YncneHHoe nHTerpupoBaHue pyHKLUN

K MmeTogam npubnmKeHHOro n YACNEHHOro MHTErpMpoBaHUs
byHKLUUI NnpuxoanTca npmberaTtb B criydasx, korga

1. nopgblHTerpanbHasa pyHkums f(x) 3agaHa TabnmyHo Ha
ydyacTke [a,b];
2. noablHTerpanbHas pyHkuua f(x) 3agaHa aHanMTUYECKN,

HO ee rnepBoOOpasHasd He BblpaXkaeTcs Yepes
aneMeHTapHble PyHKUNK;

3. noablHTerpanbHasa dyHKUMSA f(x) 3agaHa aHanNnUTUYECKN,
MMeEeT NepBoobpa3sHyto, HO ee onpeaeneHne CrINLLIKOM
CITOXHO.

MeToAabl NPUONMXKXEHHOro UHTErpPUpPOBaHUSA NCMNONb3YIOT
pasnoXeHue noablHTerpanbHbIX OYHKUUN B paabl
Tennopa (MaknopeHa) u ganbHEULLErO NOYNEHHOro
MHTErpupoBaHNS YfieHoB paaa.



OnpederneHue. PyHKUUA F(x) Ha3bIBAETCA NepBoOOOpa3HOuU
Ons OYHKUMK f(x) HA 3ag4aHHOM NPOMeXYyTKe, ecnuv ans
BCEX x U3 3TOro NPOMeXYyTKa BbINONMHAETCA PpaBEHCTBO
F(x) = flx).

HaxoxageHne nepBoobpasHOnN — UHTErpUpOBaHME —
onepauusd, obpaTtHas onepaunu guddpepeHunpoBaHus.



K HegocTatkam MeTogoB NPUONMXKEHHOIO
NHTErpUpOBaHUA OTHOCUTCA TpeboBaHne
andodpepeHumMpyemMocTy nogblHTErpanbHbiX PYHKUUN O0
nopsaaKa, KoTopbln TPEDYETCS NMPU pasnoXeHnmn PyHKUNN B
psg Tennopa. OT 3TOro HegocTaTka cBOOOAHLI MeToAbl
YUCJIEHHOr0 MHTErpupoBaHUSA, B KOTOPbIX
nogblHTEerpanbHas yHKUMA yO0BNETBOPSAET TOMbKO
YCIIOBUIO HEMPEPBLIBHOCTU (4119 CYLLECTBOBAHMUS
onpeneneHHoro nHTerpana).

B 4ncneHHbIX MeTogax NHTErPUPOBAHUA HE
NCNOSb3yEeTCA HaxoxaeHne nepBoodbpasHon. OcHoBY
anroputTMa YncrneHHbIX METOA0B NUHTErPUPOBAHUSA
COCTaBIISIET reOMETPUYECKUIN CMbICI ONpeaeneHHoro
nHterpana. Iuterpan ymcneHHo paBeH nnowagm S
KPUBONMHENHOW Tpaneynun, pacrnonoXxeHHou nog
nogblHTErpansHou Kpueon f(x) Ha y4acTke [a,b] (pnc.10.1).
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Puc. 10.1. [eoMeTpnYECKM CMbICI ONpeaeneHHoro nHTerpana

CyTb BCEX YNCIIEHHbIX METOAOB UHTENPUPOBAHNS COCTOUT B
NPUONMKXEHHOM BbIYUCIIEHNN YKa3aHHOM nnowaan. Noatomy
BCE YNCIMNEHHbIE METOAbI ABMNAKTCA NPUNONUKEHHBIMN,

[Mpn BbIMMCNEHUM MHTErPana nogbiHTerpanbHas MyHKLUUS
f(x) anNpPOKCUMUPYETCHA MHTEPNONALUOHHBIM MHOTOY1EHOM
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a a -
-arnpuopHad NorpewHoOCTb MeToga UM OCTaTOYHbIU YreH
Ha MHTepBarne MHTerpupoBaHug, a r(x) — anpuopHasa
NOrpeLlHOCTb MeToga Ha OTAeNnbHOM Lware MHTerpupoBaHug.
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Ha npakTtunke, 4ToObl HE UMETb AENO0 C MHOroYNeHamMu
BbICOKNX CTEMNEHEN, BECb Y4aCTOK [a,b] 4enAT Ha YacTu u
NHTEPNONALNOHHbIE MHOIOYNEHLI CTPOAT ANA KaXXO0oW YacTu
aeneHus.

0O0630p MeToaAOB UHTErpupoBaHusa

MeToabl BbIYMCNEHNSA OOQHOKPATHBIX MHTErpanos
Ha3blBalOTCHA KBagpaTyPHbIMU, a hopMynbl A4
NPUBNMKEHHOIO BbIYUCIEHUS MHTErParnos - KBagpaTypHbIMY
dopmynamu nnm kBagpaTypHbiMM CyMMaMU. (019 KpaTHbIX
NHTEerparnoB — KyoaTypHbIMM).

1. MeToabl HeroToHa-KoTeca. 3aechb ¢(x) — NoOriMHOM
pasnn4yHbliX cteneHen. Croga oTHOCATCS MeTo/
NPSIMOYTroSfIbHUKOB, Tpaneunin, CUMrcoHa.



2. MeToabl CTaTUCTUYECKUX UCTNbITaAaHUU (MeTOoADI
MoHTe-Kapno). 3gech y3nbl ceTku 4nsa KBagpaTypHoOro
nnmn KydaTypHoOro MHTErpupoBaHnA BeIOMPaOTCS C
MOMOLLbIO AaTyKMKa CrlyYanHbIX Ynucen, OTBET HOCUT
BEPOSATHOCTHbLIN XapakTep. B OCHOBHOM NPUMEHSIOTCS
019 BbIYMUCIIEHNSA KPpaTHbIX MHTErpanos.

3. CnnanHoBble MeToabl. 340eCb (x) — KYCOYHbIN
NONMMHOM C YCITOBUAMUN CBA3UN MeXay oTaeNbHbIMU
NoONMHOMaMM NOCcpPenCcTBOM CUCTEMbI KOO ULMEHTOB.

4. MeToabl HanBbICLWLEN anrebpanvyecKkom TOHYHOCTMW.
Obecne4vnBaloT oNTUMarsibHY0 pacCTaHOBKY Y3r10B
CETKU MHTErpUpOBaHUs 1 BbIBOP BECOBbLIX

Koaqoch%lEl%l:?T(%l)a o(x) B 3anae

a

Croga otHocaTcsa metof ['aycca-Kpmnctodpdens
(BblYMCNEHME HECOBCTBEHHbLIX MHTErPanoB) n MeToq
MapkoBa.
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Paznuuarotr MmeTo JICBBIX, IIPABBIX H CPCIHHX IIPAMOYI'OJIPHHKOBE. CYTI) METOOda ACHa H3

PHCYHKaA. Ha xaxxgoM mmare HHTCI'PDHPOBAHHA (bYHKIIHﬂ AlllIpOKCHMHPYCTCA IIOTTHHOMOM
H_VJICBOﬁ CTCIICHH — OTPE3KOM, ITapalllICIIbHBIM OCH abcIHcc.
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BrisegeM GopMy1y MeToga IPAMOYTOIBHHKOB H3 aHATH3a pa3lokKeHHA QYHKUIHH f(X) B pAx
Tefimopa BOTH3H HEKOTOPOH TOUKH X = X;.

@), =S +(x-x)f* (X)+( ) f"(X)+



PaccMOTpHM JHAINA30H HHTETPHPOBAHHA OT X; 10 X;+A, T1e A — IIar HHTeTPHPOBaHHA.
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. ITonyuunu GopMyI1y npaeslx (Uiu neesvx)
NPAMOY20IbHUKOE H AIIPHOPHYIO OLIEHKY MOTPEIIHOCTH 7 Ha OTAEIPHOM IIare HHTETPHPOBAHHA.
OCHOBHOH KPHTEPHH, 110 KOTOPOMY CYAT O TOYHOCTH aITOPHTMA — CTENEHD IIPH BETHYHHE
mara B opMyie alipHOPHOH OLIEHKH ITOTPEITHOCTH.

B ClIydac paBHOI'O IIIara h Ha BCEM JHaIa30He HHTCI'PHPOBAHHA oOman (bopmy.ua HMECT BH
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3eCh 1 — YHCIIO p%()HCI—IHﬁ HHTCPpBAIa HHICTPHPOBAHHA,
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R=Y n==) fl)== [ F ()dx
) - 1 2 Jq . JId cIpaBellTHBOCTH CYIIECTBOBAHHA 3TOH OIIEHKH
He0OXO0IHMO CYIECTBOBAHHE HEMPEPBIBHOM /().



Ha Bcém oTpeske /a, b/ morpemnHocTs 7; HE00X0JUMO

nh?

IIPOCYMMHPOBATE 1 pa3, n= (b-a/h), nonyuum: R = — f (x;)

(b— a)h

R=——f"(xi) , xe(ab) (1)

[TockosibKy MecTomnmoJioKeHne TOYKH X; Ha MHTepBajie & € [a, b
HEU3BECTHO, TO HAa OCHOBE TMOrPEmHOCTH (1) MOXXKHO BbINUCATH
BEPXHIOIO OIEHKY abCOIIOTHOM TMOTPENTHOCTH METO/Ia MPSIMOYTO/Th-
HUKOB U MPU 3a/IJaHHOI TOYHOCTH € METO/la BbIMUCATHL HEPABEHCTBA

——a)hl\/llés, M; = max |f |

(b
<
lR“pl ™ 2 z€[a,b)

ﬂoc.ne,qnee HEPABCHCTBO MO>KHO HCIIOJIL30BATDL JIJIA BerHeﬁ OIICHKH
mara h 4uCcJeHHOro UHTETrpupoOBaHuA 110 METO/AY IPAMOYTOJIbHUKOB!
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Ona tabnmnyHon GyHKUMMU

dopmyna NnpAMOYronbHUKOB Ha oTpeske x € [a,b]

nMeeT BU/T

=1

b n
Jf(x)dxzzyi—lhi~ (2)

Ee norpemsocts onpejensiercs: Bbipaskenuem (1) .

Taxum obpazom, ompeaensgOnuMu (POPMYJIAMUA METO/Ia TTPSTMO-
YrOJIbHUKOB sIBJIsiOTCsT (popMysia ( 2 ) YMCIEHHOIO MHTErpupoBa-
Husi u popmyna (1) MOrpemHocTy.

M3 (1) BuaHO, 9TO Ha KaXKJOM OTpe3ke [T;_1,x;] dopmy-
Ja TIPSIMOYTOJBLHIKOB MMeEeT MOrPENIHOCTD, POMOPIHOHAIBHYIO h2,
a Ha BceM OTpe3kKe ¥ € [a, b] — mary 4ucjieHHOro MHTerpUupOBaHUs]
h. B cooTBeTCTBHU C 3TUM MEMOO NPAMOYLOALHUKOE ABAAECMCH ME-
modom nepeozo nopadka mouHocmu (2Aa8HHIT YAEH NOZPEULHOCTIU
NPONOPUUOHANEH ULARY 6 NEPBOTE CTNENEHU).



ANropntM metoga npsiMoyrofibHMKOB C aBTOMaTUYECKNUM
BbIOOpPOM Luara:

1. Becb yyacTok [a,b] Oenum Ha n paBHbIX YaCTeu C LWarom
h=(b-a)/n.

1. OnpepensieM 3Ha4eHue y, noabIHTErpanbHON oyHKLUN f(x)
B K&)XOOW YacTn nenenng; = f(r;).i=0,n.

2. B kaxxgoun yactun geneHuvs FIOLll,bI:HTeraJ'IbHy}O doyHKUMIO f(x)
annpoKCUMmMpyem MHTepPNOoNALNOHHLIM MHOIOYNEHOM
CTeNeHun n = 0, T.e. NpAMOW, napannensHon ocu OX. B

pes3ynberaTte Bcs NoablHTerpanbHaa yHKLUUA Ha y4acTKe
[a,b] annpoKCUMUPYETCH NOMaAHOWU NUHNEN.

3. [Onga kaxgowu Yactu geneHua onpegensem nnowagb S,
4aCTUYHOIo NPAMOYroSibHMKA.

4. Cymmupyem atu nnowagun. NpubnmxeHHoe 3Ha4YeHne
MHTEerpana / paBHo cymme nnouwagen YaCTUYHbIX
NPAMOYrOfbHUKOB.
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ANropuTt™m BbI4YUCIEHUSA
NHTEerpasna nocTpoum B BNae
NTEpaLMOHHOro npoLiecca rnoucka c
aBTOMaTU4YeCKNM BbIDOPOM Luara.
Ha kaxxgowm ware dygem
yMeHbLUaTb war h B Ba pasa, T0
eCTb yBeNnM4mMBaTb YMUCSIO LWaroB n B
OBa pasa. Bbeixog 13 npouecca
rnoncKka opraHu3yem rno TOMHOCTU
BblYMCIIEHUA NHTErPana.
HavyanbHOe 4yncno waroB n=2.
Cxema anroputma METOA0B
NPSIMOYroSIbHUKOB MpeacTaBreHa

Ha puc.
YcrnoBHbIe 0003Ha4YeHus:

a,b — KOHLblI MHTEpBana, &-
3agaHHas TO4YHOCTb, ¢=0 - METO.
NeBbIX NPAMOYToSfibHUKOB, C=1 -
MeTOL, NpaBbIX NPAMOYTrONIbHUKOB,
S1 - 3Ha4yeHune nHTerparna Ha
npegblayLlem ware, S - 3HayeHue




Memo0 cpeoHUx NPAMOV2OIbHUKOR

. h
3;[er Ha Ka’KJIOM HHTCPBAJIC 3HAUCHHC (byHKI_IHH CHHTACTCA B TOUKES 2 , TO €CTh
X +k
[ f(x)dx = hf )+,
% . Paznosxenne QyHKUHH B pAj Telnopa 0oKa3bIBacT, 4TO B CIydae

CPCIHHX IIPAMOYTOJIbHHKOB TOUHOCTh MCTOIa CYIICCTBCHHO BBIIIIC:

h3 h2 3
e (f),R=—4!f (x)dx



MeToa Tpanme i

Armpoxcmiamm B 5TOM METOC OCYHICCTBIACTCA IIOTHHOMOM II(‘-])BOfi CTCIICHH. CYTI) METOda
JACHa H3 DPHCYHKA.

Asix)

Ha equrHyHOM HHTCPBATIC

X, +k

| f(x)dx-—(f(x)+f(x +h))+n,
axo X 1 bx;
M etog Tpaneyuit

X
’

B c.uyqae pPaBHOMEPHOH CeTKH (/1 = constw)

If(x)dx ;{ (Xo)+Zf(X)+ f(x, )]

i=l

3 "n
By R==a] o

[Ipu 3TOM



Xi-1 h Xi h Xis1

M3 puc. Buano, uro ecim f’'(x) < 0, o R; > 0
eciu xe f"(z) >0, o R; < 0.



[1ns1 BCcero oTpeska [a,b] HEODXOANMO CIOXUTb BblpaXXeHue
ON1a OQHOro MHTepBasna n pas:

b n—1
Jf(w)dm~g(yo+yn+22yz>. (3)

5 1=1

Buwipasicenue (3)  maswviearom @popmyaoti mpaneuuti YuUcAeHH020
UHMEZPUPOBAHUSA OAS 6C€20 ompe3dKa |a, b].

Ha Bcem otpeske [a, b] morpemnrHocTn r HEeOOXOTUMO YBEJTH-
YUTh B N pas:

(nh)h2

b4

Ryp=nti=

= b_ahzf(,) e (a,b). (4)

Takum obpasom, mMeToJ1 Tparenuii — memod 6mopoz20 nopadka
mouHoCU omuocumenvho waza h (2aa6Hbil waeH nozpewHocmu
NPONOPUUOHANEH ULG2Y 6 KEAIPpame).



[TockosbKy mosioXKeHue TOUKY X;Ha nHTepBaJe (a, b) Heu3BecTHO,
TO, 3aJjaBasi TOYHOCTb € YHUCJIEHHOTO MHTErPUPOBAHUS, MOXKHO 3a-
MUCATH CJIEYIOINe HEPABEHCTBA, UCIOJIb3yeMble JIJIsi ONPe/IeIeHHS
mara h YUCJIEHHOIO MHTErPUPOBAHUSI:

b—a

< " 2 o
OTKY/Ia
12-¢
h < . My = ma "(x)]. (9)
\/(b—a)Mz’ ? me[aﬁllf (@)

Eicau To4yHOCTH € He 3a/ilaHa, TO BbiOMpasi mar h 4YuCJeHHOro UHTEe-
rpUPOBaHuUsl, MOXKHO 110 (popmyJsie (4)  OIEHUTDH MOrPENTHOCTb [y,
dbopMyabl Tpanenuii.



AnropntM meToga Tpaneumn ¢ aBToMmaTu4eckum Bbioopom
Llara:

1. WHTepBan [a,b] Aennum Ha n paBHbIX YaCTeU C LWarom
h=(b-a)/n.
1. Bbluncnsiem 3HapeHue|nebpHTerpanbHon yHKLWMK B
KaXOoW y3roBOU ToYKe
2. Ha kaxgowm ware noabiHTErpanbHyro yHKUKIO f(x)
annpoKCUMMpyeM NpAMoun, CoegnHAarLLEN ABE COCeEQHME
y3noBble TOYKU. B pesynkraTte BCcA nogblHTerpanbHas

doyHKUMA Ha y4acTKe [a,b] 3amMeHdaeTCca nNoMaHoU NMMHNEN
npoxoasilen Yepes Bce Y3roBble TOYKN.

3. Bbluucngem nnowagb KaXxgom YactU4YHOM Tpaneuun,

4. [lpnbnmxeHHOe 3Ha4YeHNE NHTErpana paBHoO CyMmmMe
nrowagen YaCTUYHbIX Tpaneuun., e

I=) S.

e

1=1



Hagano

n=2
Puc. Cxema anroputma e
MeToaa Tpaneunn '
(c aBTOMATU4YECKUM h=(o-a

BbIOO pOM Luara) s:pm(al)wvm)

i=in-I

X=x+h §=5-hi2
[
S=5+2FUN(x)




OCOoO0eHHOCTH NOBe e HHA NOrPeIHOCTH

Kasanoch 651, 3a9CM aHATTH3HPOBATDh Pa3HBIC MCTOAbI HHICITDHPOBAHHA, CCIIH MBI MOJKCM
IOCTHYb BBICOKOH TOYHOCTH, IIPOCTO YMCHbIIIAA BCIIHYHHY IIdara HHTICTPHPOBAHHA. OI.[H&KO&
PaCcCMOTPHM l'pa(l)HK IIOBCOCHHA anocrepHopHOﬁ IIOI'PCIIHOCTH R PE3YIbTATOB HHCIICHHOT O

pacueTa B 3aBHCHMOCTH OT UHCla 7 pa30HeHHi HHTepBaia (To ecTh pH 2 2 % mar h—0
Ha yuactke (1) morpemHocTs yMEHbINACTCA B CBA3H C R

yMeHbIIeHHeM mmara h. Ho Ha ygacTke (2) HauHHaeT &
OOMHHHPOBATh BEIYHCIHTEIbHAA IOTPEIIHOCTE,
HaKaILTHBAKOINAACA B Pe3yIbTaTe MHOTOYHCISHHBIX (1)
apudmeTHuecKkHX AeHcTBHH. TakuM oOpasoM, 11
KaKJI0T0 METO/1a CYIIECTBYET CBOA Ry, KOTOPAA 3aBHCHT (2
OT MHOTHX (paKTOpPOB, HO IPEK/I€ BCEr0 OT allpHOPHOTO
3HAYEHHA ITOTPEITHOCTH MeTo1a R. ! >




Metoa CHMICOHA

[ToasiHTerpanpHad QyHKITHA f{x) 3aMeHAETCA
HHTEPIIOIAIIHOHHBIM IIOTHHOMOM BTOPOIi CTelleHH P(X) —
napaboII0H, MpoXoadIeH uepes TPH y371a, HampHMep, Kak
nokasaHo Ha pHCcyHKe ((1) — pyHKiHA, (2) — MOTHHOM).

PaccMOTpHM JBa IIara HHTErPHPOBaHHA (7 = const = X;—; — X;), TO
€CTh TPH y371a Xy, XJ, X2, 4€pe3 KOTOPHIe MPOoBeAeM Tapadomy,
BOCIIO/Th30BaBIIHCh YpaBHeHHeM HpI0TOHa:

xp |xy |x2 %

-

P(X)=f0+x-x° (fi-fo)'*'(x_%)[x-xl)(f{)-2f1+f2) M eron Cumncona

2%

[Iycte z = x - Xy,
TOorJa

P(z)=j, +§(ji "fo)*'Z[;h-zh)(ﬂ) =24+ 1)=

g
-JB"‘—( +a4fi-H)+ z(fo"zfi +£,)



Tenepb, BOCMOIb30BaBIIHCE TOTYUE€HHBIM COOTHOIIIEHHEM, COCUHTAEM HHTETpal 0 JaHHOMY
HHTepBaly:

X, 2k
[ ayar= [ e =2, + EX (35, va - 1)+ B (1, -2, 41,)-
X 0

= 2hf, +h(- 31, +4f1‘f2)+%(fo ‘2f1+f2)=§[6f0 -9, +12/,-31,+4/, -8/, +4 1)

B urore

] (X)dX——(ﬂ)+4f1+fz)+r ©)

Xy




Ha Bcem orpeske [a, b] Boipaxkenue (0)  He0OXOAMMO CJIOXKHUTD
m pa3, MOCKOJbKY HMEETCs M IMap OTPE3KOB AJIuHOi h, mosry-
qyuM opmyasy Cumncora 4ucaerHo20 UHMEPUPOSaHUs onpedener-
HO20 UHME2PANa

b L m m—1
Jf(a:)dng y0+yn+4Zy2z‘—1+2Zy2i ; (7)
a

1=1 1=1

[TorpernnocTsb dhopmysibl CUMIICOHA Ha OJHOI Mape IIaroB 3allu-
CBIBAETCA CJIEAYIONUM 00pa3oMm:

Ti4+1

. h
F= J f(x)dx—g(yi—1+4yi+yz'+1)=

Ti-1 h5



Jlnst Bcero orpeska [a, b] 3Ty morpemHocTs HEOOXOUMO YMHOXKHUTD
Ha M Map OTPE3KOB:

mh5 IV 2mh5
RC:mri:_— (X):_ 130

_nh-h* il by __(b—a)h4
180 ) 180

m. e. 6 opmyse Cumncona na ecem ompesxe |a,b| noepewrocmo
NPONOPUUOHANDHA YEMBEPMOT CMENEHU Wa2a, U, CAEJO8AMEADBHO,
memod Cumncona ABAAECMCA MEMOJOM HEMBEPMO20 NOPAIKA MOY-
Hocmu (M. e. 24a8HYIT YAEH NOZPEWHOCTIU NPONOPUUOHANEH YeMEED-
moti cmenenu waza h).

f]V(x)‘ =

V& xe(ab), ®



[Tocko/bKy moJioXKeHre TOYKU — Ha OTpe3ke [a, b| nemssecTHO, TO
B COOTBETCTBHMU C (8) MOKHO 3alllCaTh BEPXHIOIO OIIEHKY MOIpel-
HOCTH U TIPH 33/JaHHON TOYHOCTH £ TOJYYUTH

b— a)h?
|Rc|<( 18%) My<e, My= ren[aﬁ]lf'v(a:ﬂ,
OTKY/1a
180¢
hg ¢ . My = Viz)|. 9
\/(b—a)/m 4 mrg[%]lf (2)] 9)

Takum obpaszom, onpejensiiomumu dbopmyiaamMu MeToga CuMmi-
coHa sBJsitoTCst Bhipaxkenust (7)) , (&) | (9) , B coorBeTcTBUM
C KOTOPBIMHU MO 3aJaHHON TOYHOCTH € u3 yp.(9) HaxoauTcs mar h
YUCJICHHOT'O WHTErPUPOBAHUSI, C €r0 MOMOIIbIO COCTABJISETCA CETOY-
nasa ¢yukiusa y; = f (z;), i = 0,n, n = 2m, a 3aTeM TPUOIUIKEH-
HO BbIUMCHsieTcsa uHTerpaJs 1o dopmyse (7) . Ecau TouHocTh £
HEM3BECTHA, TO, 3aJaBasich marom h, MOXXHO 1o dopmysie (8)
BBLIYMCJ/IUTD MTOTPENTHOCTh YHUCJAEHHOTO MHTEIPUPOBAHUS.



Hayano

Puc. Cxema anropmntma FELE
CumncoHa (c n=2
aBTOMaTU-YECKNM Sj':o
BblOOpOM Liara), rae N2 >
- KONIMYECTBO YacTel i
neneHus. e

$=0
|
N2=n/2
I
r<<: k=1,
|
xl=x
x2=x1+h
x3=x2+h
|
S=S+ g[FUN(xl )+4FUN(x2)+FUN (x3)]
|
x=x3
|




IIponienypa PyHre oneHKM IMOrperniHoCcT U yTOY-
HeHusi (HOpMYyJI YMCJIEHHOro uHTerpupoBaHusi. [Ipornenypa
Pynre mo3BoJsisieT OLIEHUTL MOTPENTHOCTL W TMOBLICUTL HA €JIUHUILY
MOPSI/IOK METO/A MyTeM MHOTOKPATHOTO (B MPOCTEMIIEM CJiydae JBY-
KPATHOTO0) MPOCYETa ¢ PA3JIUYHBIMU IIATaMU.

[IycTh ncnosib3yercst KaKoi-Jimd0o MeTo ] YMCJAeHHOIO HHTErPUPO-
Banusi ¢ maramMa h u h/2. I nmycth nopsiJok BLIOPAHHOTO METO/Ia
paBeH p, TOT/a,

[ =1+ vh? + O(hPT, (10)
B\P
[=1Ipp+9 |5 ) +OKBP, (11)
rpe I — TouHoe 3Hauvenue uHterpana; Ip, Ip o — BbIYUC/IEHHbIE

3Ha4YEeHHMs MHTerpaja ¢ maroM h u h/2 cOOTBETCTBEHHO; BTOpPHIE
cjlaraeMble CripaBa — IVIaBHbIE YJIEHbI IMTOIPEHIHOCTH MEeTO/1a, YNCJIeH-
HOI'O MHTEIrPUPOBaHUSA ToOpsijaKa p. /ljis uX BBIYKMCJICHUS BBIUTEM U3
BbIpa)kKeHus (11) BbIpaxkeHue (10) , MOJIYUUM



(Inj2 = In) + 9 (g)” [1-27]+ 0 (k") =0,

b (ﬁ)p = St (12)
2 2r
Bripaxkenue (12) TO3BOJISIET MPOBECTH AIlOCTEPUOPHYIO OIEH-
Ky l'IOI"peIHHOCTI/I BBIYUCJIEHHOI'O 3HA4YEHUdA OHpeﬂe.ﬂeHHOFO HUHTEI-
paJia.
[TopcraBum (12) B (11) , NoJy49uM (pOpMyJly HMCAEHHOTO MH-
TerpupoOBaHus yxKe nopsjaka p-+1:

o — 1
I =1+ ”2/5 @l (13)

Takum obpasom, cdopmyna (13) — mnpocTeiiliiass mpoleaypa
PyHre yTouHneHusi Ha OJJuH MOPsi/IOK (POPMYJIbl YUCJIEHHOI'O MHTETPU-
pOBaHUA.

Sameuanue. Eciau s nogbinTerpanbhoi yukiun y = f(x)
nmocTpoena cerounast bynkmus y; = f(x;) ¢ mepeMeHHLIM Ia-
rom h;, TO MOTPENIHOCTh YKMCJEHHOIO MHTEIPUPOBAHUS OIPE/IeJIsi-
eTCsl KaK WHTerpaj OT MOTPENIHOCTH WHTEPIIOJSAIIMOHHOTO MHOTO-

YJICHa.



icnonb3oBaHMe NONIMHOMOB BbICOKUX CTENEHEN B
KBagpaTypHbIX doopmynax HbloToHa-KoTeca conps»eHo co
3HAYNTENbHLIMU BbIYUCTTUTENBbHBIMU TPYyAHOCTAMW. [1T0O3TOMY Ha
NpakTUKe NOCTyNnatoT TakK: pa3dbnBatoT NPOMEXYTOK
NHTErPUPOBaHUSA Ha JOCTAaTOYHO DOMbLLOE YMCIMO MaNeHbKNX
OTPE3KOB U K KaXXO0MY 13 HUX MPUMEHSAIOT KBaapaTypPHYIO
doopmyny HetoToHa-KoTeca ¢ HebonbLUMM Yncriom opanHaTt. B
pes3ynkraTe rnosly4aroTCA He CNOoXKHbIe POpPMYIbl U pacyeThbl Mo
HMM JaloT JOCTAaTOYHO BbICOKYH TOYHOCTL. MI3BECTHbI Takke
KBagpaTypHble dopmynbl HebbilweBa u ['aycca.

Owwnbka B BbIOOpE BENMMYMHLI LLIAra UHTErpUpPoOBaHUA NMMBO He
obecnevnT Hy>KHOW TOYHOCTU, MO0 NPMBEOET K
HeobOCHOBaHHbLIM 3aTpaTam MalUMHHOIo BpeMeHu. MoXHO
MCNOSib30BaTh TaKylo CTpaTEernto: CHa4yana 3agatTca 4OBOMbHO
GonNbLUMM LLAroM UHTErPMPOBAaHUS, 3aTEM NocreaoBaTenibHO ero
OpO0AT 00 Tex Nop, NoKa pasnuyne mexay ABymMma
nocrneayrwmMmmn 3Ha4eHNAMN NHTErpanoB, PacCYNTaHHbIMU MpU
PasfnnM4YHOM Llare, He CTaHET HE3HAYUTESTbHbIM.



IIpumep MerogoM Tpamenuii ¢ TOYHOCTbIO £ = 1072
n Cumrcona ¢ TouHOCTbIO €7 = 107% BBIUMCAUTHL ONpe/esICHHBII
MHTETPaJT (BLIMUCISIEMbI TOYHO):

1
J b =In|l+ || =In2=0,69315.
142z 0

Pemenue. 1) Memod mpaneyuti. WVcxoas w3 3ajaHHON TOY-
HOCTH € = 1072 BBIMHC/INM IIAr YUCJIEHHOTO WHTErPUPOBAHUS, IS
4yero UCToJib3dyercsi (hopmysia (5) :




Heobxoanmo BeIOpaTh Takoii 1miar, KOTOPbIM yA0BJIETBOPSIET HEPaBEH-
ctBy h < 0,2449, u urobbl Ha oTpe3ke mHTerpupoBanusi r € [0; 1]
OH YKJIQJbIBAJICS 1ejaoe ducao pa3. Ilpunumaem mar A = 0,2. On
YJIOBJIETBOPSIET OOOUM 3TUM TPEOOBAHMSIM.

Jlost nogpinTerpasibHoil dyukumn f (z) = (14 2) " ¢ HesaBu-
CUMOU TIEpEMEHHOI X;, U3MEHSIONENCsT B COOTBETCTBUU C PaBEH-
ctBoM T; = o +th =04+17-0,2, « = 0, 5, cocTaBjsieM CETOYHYIO
(bYHKIINIO ¢ TOYHOCTBHIO JO BTOPOTO 3HAKa MOCJIE 3aIATOMN:

Yi 1,0 0,83 0,71 0,63 0,56 0,5




Ucnonb3yercs bopmyna Tpanenuit  (3) YHUCJIECHHOTO WHTErPU-
poBanusi (n = 5):

! d L n—1

4 i
[ ~ §(yo+yn+22yz)—
0

=1

_ 02_2 1,0+ 0,5 + 2 (0,83 + 0,71 + 0,63 + 0,56)] = 0,696.

CpaBHuBasi 3TO 3HA4YE€HHWE C TOYHBIM, BHJUM, 4YTO abCO-
JIIOTHAsI TOTPEIIHOCTL He TMPEBLINIAeT 3aJJaHHOM TOYHOCTU E:
10,69315 — 0,696| < 0,01.

Takum oOpazom, 3a NPUOJIHXKEHHOE 3HAYCHHE OIPEJIeJICHHOIO
MHTerpaJia no MeTojy Tpamneinuii ¢ Tounoctbioe = (0,01 npunumaercsi

3HAYCHUEC

1
J 9T 0,696
1+

0



2) Memod Cumncona. Vicxonst u3 3a/JaHHOM TOYHOCTH £] = 10~4
BBIYMCJISIETCsI 111al' YUCJACHHOI0 MHTEerpupoBanus st Merogaa CuMil-
coHa o opmyJie (9):

180¢e ]v 24 .
M4 = max = max = 24;
\/(b—a My’ . z€[0;1] |f )| z€[0;1] (1—!—.’1})
4/ 180-10~4 14
< — — ;
h < 1-0) 24 10 7,5 = 0,165

Heobxomumo BeIOpaTh Takoii 1mar, 4Toobl OH y/I0BJIETBOPSJI HEPa-
BeHCTBY h < 0,165, m 4T0oOBI Ha OTpe3Ke HMHTErPUPOBAHUA I €
€ [0; 1] on yknaabiBasicss uemmoe wucao pa3. [Ipuaumaem h = 0,1.
C stuMm marom Jijist ojpiHTerpasbioi pyukuuu f (z) = (1 + :1:)_1
dbopmupyercsi cerounasi (PYyHKIMS ¢ HE3aBUCUMOI TEepeMeHHON X,
n3MeHstoneiics o 3akony x; = ro+th=04+14-0,1,i=0, 10, n =
= 10, m = 5, npuyeM 3HAUYECHUsI CETOYHON (PDYHKIIUU BBIYUCSAIOTCS
C TOYHOCTBIO J0 YETBEPTOro 3HaKa MOcJje 3ansToi:



i |0 1 2 3 4 d 6 7 8 9 |10
z;| 0] 0,1 0,2 0,3 0,4 0,56 | 0,6 | 0,7 0,8 0,9 (1,0
y; [1,0(0,9091|0,8333|0,7692|0,7143|0,6667|0,625|0,588210,5556|0,5263|0,5

Ucnonbayercst hopmyna Cummncona (7)
poBanusi (n = 10, m = 5)

1

|

0

dx

+0,54+4(y1 +ys+ys +yr +yo) + 2 (y2 + ya + ye + ys)] =

0,1

L3

1+ x

0,1

h

3

m
(yo+yn+4zyzz'—1 + 2

= |

m—1

=1

> i)

YUCJICHHOI'O UHTET'PHU-

0,1
3

+2(0,8333 40,7143 + 0,625 + 0,5556)] =

3

(1,5+4-3,4595 + 2 - 2,7281) =

0

3

1,0+

2= [1,5 + 4(0,9091 +0,7692 + 0,6667 + 0,5882 + 0,5263) +

1907942 = 0,69314.



CpaBHeHI/Ie 9TOI0 3HA4YC€HHUA C TOYHBIM 3HAQYECHUEM HMHTEI'PaJia T10-
Ka3bIBa€T, YTO abCoOJIIOTHAS INMNOTrpelITHOCTb HE ITPEBLIIIACT SaﬂaHHOﬂ
TOYHOCTH £

0,69315 — 0,69314| < 0,0001.

Takum obOpazom, 3a HpUOIHXKEHHOE 3HAYEeHHEe OMNpPEIeSIEHHOIO
nHTerpada no meroay Cumrmcona ¢ Tounoctbio €7 = 00,0001 npunu-
MaeTCsl 3HaUYEHUE

1
J 9T _ 2 0,6931.
142
0

Sameuvanue. ZlcHo, 4TO A5 OOJILIIMHCTBA WHTETPAJIOB OT
HeNpepbIBHbIX (DYHKIMI MMepBo0Opa3Has He BBIYHCISACTCS (0THAKO
OHa CYIIECTBYET) U BbIYHMCJIEHHOE TPUOJIMXKEHHOEe 3HAUEeHUEe CPAaBHU-
BaTh HE C 4YeM, OJHAKO Iar YHUCJIEHHOI0 UHTErPUPOBAHUSA, BLIYUC-
JICHHBIN 110 33/IaHHON TOYHOCTH, rapaHTHPYET 3TY TOYHOCTH BBIYUC-
JICHUS.



Metoasl MoHTe-Kap.10

1) oZHOMEpHAA CIVYANHAA 6eTUYUHA — CTATHCTHIECKHH BapHAHT
MeTOJa MPAMOYTOIbHHKORE.

B KadecTBe TeKVIIEro ysiaaX; Oepercsa caydaHHOE JHCIO,
pPaBHOMEPHO pacIpeaeleHHOE Ha HHTepBale HHIETPHPOBaHHA [a,
b]. IIpoeeaa N BBI‘IHCJICHHI‘:I 3HaYeHHe Hmerpaﬂa OTIpEIeTHM II0

[ @in= —Z‘,f(x )+R
creayiomeH dopmyie: 2 - . Haa R
1

MO’KHO YTBEp KIaTh XOTH OBl ~ NN :

2) AByMepHad clydaiHasd BeTHIHHA— OLICHKA ILTOIaaeH.

PaccMaTpHBAKOTICA ABE PAaBHOMEPHO pacIpeaeIeHHBIX CTyIaHHbIX

BEJIHYHHEI X; H V;, KOTOpPBIe MOKHO paccMaTpHBATh Kak
KOOPIHHATEI TOYKH B IBYMEpPHOM IIPOCTPAHCTRE. 3a
npHOTHKeHHOe 3HaYeHHe HHTer paila IPHHHMAaeTCsd KOTHIeCTBa
TO4eK S, MOMAaBIIHX IO KPHBYIO ¥ = f{X), K 00meMy YHCTY

2
[ £ s 5

HCIIBITAHHH N, T.e. @

Arix) f;

V1 IepBEIi, H BTOPOH CIy4aH JerKo 0006IarTca Ha KpaTHEIE HHTEI PaEL.



HI)IIﬁJIH“)KeHHOC BhIUHCJIEeHIIE HECOOCTBEHHBIX HHTErpaJjgaoe

HecoOcTBeHHBIMH Ha3BIBAIOTCS HHTCIPAJEBL, ¥ KOTOPEIX OJJHH HIH o0a IIpcaciia
HHTCIPHPOBAaHHA OE€CKOHEUHEL:

4+ b 4@ b
J‘ f(x)dx = ljm j f(x)dx f f(x)dx = El‘m J. f(x)dx

b+

Ecmn IIPCAC/IbI B ITPABBIX YACTAX PABCHCTE CYIICCTBYIOT, TO HHTCI PAJIbl HA3BIBAKOTCA
cxooau umicA, a B IPOTHBHOM CJIy4ac — 1)(10.\700}lll(1l.'1lll0ﬂ >

['eoMeTpHYECKH A1 HEOTPHUIIATEIHHOH MOABIHTETPATbHOM
+00 Jx)
(G YHKITHH HECOOCTBEHHEIH HHTETpal I f(x)dx
7]
NpeACTaBIAET COOOH II0MAa b KPHBOIHHEHHOH TpaneIu,
OrpaHUYCHHOH rpaHKOM IMOJABIHTETrPAIbHON () YHKIIHH,

OCBIO a0CIIHCC U I'IpHMOﬁ X—d.




B ocHOBE HpH6.’IH')K€HHOFO BBEIUHCICHHS HECOOCTBEHHBIX HHTCTPAJIOB JICKHT HX IIPCACTABICHHC
B BHJC.

+0 a b +00
J‘ f)de= I J(x)dx + I f(x)dx+ I f(x)dx (14)
—® —® a b

[Ipu 5TOM B cIydae CXOAANIUXCA HHTETPATIOB PEMICHUE 3a1aUH 3aKTI0YaeTCS B CIICIYIOMEM:
a) HaXOKACHUE IIPEICTOB HHTETPUPOBAHU [, b], IPH KOTOPBIX 3HAUCHHUS IEPBOTO U TPETHETO
HHTETPAIOB HECYIIECTBEHHEIL;

0) npuOTHKEHHEIH pacyEéT BTOPOro HHTErpaia B HAHACHHBIX peaeax [, b] mo0bmM u3
PacCMOTPEHHBIX BEIIIIE METOJIOB.

[IpaKTHUYECKH aITOPUTM ONPEACICHHA HECOOCTBEHHOTO HHTETPaIa BKIIOUAET HTEPAIIHOHHYIO
nponexypy pacuétor. CHaua1a 3aJar0TCs OHH IPECTbl HHTETPHPOBAHUSA, H BEIUHCIACTCA
3HAUYCHHE CPEIHETO HHTETpala |, 3aTeM Oosiee MHUPOKHUE Mpeaesl [a,b] u cHoBa

PAaCCUHTBIBACTCA CTO 3HAUYCHHC. Tak IIPOHUCXOOHUT JO TCX ITIOP, IIOKA ABa ITIOCJIICAOBATC/IBHBIX
b

3HAUEHHUA HHTETpaja j f(x)dy mpu pa3THUHEIX Ipeaenax [a,b] He OyayT HECYIIECTBEHHO
@

OTJIHYaThCA JPYT OT ApyTra.



UuncneHHoe nHTerpupoBsaHue B MATLAB

[TpH BBIMUCAEHUAX HHTErPaNoOB YHUCIEHHLIMH METOAAMH NOULIITE-
FpATbHYIO (PYHKUMIO uenecoobpa3Ho npeacTasaste B Haubosiee npo-
CTOM BH/IC. DTO MOXET YCKOPHTL BLIMHCACHHA. YNPOUIEHHE NOALIN-
TErpaibHON (PYHKIMH MOKHO BbINOJHHTDL, BOCMONL30BABLUKCH (PyHK-
UMAMH simplify() H factor (). UMEIOT MECTO CnyyaH, koraa cucTema
AQ YNPOUIEHHA HE MOIKET BLIMHC/IHTL HCONPEACHEHHLIM UHTErpan u
JIErKO €10 ONpeeseT Nocne yrnpoueHHs.

Memoo mpaneyuii peanuzosan 8 MATLAB HeCKOIbKMMU by -IKHHS-
MU, MPUBEACHHBIMH HHKE.

DOyHKUMs

cumtrapz (y)

OCYLLUECTBJIAET BHIYHCICHUE HHTEIpaja B CAy4ae, KOrud 3HAYEHHS
GOYHKUMH y 33JaHbi B BHE BEKTOPa WIH MaTpHLbLl HCOIPARHYEHHLIX
pazmepos. OTKIHKOM 3TOH (DYHKLUHMH ABIAETCA 7 WHTErpancs, rae
7 — YHCIO 3JIeMCHTOB BCKTOPA HIH HCJIO DJIEMECHTOB B K1KAOM
cronbue MarpuLb.



Huterpanul BuIMHCASAIOTCA NO METOAY Tpaneudil. Koraa 3HaueHus
(PYHKLIMH y COCTOAT M3 OJHOIO JJIEMCHTA BEKTOpa (MepBOro), ABYX
JACMEHTOR BEKTOpA (TICPBOFO H BTOPOFO) HT. . 30 nNoC/ieAHerG HHTC-
rpana, KOrjla MMci10 3HauYeHui v paBHO YHCIY 3JIEMCHTOB BEKTOPA MJTH
31EMEHTOB CTOSIOLOR MaTPHIlbl (KO/IMUYECTBO 3JICMCHTOB B KIDKAOM
crondue 0HHAKOBO).

Takoe BbMMCNEHHE HHTErpana Ha3bLIBACTCH UHINESPUPOBAHLIEN C NA-
xonuenuem. Tlporpamma BbiHHMCAACT wHTCrpan ¢ waroM =1 Ecny

AK€ OP/IMHATHI NOJYHCHLI C MHLIM 1LArOM, TO PE3YJIbTAT BbIYKCACHUI
HHTErpala HY>KHO YMHOMKHTL Ha /1.

Mpumep 1

[Tycts dyHkuMA y(x) MUMEET 3HA4Ye€HUs, MPEACTABICHHBIC B BHMJC

cneaytouero Bekropa: y=(1,2,3,4,5,6,7,8,9,10). Heobxoaumo Bbi-
YHUCITHTD

)
Iy(x)dr.

Mpustom a=1, b=1,2,3, .., 10.



OYHKUNS BBIYHCNEHUS HHTEIpaia METOAOM Tpaneuuit Oyner MMeThb
BUL:

>> y=[1,2,3,4'5, 6,7,8,9,10];
>> cumtrapz (y)

ans =

¢ 1.5000 4.0000 7.5000 12.0000 17.5000 24,0000
31.5000 40.0000 49.5000

ﬂposepuM llpﬂBH.‘leOCTb BBIYTHCJICHUSA mrrerpana:
1
[l dx=0.
|

Hanee sBocrionszyemcsi opMyJioin tpaneuuii

jf( X)dx = h( +Zyk y"]

rie:
¢ y, — 3HaueHue NnobiHTerpanbHoit GyHKUHH MpU X =a ;

¢ vy — 3HaYEHHE NOALIHTErPAIbHON (QYHKUMK IIpU X =b |

¢ / — war UHTEerpyupOBaHUs.



y(x)ch‘=!-29-+}-'l Yy et Vo +%9-

=%+2+3+4+5+6+7+8+9+12(—)==49.5.

Mpumep 2
DyHRUMS y(x) ABNACTCS MATPULIEH.

o> vml] 2.3:2.3,433,4,5:4,5,86]);
>> cumtrapzly)

ans - -
0 0 0
1 20 3.5
B © 8
7ies 105 13.5

B kaxzoMm cronlie HWCXOAHOH MaTpHUbI MONYYCHBI 3HAMEHHS HMHTE-
rpajia ¢ HaKOMJICHHEM,



DdyHkyua cumtrapz(x,y)

O1a PyHKUHA BBINOAHACT HHTErPHPORAHME ¢ HAKOMNeHHWeM (GYHKIHK
y(x) rarke metosom Tpaneuuii. Ilpu 3toM x 1 y MoryT 6biTb 16O
BEKTOpAMHU OIHON M TO# Ke pasMepHocTH, JMOO0 X — 3TO BekTOp-
cronbeu, a y — MaTpuua.

OTKIHKOM SBNSETCH 3HAUCHUE HHTETPAIA C IMANAZOHOM 3HAUEHHH X .
Mpumep 3

DOYHKLHA y(x) 3aj/laHa B BUAE C/IeAYOLMX BEKTOPOB:
#=(1,3.7,9:10]), v=(1,3,5;7,9].

HeobX0AHMO BLIMMCIINTE METOIOM TPANCUHH 3HAYCHUC WHTErpana
C HAKOILTCHHEM.

Pewrenne:

>> X=[1'3'7,9'101;
>> y={113,5’7'91;
>> cumtrapz (X, y)



3nech BLIYHCICHUA 3HAYCHUI MHTErpaJia C HAKOMJIEHHUEM Ha i -M are
S ocyuiecTraseTcs no popmylie:

S =5, +| 2+ 22 A,
2 " 2

rae:

¢ S, — npeabllyLuee 3Ha4YCHHE MHTErpasa;

® . y,, — 3MavyeHHs (PyHKUKHH B HAYaNe U B KOHIE WHTEpRana
Ax;

¢ Ax — war warerpuposanms na yyactke [y; v, ].

JIns nawero npumepa BeIYUCIEHHS UMEIOT BUA!

¢ na yuactke Bektopa [1;3]:
S, =0+[l+§-]-2=4;
2 A

¢ na yuacTke Bextopa [3;7):

S, =S,+(2+-§]-4=20;
2 2



¢ na yuactke Bextopa [7;9]:
S, = 20+(2+1)-2=32 :
2 2

¢ ua yuactke Bextopa [9;10]:
9 _
Sy =32+(1+—]-l =40.
2 2

Kak BuanHo U3 npumepa, (PyYHKUHS cumtrapz(x,y} BBIYMC/AET WHTE-
rpan ¢ HaKOMNEHHEM NPU NEPEMEHHOM Lare .

Mpumep 4
DyHKuUHA y(Xx) 3apana B BUAC MAaTPULILL:

yvix}=[1 35 357; 468; 4789; 57 10}

Jpwu sTOM aprymenT x npeacrasaser coboil BEKTOP C/EAYIOLErD BU-
aa: x=(1,3,7,9,10].

BbIYHCAHTL 3HA4CHUSA HHTErpana.

Ilporpamma M pe3ynpTaT BbIMHCICHHA HHTErpaia ¢ noMoubio (bymc-
LUHWH cumtrapz (x,y) UMEIOT BUA:

>>x=(1 3 7 9 10];

>> v=[1 352 357 4 68; 479 5710):
>> cumtrapz{x,y)



0 0

4 8 12
18 30 42
26 43 <}

30.5 50 68.5

@yHKUuUA trapz(y)

DYHKIMS BOIBPALLIACT 3HAUCHUE UHTErpATa
b
I y{(x)dx.
a

Mpu atom y(x) moxer Guith Bekropom wnu matpuueii. Ecnu

y(x) — marpuua, To QyHKuUMS BO3BpALLACT BEXTOP 3HAYEHUI MITe-
rpaja Kaxaoro cronbua MaTpuibl. ‘

MNpumep 5

HeobxoauMo BuIYMCINTL METONOM Tpaneunii 3HAYEHUE WHTerpana,
ecnn QyHKums y(x) ABNAECTCH ClIEAYIOLIMM BEKTOPOM:
y=[1,3.5,7,9].



>> y=[1 3 57 9];
>> trapz(y)
ans =

20

Mpumep 6

Myctb Gyukuns y(x) sensercs marTpuueii, Torga nporpamma petue-
Hus Oyaer UMeTh BUL

> y=[135; 357; 468; 47 9; S 710);
>> trapz(y)
ans =

14 23 31.5

OyHKyus trapz(x,y)

Boiuucnger uuterpan QyHkuuu y(x) no X METOAOM Tpaneuiii. Ap-

FYMEHT ¥ GYHKUMSA 3a1a10TCS B BHAEC BEKTOPOB HNM X — B BHIE BCK-
TOpa, a ¥ — B BMIE MATPULIBL.



Npumep 7

Ilycto aprymeHT X B QyHKUMA y(x) 3a0aHbl B BHUAC CJIEAYIOHIMX
BEKTOPOB: x={1 3 7 9 10),y=(1 3 5 7 9).

Heobx0aumMo BbIMHCIIHTD WHTEI'pa)1 METOAOM Tpancum“a.
>> x=[1 3 7 9 10}:
>> y=[1 357 8];
>> trapz(x,VY)

ans =
40

Npumep 8

[MycTb aprymentom ynkunn y(x) sBnseTcs BekTop x=[1 3 7 9 10],

a pyHKuHs — maTpuue#i y= [1 3 5; 35 7; 4 6 8; 47 9; 57 10).
Buiuncnum 3HaycHWE MHTErpaja METOAOM Tpaneuuil, HCnonbiys
(PYHKUMIO trapz (x,y).

>> x=[1 3 7 9 10];
> y=[135; 357; 468; 479; 5710];
>> trapz(x,y)
ans =
30.5 50 68.5



QyHKIMH trapz (y) U trapz(x,y) JAOMYCKAIOT 8HAITUTHYECKOE 3a1aHHE
noasinterpanbhol pynkunn y(x). Onnako B 570M cnyuae aprymeH-

TY X JOAHbI ObiTh APHUCBOCHLI YHCNICHHLBIC 3HAYUCHHKS BO BCEM JiHa-
Na3oHE HHTErPpHPOBAHUA.

MNpumep 9
Ilyctb noabiTerpanbhas QyHKLUUs HMeEeT BHA
y(x)=xe" +Inx+1.

Heobx0auMO BLINUCIHTEL OTIPEAENEHHbII MHTErpan B AHANa3oHe oT |
1o 10 cwarom 0.5.

>> x=1: 0.5: 10;
>> y=xX.*exp(x)+log{x)+1;
>> trapz(y)
ans=
4.0657e + 005 >> trapz(x,y)
ans =
2.0328e + 005

Cneayer UMeTL B BHAY, YTO [IPH BLIYHCICHIH HHTETPAIA C© MOMOUBIO
GYHKUMH trapzix,y) €r0 3HAYEHHE 3aBHCUT OT LUAra WUHTErpPUpo-
BAHMS.



Ecnu dyHkuua 3agadHa tabauuHo, M8l OCTATOMHOrO yieHa GopMynbl Tpaneuunit
MOKHO HMCIOoOJb30BaTb ﬂthSJ’lH)KCH!‘IOO DpriDKCHHC

rAe UepTa CBepXy O3HAUAeT cpejHee 3HAUSHUE 10 OTPe3KY HHTEIrpHpPOBAHUSI.

JL1st BEIYMCIIEHUS CPENHEro 3HaYeHusi KOMIIOHeHTOoB Jiloboro sekropa B MATLAB
HCTOJib3yeTcst (DYHKLNS mean. B JIAHHOM cjlyyae €€ Hajo NMPUMEHUTb K BEKTOPY

BTOPBIX pasHocTeit (rmpumep 14.5).

............................................

r&;ua :

Gab Y S L O v i KRNI

>> y=log(x);
>> d2y=diff(y,2);
>> mean (d2y)

ans =

-0.0049

[TogctaBnsis HalineHHoe cpenHee B (oOpMy/y OCTATOMHOIO YJ€HA, MOJYYUM
Repsn = 0.0004. Ecim npnGasnrb 91y 11011paBKky K paHet HAWACHHOMY 3HAYCHUIO
0.3859, NOIy4YHUM 0 . 3863, YTO B IMpeaenax 0T06|JEDKHCMOF0 KOJIMYECTBA paspialoB
COBITALAET C TOYHbBIM 3HAYCHNEM.



BoluncnnteneHbin anropntm metoga CnmMmncoHa peanmnaoBaH yHKLMEN

samal.
T Munnmansas dhopma obpanienus K yHKIMU, peanulyioiied UHTerpupoRaHue
no CHUMICOHY, — g=quad(fun,a,b). B Kauecrse rnepsoro aprymMeHra 3agaercs

yKasaTeJb Ha MOAbIHTErPAIbHYIO (DYHKIIWIO, BTOPOM M TPeTHit apryMEHTHl ofpe-
NS0T Mpeesibl UHTETPUPOBAHUs. YKazaresib fun MOXeT ObITh 3aaH OAHUM M3

TPEX CMoCcobOB:

O uMeHeM M-(YHKIWHY, 3aKITI0YEHHDIM B OAMHAPHBIE KaBbIYKH,

0 ykKasdareiaem @tun, ra€ tun — umst QyHKUMK,

O crpokoit, conepxatueit modyo GopMyy ¢ OAHOW HEe3aBUCUMON MEPEeMEHHOIM:
>> quad('log(x)',1,2)

ansa -

0.3863

3aMeTHM, 4YTO B Ipelesax oToOpaxacMoro KoJaMyecTBa paspsioB 3TOT pe3yabTar
COBMAnaeT ¢ TOYHLIM 3HAUYEHUEM.

DyHKINA quad HDOTIYCKAeT 3aaHME YETBEPTOro BXOAHOTO napamerpa — abco-
JIOTHOM MOTrpeliHOCTH eps!

g=quad (fun,a,b, eps)

[Mo yMonyaHHIO 3Ta MOrpeIIHOCTL NPUHUMaeTCs paBHoi 1.e-6. Ecin 3anars ee

bonee BbICOKOM (HArpUMeEp, 1.e-16), UHTErpaa OVIAET BBIYMCISITHCS TOYHEE, 3aTO
CYILECTBEHHO MeIEHHEE. O creneHu 3aMeUICHUSI MOXHO CYAUTb MO KOJIHYECTBY

fent oOOpalleHW K BbIYMCJIEHUIO 3HAYEHWS [MOABIHTErpalbHONil (YHKUUHU



dyHkuua quad(’fun’,a,b)

DYHKUMS BBIYHCASET ONPEAENEHHbIH HHTErPa
b
I f(x)dx
ag

L 10-3
C NOTPeLHOCTbIO, HE npepbluiatotieid 107,

IMoasiuterpanshas Gpynkuns f(x) npeacrapnseTcs B aHATUTHUECKOM
Buae ¢ cobmogenuem npasun 3anucyd Qyuxuuil B cucteme MATLAB.

Mpumep 10.
MMonviuTerpanshas GyHKUHS UMECT BHIL:
f(x)=e"+x*+2sinx-5.

Heo6Xx01MMO BBIMHCANTE UHTErpas
5
I f(x)dx.
|

>> y="exp(x)+x."2+2*sin(x)-5";
>> quad{y,1,5)

ans =
167.5415



®yukuua quad(’fun’,a,b,tol)

B dyHKUMH quad('fun',a,b,tol) napaMmeTp tol ABNAETCSH XKENAeMOi
NOrpettiHOCTBLIO, KOTopan npeactasnsercd B guae le-n. [lo ymonua-
HHIO tol=1.e-3.

Mpumep 11
TlycTs noabiHTErpanuHas GyHKUKA HMeeT BHA:

f(x)=¢e" +x* +2sinx-5.

Heobxounmo BbiuHCAWTL MHTErpan B aManazone ot | 10 5 ¢ norpeiu-
7 L
HOCTBIO HE Bhiwwe 10 .

>> quad('exp(x)+x."2+2*sin(x)-5',1,5, 1le-7)

ans =
167.5415

Otrser 10T e, 4t0 1 8 npumepe 10 , Koraa BLiMKCIEHHE METErPana
BBITIONHAIOCH ¢ norpeutHocThio He Bonee 107, 31o obbacusercs Tem,

4TO B OTBETE COJCPRUTCSH TONBLKO 4 3Ha4aWKMX uM(pbl nocae ansTowm.

OTrnuumne MmoxkHo OyneT BHaAETL NpU SolibiueM uyucie undp nocne 3a-
[ITOH.



®dyHKkuua dblquad(‘fun’,a,b,c,d)
B ¢pynkuuu
dblquad ('fun’,a,b,c,d)
NPUHATHI CheAyoUIHe 0003HAYCHUS:
¢ 'fun' — 370 (PYHKUMA C ABYMS [1IEPEMEHHBIMM;
¢ o, b— npesensl 110 BHYTPEHHEI NEPEMEHHOM,

¢ . d

npesesibl Mo BHEUIHEH NepeMeHHOIH.

Mpumep 12
QyHKUHA ABYX MCPEMEHHBIX UMEET BUA!
z=xt 4yt -2.

HeobX0MMO BBIMUCIHTL BHTErpan
23
I j z(x, y)dxdy .
10

>> zm'x. . 24%y."2=-2";
>> dblquad (z,1,2,0,3)

ans =
10



PelireHue NosIyHeHO ¢ MOrPeLIHOCTBIO, HE npesbitatowei 107,
[MOBLICHM TOYHOCTH BhIuHCNEeHUusa HHTerpata. Ilycts tol=1e-7.
Torna ¢pynkums Oyaer MMCTh BHAL

>> dblquad {z,1,2,0,3,1-e-17)

¥ Noce HaykaTHs Knapminy <Enter> nonyyum:

ans =

10

OreeT npexxHHii NOTOMY, YTO HHTErpai U NOJYYEHHbIH OTBET ABIACT-
CSl TOHHBIM pellleHHEM.



Elle oaMH DOMOJHUTE/LHbLIA YNPaBASIIOWKK NapaMeTp trace B OOpalleHUMH K
quad MO3BOJISIET DojIee ACTAILHO NMPOCAEAUTD 32 MOCAEI0BATENbHBIMIU HTEpALIUA -
My (npumep 14.8):

g=quad(fun,a,b, tol, trace)

Eciu trace=1, B npouecce paGoTbl BbIAACTCH 1OCJICAOBATE/bBHOCTD CIPOK BMid

[fecnt a b-a g], B KOTOPbIX NMOKd3daHbl TCKYWHE 3HAYCHHUSI COOTBETCTBYHOLUKUX
MEPEMEHHbIX Ha KaXIOW MTEpaLM M.

0 KOJMYECTBO BbI'IMCACHUH HHTErpUpyeMOH (pyHKLIMH;

(J 71eBblif KOHELl NPOMEeXYTKa,

O c10 winHa,

(J HaiiZeHHOEe 3HaYEeHUE MHTErpasa rno 3TOMy [poOMEXYTKY.

Ecnu trace=0 WIK 2TOT apamerp onymén, TpacCUpoBKa OTKIIOYAETCS.



22 ( = quad('log(X) "1r21 []ll)

(3amaHue mapamMeTpa tol=[] NPUBOAUT K MCMOMB30BAHUID €ro 3HA4YeHUd TI10
YMOJIYAHU10.)

TpaccupoBka BKIIOUALT MATh CAEAYIOUIUX CTPOK:
S5 1.0000000000 1.00000000e+000 0.3862878935
7 1.0000000000 5.00000000e-001 0.1081975273
9 1.0000000000 2.50000000e-001 0.0289294372
11 1.2500000000 2.50000000e-001 0.0792682225
13 1.5000000000 5.00000000e-001 0.2780966816

W okoHuaTenbHBIN pe3yabTar:
q = 0.3863

Ecnu uuTerpupyeMyio (PyHKIMIKO HEBO3MOXHO (MIM TPyAHO) 3a1arb OIHUM
apUPMETHYECKUM BbIPAKEHUEM, B KAYECTBE MapaMeTpa MOXHO yKa3aTb MMS
thaityia ¢ pacluMpeHUEM M, B KOTOPOM Bblyucisieres 31a ¢pyHkuus. Obpalienue B
OTOM CAYy*1aC BbIMNVIAIAWUT TAK!

g = quad(@fun,...)
rae fun.m — daiin, noctynubiit wis MATLAB.



CnMBOMbHbIE BbIYNCNEHNA HeornpederieHHbIX UHmMezpasnos B MATLAB
OCYLLECTBNSAETCH NPY NOMOLLN PYHKLNN:

int(fun, var),

roe fun — CMMBOMbHOE BblpaXeHue, npeacTasnsiolee codo
noablHTerpanbHy YHKLMIO, @ var — NepeMeHHas UHTErpupoBaHus.

NMpumep 1. BbluncneHne HeonpeaereHHOro MHTerpana:

syms x %OnpegeneHne CMMBONbHON NEPEMEHHON

f=sym('exp(x) -x'); %OnpeneneHne cMMmBoribHON PYHKLMN

int(f,x) %BbluncneHne HeonpeaerneHHoro nHTerpana

Pesynsratom Oyoer:

ans =

exp(x)-1/2*x"2

[na Toro 4Tobbl BLIMUCNUTL OrpederieHHbIU UHmezpari, MOXHO
NCNONb30BaTb PYHKLUNIO:

int(fun, var, a, b),

roe fun —nogblHTErpanbHaa PyHKUKMA, a var — nepemMeHHasd
NHTErpmupoBaHung, a, b — npegenbsl MHTErPUPOBaHUS.



Hns. byHKUMKA, 3a0aHHOW TabiauIel 3HAYECHWH, MOCTPOMM CIUIaiH-annpoK-
cumauuio (npumep 14.10).

TS EeEaseee s e auaieee Nttt NaNNS NN NIt etaRATIRARALAAPPRIRRENIRRRRARIRARIRINNIROIIEIIPIPArINARANEOIIUIRNTIANVENINRIRAINIROAIRS Y ArrssmsnarannAtiAy D ) BAEARASIA TSRS T CLETEY
? r " 3 s e e 5 vy

i npuuep 14 10 ererpupoaaune cnnaﬁu-cpyuxuun

3 %= =303
5t Al et G P M R s VR T
>> pp = pchip(x,y):

3HayeHHe NoayyeHHoi cnnaifH-(pyHKLUHK B J11000NH TouKe xx (MIM 1S BeKTOopa
%x) MOXHO HaliTH C MOMOIIBIO KOMaHIbI yy=ppval (pp, xx). K coXaneHuio, no-

PAIOK aprymemoa beHKUHH ppval TaAKOB, 4YTO Henocpencraeuno NOACTABHUTE
ppval B quad HEBO3MOXHO — anJIETCﬂ HUCITOJIB30BATH (bYHKIIH}O-rlOCpenHHKa:
function yy = newppval (xXX,pp)

yy = ppval(pp,xx);

Tenmeppb crutaitH-OYHKIMIO MOXHO NPOMHTErPUPOBATH, MepenaBasi MOCPEIHHUKY
CTPYKTYPY pp:

>> q = quad (@newppval,-3,3, [], [1,pp)
g =

0
>> g = quad (fnewppval,0,3,[],[],pp)
q =

2.5833



Te xe camble pe3ynbTarthl MOXHO MOMYYUTb W APYrUM cnocoBoMm: CHavana Hawutu
nepeoobpasHyio OT cnnaWHa C NoMOoWbo PYHKUMM ppint=fnint (pp), @ NOTOM
B3ATb Pa3HOCTb 3Ha4YeHWA NepsooBpa3HoOn B COOTBETCTBYHLNX TOMKAX:

>> ppval (ppint, 3) - ppval (ppint, =3)
ans =

0
>> ppval (ppint, 3) - ppval (ppint, 0)

alns =

2.5833



NMpumep 2. BbluncneHne onpeaeneHHoOro MHTerpana:
11=int('exp(x)-x','x',-1,0); %CnMBONLHOE peLIEHnNE

vpa(l1,5) %4mcneHHoe pelleHne ¢ 5 3HavalmmMmn umdpamm
Pesynsratom 6yoet: 11 = -exp(-1)+3/2

ans =

1.1321

NMpumep 3.

B M-gpanne ¢ umeHem Simpson.m MULLEM:

function y=G(x)

y=exp(x)-x;

end

[ToTOoM B KOMaHAQHOM OKHE Bbl3blBaeM OYHKLUMIO quad:
format long %¥®opmaTt BbiBOgA 3HA4YEHUMN
quad('Simpson’,-1,0,1.0e-05)

Pesynsratom Oyaoer:

ans =

1.13212056020538



NTak, pyHKUMSA int BbIMUCNAET:
¢ neonpenenexnnniit HHTETpan;

¢ neonpeaeneHHbii MHTErpan ¢ CUMBOJIbHBIMU NMCPEMEHHBIMH,

& OHDCHCHCHHHﬁ HHTErpail ¢ CUMMBOALHBIMA JHAHUCHUAMU TIPENENOB
HHTEIrPUPOBAHUHA,

¢ onpeneneHHbIH UHTErpan oT anredpanyecKHX (GyHKLHH:

R

KpaTHbi€ UHTErpansl;
¢ HecoOCTBEHHBIE HHTETPANLI.
NMpumep 4
[TycTh HEOOXOAMMO BLINMCAHTL ABOIHOI HeonpeieneHHblH uurerpan

BHAA:
x -
III_x2(b'

Peurenue nyTcM NROHHOro HHTErpHPpOBaAHHUA UMEET BHAC

>> syms X;

>> y=x/(1-x"2);

>> Z=int (y)

A
-1/2*1og(x-1)-1/2*log(x+1)

>> int({2)

ans =
-1/2*1og(x-1)*(x-1)+x-1/2*1log{x+1) * (x+1)



[Nporpamma Gyner umets Gonee npocToit BWJI, ecnu (PyHKUMIO int ()
MOBTOPUTL M Pa3 NMpH N -KPaTHOM MHTErpHPOBAHUM.

Jlns Hawero npumepa peuieHHe dyeT HMETh BHA:
>> syms X;
>> y=x/(1-x"2);

>> int (int(y))
ans =

~1/2*log (x-1) * (x-1)+x-1/2*log (x+1) * (x+1)
NMpumep 5

HeoOXoammo BLIYKCARTE CACAYIOWMH ONpee/ieHHbIA WHTerpas:

?—f—dx.
2 sinh(5x)

>> syms x;
>> y=xX/sinh (5*x);
>> int(y, 0, inf)
ans =

pit2/100



A TENCPb BLIYMTHCIIHM TOT XC HNTCTrpaJl, BBCAA CHMBOJILHYKO TICPEMCH-
HYHO a:

;[smh(m‘ 4

nOBTOPHM BBIYTHCIICHHE HHTEIrpana:

>> syms X a;

>> y=x/sinh{a*x);
>> int(y, 0, inf)
ans =

Pewenune B sBHOM Buae He 1HoayyeHo. llpuunHa B TOM, 410 nepemMen-
Has @ He ONpejesicHa. 10 MOXKET ObITh YHC/IO NOJOXHTENLHOE HITH
OTpHUATENbHOE, ACHCTBHTENLHOE HAKW KoMmuiekcHoe. [Tpennoioxkum,
YTO 3TO YKUCNO ACHUCTBUTENBHOE M NOJI0KKTENbHOE. Torna nporpamma
Oyner umers BUA:

>> syms X a;

>> y=x/sinh(abs(a) *x);

>> int(y,0,inf)

abs =

pit2/(4*a"2)



Mpumep 6
Tpebyetcs BLIMMCAUTL CEAYIONHI HECOOCTBEHHDIN MHTErpa
F; d

[—=
o(x+ Jr2+a2)'1

Pewenue umeer sy

>> syms X a;
>> y=1/(x+sqrt (x"2+a”2))"3;
>> int(y,0, inf)
ans =
3/(8*a”2)

He Hyx)HO yKa3biBaTh [POrpaMMe Ha 3HaK 4HCHIAa g W NHCATh abs (a),
T. K. YHC/IQ ¢ BO3ROJAMUTCS B KBAJPAT U SABISETCA FONOKUTENBHLIM.



1.

3agaHus.

BbluMcnnTb MHTErpan W
j(.re “+Inx+ l)dx ;

a) aHannTN4yecku 4
0) MeTogoM Tpanewui ¢ TOYHOCTbIO £=1072
B) MeToaoM CUMMNCOHAa C TOYHOCTbIO =10

[1na metoga Tpaneuun npuMeHUTb npoueaypy PyHre
YTOYHEHNSA POPMYIbl YACNIEHHOIO MHTENPUPOBaHUA.

Pelwintb 3agady, ucnonb3ysa ctTaHaapTHble YHKLMN
MATLAB. CpaBHUTb Mory4YeHHble pe3ynbTaThl .

2. Bblumcnutb HeonpeaeneHHbIn UHTErp Ia‘e ' dx

3. Bblyncnntb HecobCTBEHHbIN NHTEerparl
j‘ |+ x pe

(.,:Jra)‘"'l
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