeHue rpadoukoB chyHKLUY,
COAEPXALLUX MOAYAD
1. NMNpoeobpa30BAHMS
I

ly | =f(Xx) — He ©

OYHKLMS

1) HacTb BbiLLe OX

0OBECTU

2) Otobpa3mTb €€ 1o

CUMMETPUYHO
OTHOCUTEABHO

3) HacTb Hmke OXx

OTOPOCUTL

Ox Sa L b 3 AS X




Vi.MocTpoeHune rpacukoB cbyHKLUU, COAEPIXKALLUX
MOAYAb
2.PackpbitTe MOAYASL HO MPOOMEXKXYTKAX 3HOKOMOCTOIHCTBA

N
y=x|X-2|

X(X-2),ecnn x=2

o Y13
-X(X-2), ecnn x<2

12
T1

543210\ 3 4 5 x

1-2
1.3




Vi.MocTpoeHue rpacbmnkoB OyHKLUM,
COAEPXALLUX MOAYAD }
2. AMHEMHAOY KOMOUMHALMA MOAYAEN

N
- Y= X2+ [ X3+ X-T

HyAM MOAMOAYAbHBIX BbIDOXEHMM: -2, 1, 3
YA

M1 8| 5| 7 |10

5.4 321011 2 34 5




SAEMEHTAPHbBIE PYHKLUHNN.
[PAPUKN. CBOUNCTBA.

B



|. AMHenHasa coyHKLMS




O6LLLMN BUA AMHEUHOU CPYHKLLUM

y=kx+Db
- AY
K-tg yrAQ HOKAOHQ. 13
(0;b) — nepecevyeHmne "I
Cc ocblo OY 5

) 9 8 7 § 5 4 3 2 1 0 1 2N\N3 4 5 6 7 8 9




3ABUCUMOCTb YIAQ HOKAOHA OT Kk

-

hY
Y({x)=x tg(a)>0
Y(x)=2x t9(a)>0
— Y(x)=0,5x tg(a)>0

- N W s M N Ww O

o b b W b h o= b =

iy



YCAOBUE NAPAAAEABHOCTHU NPAMbBIX

X

-10-9-8-7-8-5-4-3-2'1/345578910'

Y= k,x+b,, Y,= k2x+b2,
Y I |Y,, ecank =Kk,



YcAOBUS NEPNEHAUKYAIPHOCTHU NPAMbIX

AY
1

Y(x)=5x+3 to(a)>0
Y(x)=—0.2x+3 tg(a)<0
Y(x)= —0.2x—3 tg(a)<0

m @ ~ 0 w O

|

X

o 9 8 7 € 5 4 a3 2 A9 1 2 3 4 5 6 7 8 9 10
1
2

o do W & & O

Y= k,x+b,,Y2= k2x+b2,
Y, LY, , ecam k1x k2 = -1



Il. PyHKUMM BUAQA Y=X? U y=X3




y= x*

y=x*










lll. Moka3saTeAbHas n Aorapudomunyeckas
doYHKLLUSA




[TokasaTeAbHAss PYHKLUA, €ee CBOUCTBA U
rpachumk

CBOUCTBA:

D(y) 1
E(y)

X
ACUMMOTOTA /




[TokasaTeAbHAss PYHKLUSA, €ee CBOUCTBA U
rpachumk

CBOUCTBA:

D(y)
E(y) :

ACUMMTOTA




Norapucmmnyeckas coyHKL U, ee CBOUCTBA
U rpacbumk

y |
y =log x

CBOUCTBA:

D(y) ~
E(y) 1

ACUMMTOTA




Norapucmmnyeckas coyHKL U, ee CBOUCTBA
U rpacbumk

CBOUCTBA:
D(y)

E(y)

ACUMMTOTA




B3IAMMHO
OBPATHbIE PYHKLMW.
TPAPUKN . CBOUNCTBA.

B



OBpaTnMble OYHKLMM HeoBpaTtnmble doyHKLLMM
y=3X y=)(2
| y\/
0 X 0 X
y=x? y=sin x

T y

= PYHKLMIO, MPUHUMAIOLLLYIO KOXKAOE CBOE 3HAYEHME B
€AMHCTBEHHOM TOYKE ODAACTU OMPEAEAEHUA, HO3bIBAIOT
obpaTumon




= [lyCcTb oYHKUMS f, KOTOPAS KOXKXAOM TOYKE XO CTABMT B
cooTtBeTcTBme YO, 0OpaTMMA. POCCMOTPMM AOYHKLMIO
g, KOTOPAg KAXXAOM To4Ke YO CTABUT B COOTBETCTBUE
X0. Takyto OYHKLMIO g HO3bIBAIOT 0OPATHOM COYHKLIMM
f 1 obo3Ha4yaoT 1,

f f1

X—~Y Y— X




y=3x — obpatumas

x=y/3
y=x/3

y=3X

><'|f

y=X

y=1/3x

y=Xx? — HeobpaTtnmas
y=x% DY)=[0;42)  y=xz; Diy)=[05+)
x=Vy j :

y=Vx

y=Xx

y=1x

7




y=x*

y=x3 - obpatumas vy |
x=2y; y=3\x

y=x

y=3Vx

4 v
p
” s
4
g
= — "
y
0 X
i
>
5
s




AATOPUTM

Takum obpasom, 4Tobbl 3aNnCcaThb
bopMyAy OOpPATHON COYHKLLMM HAAO:

1)YBeAnTbCA, YTO MCXOAHAN OYHKLMA ODPATMMA
(B D(f) MAM HO HEKOTOPOM UHTEPBAAE)
2)Bbipa3uTtb X Hepe3 y (Hamtn obparHoe
NPOABMAO)
3)30MEHUTH B ODPATHOM MPABMAE X HA Y 1 Y HA X



CBOMCTBA B3AMMHO OOPATHbIX OYHKLLUM

1) D(f) n E(f) MeHsatoTcs
ponNsAMU

2) Npadukn CUMMETPUYHBI OTHOCUTENBHO
y=x

3) XapakTtep MOHOTOHHOCTM | Jeopema (06 obpamHou PyHKUUU).

Ecnn doyHkuma f HenpepbiBHA 1 Bo3pacTaeT
(yOblBaeT) Ha npomexyTke |, To obpaTHasa en
dyHKUMA g Bo3pacTaeT (COOTBETCTBEHHO YOLIBAET)

COXPaHSETCA; NPU3HAaK
obpaTMOCTK (PYyHKLUUM




MPUMEPDI:




[TPEOBPA3OBAHUE TPAPUKOB
TPUTOHOMETPMHECKNX
PYHKLUN

B



[PadOUKM OCHOBHbLIX TPUTOHOMETPUYECKUX
doYyHKLHU

bt
/‘\ |
&E : I IR ETL 2 C

y=sin(x) y=COs(X)

y=tg(x) -ctg(x)



CummeTpus

N
y=f(-x)

y=sin(-x)

-3 £2n ‘7[.5-6’.'-27"'%'{3‘"% £3 3 “%‘%" T T 3n X \.31[//21[ .1[.5_6,5_2?,;_%_31__% Iz z 2?,[_%{ T T 3 X
21 -1

Cummetpumg c Oy Cummetpma ¢ Ox

y=-f(x)

\7— 1 [~



[TapaAAeAbHbIM NepeHoC

I T
y=f(x + a) +b

y=sin(x + n/6) + 1
MapaAAeAbHbIM nepeHoc Ha k {-a;b}
1)TT0OBOAMM AOMOAHUTEABHBIE OCU, TAK 4TOOBLI 0 — (-a;D)
2) «[1pMBA3ATb) K HUM MCXOAHbBIM ToadomK
3) ECAm y rpadomka eCTb ACMMMTOThI, TO CHAYAAQ NEPEHOCUM UX
y

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
M sn2nx n & QL& & 2x5n T
673 2 3f
|
|
|
|
|
|
|
|
|
|
|
|
|
|
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PacTaxeHue u cxatTue

N
y=kf(bx)

BAOAb OCUH Oy b>1 pactaxeHne
(ComKkCHpPOBATL HYAM) 0<b<1 cxatmne

BAOAb OCU OX
(CYUTATD HYAM)

k>1 pactaxeHne
0<k<1 cxatme

y=2s5iN3X

y

WAWANAWANA
VRVAVEVRTA




Mpeobpa3oBaHna ¢ MOAYAEM BUAQA Y= |f(X) |
N

y=|f(x)| - HeoTpMLATEABHOS CDYHKLLMA

1) HacTb BbiLLie OX COXPAHUTb
2) HacTtb HMKe OX OTPA3MTb CUMMETPUYHO OTHOCUTEABHO OX

y=|sin(x) |

y

Si2n% & % QX X & 2xsm
i e A R




Mpeobpa3oBaHna ¢ MoAyAeM BUAQ Y=f(|x|)
N

y=f(|x]) - yeTHO4

1) Hactb npasee Oy COXPAHUTb
2)OT100PA3MTb €€ CUMMETPUYHO OTHOCUTEABHO Oy

3) Hactb Aeeee Oy OTOPOCUTL

y=sin(|x[)

Y




Mpeobpa3oBaHna ¢ MOAYAEM BUAQ |Y | =f(X)

|y | =f(X) — HE PyHKLMS
1)4acTs BbiLLe OX COXPAHUTD
2)O106pA3UTb €€ CUMMETPUYHO OTHOCUTEABHO OX
3)HacTtb HMKe Ox OTOPOCUTD

|y [=sin(x)




KoMnAekcHble npeobpa3oBaHus

T
[MPVMEP 1 y=|-2sin3(x + n/2) + 1|

1) NMapAAAEAbHbIM NepeHoc Ha Kk {- nt/2;1}
2) Cxatme B 3 pa3a BAOAb ocK OX, pacTaixeHme B 2 BAOAb ocu Oy
3) CummeTpmra OTHOCUTEABHO ocuK Oy

4) HacTb BbiLLIE OCK OX COXPAHIEM, A HACTb HMXKE OCK OX OTPAXKAEM
CUMMETPUYHO OTHOCUTEABHO OCK OX

wf
o
o
|
I
I
=
N
=
w
=
x

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
-3 2n -1t_5n_2_n.f.7‘.7' LI RmSE
3
|
|
|
|
|
|
|
|
|
|
|
|
|
|
1



KoMnAekcHble npeobpa3oBaHus

E
[MPMMEP 2: y=|0,5cos(-x-n/4)-0,5|

1) NapaaAeAbHbI NepeHoc HA k {-n/4; -0,5}
2) Cxatme B 2 pa3a BAOAbL ocu Oy
3) CuMmMeETPUI OTHOCUTEABHO OCK OX

4) HacTb BbiLLIE OCK OX COXPAHIEM, A HACTb HMXKE OCK OX OTPAXKAEM
CUMMETPUYHO OTHOCUTEABHO OCK OX

Y




KoMnAekcHble npeobpa3oBaHus

NMPUMEP 3: y=|1tg(2x)-1|

1) NapaAAreAbHbIM nepeHoc Ha k {0; -1}

2) Cxatne B 2 pa3a BAOAbL ocuH Oy

3) HacTb BbiLLe ock OX COXPAHIEM, A HOCTb HKE OCK OX OTPAXKAEM
CUMMETPUYHO OTHOCUTEABHO OCK OX

~<

§_7 \7% ?X%/% ) 7% %Y/zsn %\7 W X
2 2
; . . .| T {E—




PYHKLUMN OBPATHbIE
TPUTOHOMETPHUHECKHNM.
[PAPUKM. CBOUNCTBA.

B



PYHKLMU Y=SINX U y=Arcsinx

3 <

o

aE wE efE R

1
O

' s

N
IS ST

1
w|

\
‘:\Il
o

N
e

><V

y=arcsinx
D(arcsinx)=[-1;1]
E(arcsinx)= [-  /2; 11 /2]
HeuyeTHas
MOHOTOHHOCTD:
BO3pacTatoLLlas

y=sinx
D(arcsinx)=[- 11 /2; 11 /2]
E(arcsinx)=[-1;1]
HeuyeTHasn
MOHOTOHHOCTL:
BO3pacTatoLLlas




PYHKUNU Y=COSX U Y=Arccosx

<

H

o

B Wl

=

N\

N
\.

\.
N]:l w[r-i ' a\la =O.\. o\

i
w|y

i
ol

3

Y=Arccosx
D(arccosx)=[-1;1]
E(arccosx)=[0; 1]

He sBnaeTca HM YeTHOW,
HN HEYETHOU
MOHOTOHHOCTbL:
yOblBatoLLas

D(siHX)=[3;=Tﬁ =
E(sinx)=[-1;1]
HeuyeTHas

MOHOTOHHOCTb:
yb6biBatoLLas




PyHKUUU Y=IgX U y=arctgx

8 <

o

aE wE R Wl

y=arctgx
D(arctgx)=R
E(arctgx)=(-11/2;11/2)
HeuyeTHas
MOHOTOHHOCTbL:
BO3pacTarLLlas

Wi§ (] =] w[r-i 'a\]a (=

i
ol

3

y=tgx
D(sinx)=(-11/2;11/2)
E(sinx)=R
HeuyeTHas
MOHOTOHHOCTD:
BO3pacTaroLLlas




PyHKUMU Y=CigX U y=arcctgx

\.

ol =N als W

wi;’ NIH w[a

!
ol

A

y=arccigx
D(arcctgx)=R
E(arcctgx)=(0;)
He aBnseTtca HM YeTHOWN,
HWN HEYETHOMN
MOHOTOHHOCTL:
ybbiBatoLad

y=ctgx
D(sinx)=(0;1)
E(sinx)=R
HeuyeTHas
MOHOTOHHOCTD:
ybbiBatoLLas




CTENEHHAA PYHKLUNA C

AEVNCTBUTEAbHBIM MOKA3ATEAEM
TPAPUKIM. CBOMCTBA.

y=x",raAe n € R

B



CteneHHas PYyHKLUA C AEUCTBUTEAbHBIM
NOKA3AaTEeAEM
I

N>0, HOTYPAAbHOE Nn<0, ueaoe

HeTHas He4yeTHas YeTHas He4eTHas

Nn—He LeAoe Y1CAO

ot |
/ ‘s b



n=0

T
y=1; -

D _ adcouk
E(Y)—(-°°: 0) U(0; +

(y)=1: o




n>0, HaQTypaAbHOE

n —4yeTHoe (n=2, y=x?) n — He4yeTHoe (n=3, y=x°)

D(y)=R D(y)=R
E(y)=[0; +) E(y)=R

YeTHAaqa He4YeTHAasa



n<0, ueaoe

N -94yeTHoe (n=-2' y=;_2) n—-He4YyeTHoOe (n='1, Y=;I()

D(y)=(-=; 0) U(0; +x) D(y)=(-; 0) U(0; +«)
E(y)=(0; +x) E(y)=(-~; 0) U(0; +)

YyeTHas HeYeTHas



n-He uLeAoe YNCAO

CBoucTBA CBOMCTBCI CBOMCTBCI

n>1; (n= %; \7) 0<n<1 (n=x = n<0 (n= '? k)]
D(y)=[0; +) D(y)=[0; +~) 32 D(y)=(0; +)
E(y)= [0; +) E(y)= [0; +=) E(y)= (0; +«)




CpaBHeHue rpacdonKoB CTEeNeHHOU
dbYHKUUU U DYHKLUMU Y= X

n-4eTHoOée

y=Vx
y=x/2




CpaBHeHue rpacomkKoB CTENEeHHOU
doYyHKLHU

w<O<v<u<1<it<s
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