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1. MoaenbHbIV NnpuMep Ans aHanusa npobnew,
BO3HMKaOLLMX NpK pa3paboTke napannenbHbiX METO40B

BblYMCIIEHNN

ITocTaHOBKA 3a1a49H HaX O I€HHA YaCcTHBIX CVMM I10CIe10Ba-
TeIbHOCTH YHCceT (prefix sum problem):

k
S, =Zx,., |<k<n,
=]

IJe N eCTh KOIHYeCTBO CYMMHPYVeMbIX 3HaUeHHH.

I13y4aeHHe BO3MOKHBIX [TapaTIeIbHbIX METOI0B PelleHH  3a1a49H
HaqHeM C erre §01ee MpOCTOro BapHaHTa ee IOCTaHOBKH — C 3a-
Ja4H BBIMHCIeHHA 00IIeH CyMMEBI (B TaKOM BHIE 3aJ1ada CVMMH-
POBAHHA ABIAETCA YaCTHBIM CIviaeM o0meH 3a1a4uH peIVKITHH):
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2. BeiuucaurenpHas cxemMa aJropuTM CYMMUPOBAHUSA

[TocegoBaTeIbHBIH @ ITOPHTM BBIYHCIEHHA 00IIeH CYMMEI CO-
CTOHT B BBIIIOTHEHHH CIIeIVIOIIHX JeHCTBHH: S=0; S+=x1. ....
S+=Xy. DTH JeHCTBHA NIPeaCTaBIATICA G = (V1. R)).

rae Vi={vpi..... Vp. Vi1..... Vin} - €CThb MHOKECTBO OIlepalHH
(BePILIHHEI Vp1. .... Von 0003HAYAKOT OIIepalHH BBOJa. KaKIas
BePIIHHA V. 1 <i <f COOTBEICTBYIOT OIIEPALIHH CYMMHP OBaHH
SH xi. aRI1={(v0i, v1i), (v1i. vii+1), 1<i <n-1} - MHO:KECTBO
IVI. ONIpedeIdrOITHX HHGO P MAlIHOHHEIE 3aBHCHMOCTH OIIep alHH.
A
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3. KackagHasa cxema CyMMHUPOBaHUS

ITvers n= 2k, BRIMHCTHTEIbHAA CXeMa ompeaenderca rpadom
Gr=(V2, R2),

Vo ={(Visei,vi ), 0<i<k, 1<1:<27n}
2 jixweey Yl X3 —S A=A — - ! :

: o : , e (voi, ..., Yon)
— OIIEpalHH BBOIaA. (v; T 3) — QIICpaIHH HepBOﬁ HTCPallHH.
a MHOJKECTBO OVIID aQ)a OImpeIeTACTCA COOTHOIICHHAMH:

Ry = {(Viia vy )y Viiajvy), 1585 k, 1<j<2"n}.

A



4. AHajn3 KaCKaaIHOM CXEMBI

KoaH4ecTBO HTEpallHH KacKaIHOH cXeMbl paBHo k=log-n. a 00-
[Iee KOJIHYeCTBO OIlepalHi CVMMHP OBaHHA Kroor=n1-1. ITpH nIa-
panIeIbHOM BEIMOTHEHHH KaCKa THOH CXeMbl 00Iee KOTHYECTBO
maparieIbHbIX onepalHi paBHO K= k=log:n. Toraa T1=Kgeca.
Tp=Knzp H IOKA3aTEIH VCKOPEHHA H 3QPEKTHBHOCTH KacKaIHOH
CXEeMBI aTTOPHTMa CVMMHPOBaHHA OLIEHHBAKTCA:

S, =T /T, =(n-1)/log, n,
E,=T/pT,=(n-1)/(plog,n)=(n-1)/((n/2)log, n),

raie p=n/2 - HeoOX0IHMOE 1714 BBIITOTHeHHA KacKa IHOH CXeMBI
KOIH4YeCTBO IIPOLIeCCOPOB.



5. OneHka >3(p(OEKTUBHOCTH KaCKaJIHOM CXEMBI

AHATH3HPYA MOTVYEHHbI® XapPaKTePHCTHKH. MOKHO OTMETHTE.
YTO BpeMd MapaTieTIbHOTO BBIMOTHEHHS KaCcKaIHOH CXeMBI COB-
[TaJaeT ¢ OLIeHKOH 1714 MapaKoMITbioTepa B TeopeMe 2. O IHaKo
IpH 3T0M 3)PEeKTHBHOCTE HCIOIb30BAHHA TP OLIECCOPOB VMEHb-
[maeTcsA MPH VB THIeHHH KOTHIECTBA CYMMHP VeMbIX 3HaUeHHH:

ImE, >0 npu n—>ow.



6. MoauduiupoBaHHas KacKajgHas cxema
[Tvers n=2k, k=2:, Bce BRIYHCISHHA TOIpa3IeIA0TCA Ha IBa
[I0CI€I0BATEIBHO BBIMTOIHASMBIX 3TAIla CVMMHP OBAHHA
1. Ha mepBoM 3Talle BBIYHCICHHH BCe 3HAYSHHA 101 a3 1eIdr0TC
Ha (n/logxn) TpVIIL B Ka’KI0H H3 KOTOPBIX COIeP KHICA logn
37I€MEHTOB; Ja’1ee 1714 KaKI0H I'P VIIIEI BEIYHCIASTCS CVMMa IIPH
[IOMOITH [IOCIeI0BaTeIbHOI O a 1T OPHTMa: BEIYHCIeHHA B Ka:KI0H
TP VIIIE BRIMIOTHAROTCA He3aBHCHMO APVI OT Apvra (aparieib-
HO). H 1714 3TOr0 HeoOX0IHMO HaTHYHE He MeHee (n/logon)
mporeccopos): R. Ha BTopoM 3Tare 1714 HoIy4eHHbIX (n/logon)
CVMM IIpHMeHAeTcsa 00ObIYHad KacKaJHasd cXeMa.
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7. AHanu3 Mogu(pULIMPOBAHHON KaCKaJHOM CXEMBbI

Ha mepBoM 3Tame 1714 BBIINOJIHEHHA l0g n mapaiielIbHbIX Olle-
pauud tpedverca p:=(n/logxn) npoueccopos. Ha BTOpoOM 31are
1714 BBIIOTHEHHA logh (n/logon)= logn mapaiielbHBIX ollepa-
HH Tpedverca p: = (n/ logxn)/2 mpoueccopos. T. 0. BpeMeHHasd
CI0KHOCTB paBHa: Tp=2logn npH p=(n/logn). Toraa
Sp=T1/Tp=(n-1)/(2 logn).

Ep=T1/(pTp)=(n-1)/ ((n/log:n)(2 log:n))= (n-1)/(2n)

ITo cpaBHeHHIO ¢ OOBIYHOH KaCKaIHOH CXEeMBI VCKOPEHHe 1714
JaHHOTO [TapaLTeIEHOTO aIrOPHTIMAa VMEHBITHIOCE B 2 pasa. o1-
HAKO 1714 ero 3@ deKTHBHOCTH MOYKHO IOIVUHTE aCHMIITOTHYe-
CKH HEHVIE€BVIO OLIEHKY CHH3YV:

ImE, >05 npu n-—>owo. _ 4
JlaHHbIe 3HAUeHH1 [I0Ka3aTel1eH

JOCTHIAKOTCA IPH KOTHYECTBE P OLIECCOP OB, OIIPEISTICHHOM B
TeopeMe 5. B oT.1HYHe 0T 00BIYHOH KacKaJHOH CXeMBblL. MOIHGH-
[IHPOBaHHBIH KACKaIHBIH aIrOpHTM ABIAETCA CTOHMOCTHO-
OIITHMATIBHEIM. ITOCKOJIBKYEro CTOHMOCTH IIPOMOPLHOHATEHA
B EMEHH BBIITOTHEHHA ITOCI€I0BaTEIRHOIO aTTOPHTMA:

C, =pT, =(n/log, n)(2log, n)



8. BbpIuuciieHrEe BCEX YACTHBIX CYMM

BBIYHCIEHHE BCeX YAaCTHBIX CVMM Ha CKaIAPHOM KOMIIBIOTEpe
MO:KeT ObITh [T0TVYIEHO IIPH IIOMOIITH O0BIYHOI O IOCIe10BaTE b=
HOT0 a;ITOPHTMAa CYMMHPOBaHHA IIPH TOM JKe KOIHYeCTBe olepa-
[IHH. YTO H IIPH BBIYHCICHHH O THOH MOTHOH cVMMBI: T 1=n. IIpH
IaparieIbHOM HCIIOTHEHHH KacKaJHOH CXeMBbI B IBHOM BHIIE He
IIPHBOIHT K :KeIaeMbIM pe3viIbTaraM: J0CTHReHHe 3)deKTHBHO-
IO pachapalieTHBaHHA TpeldveT P HBIeUeHHA HOBBIX IOIX0I0B
1714 pa3paloTKH HOBBIX [Tap al1eIbHO-OPHEHTHPOBAHHBIX a.1r O-
PHTMOB pellleHHA 3a1a4. 714 3aJa4H HaX 0K IeHHA BCeX YacTHBIX
CVMM HHJKE paccMaTpHBaeICd aIrOpHTIM. 00ecleyHBarIIHH 10-
JIVYEeHHEe pe3VIbTaToB 3a log)n MapalielbHbIX ONepalHH [4].
[Tepea Haga10M BBIYHCIEHHH CO31aeTCA KOIMHA S BeKTOopa Cy M-
MHPVeMBbIX 3HaYeHHH: S=X. Ha Ka:KI10H HTepallHH CYMMHpPOBa-
HHA 1. 1=1= logan popMHpVeTCd BCIIOMOTaTe IbHBIH BeKTOP Q
IIyTeM CIBHIa BIIPABO BeKTOpa S Ha 2 Mo3HIHH (0cB0o§0KIa0-
[THEeCA IIPH CIBHI e IIO3HIIHH C1eBa VCTaHaBIHBAKTCA B HV.IeBbIe
3HA4YeHH ): HTepallHid a;ITOpHTMa 3aBepllaeTcd napalieTbHOH
oIepaLHeH CVMMHP OBaHHA BEKTOPOB S HQ.



9. BhruncieHue BCeX YaCTHBIX CYMM (IPOAOIKECHHE)

Sij03HAYAK0T CYMMBI 3HA9eHHH 0T 1 J0 j 31eMeHTOB YHCTIOBOH
[I0CTI€10BATeIbHOCTH

X X X X X X X X
1 2 3 4 5 6 7 a
[Tapai11eIbHBIH aITOPHTM BRIIIOTHASTCA 3a log:n mapaTiIeTsHBIX
omepalHH c10:KeHHA. Ha Ka:KI10H HTepalHH IapaLIeTbHO BbI-
MOTHAKOTCA Nl CKATAPHBIX CTOKeHHH. 0011ee KO-THIeCTBO CKa-

TAPHBIX onepaHH paBHO Krzp=nlogon = Kpoer=n1.



10. AHanu3 anropuTtMa BEIYMCICHUS BCEX YACTHBIX
CYMM

Heo0x0aHMOe KOJIHYECTBO IPOLIECCOPOB OMpeaeIgeTcsa KO THYe-
CTBOM CYMMHpPVeMBIX 3HaUeHHH: p=n. [ToKa3aTeIH VCKOPEeHH H
3¢ HeKTHBHOCTH Mapal1eIbHOI O 1T OPHTMa BRIYHCIEHHA BCeX
YaCTHBIX CVMM OLIEHHBAKOTCA CI€IVIOITHM 00pa3oM:

S,=1/T, =nl/log, n,

E,=T/pT,=n/(plog,n)=n/(nlog,n)=1/log, n.

Db deKTHBHOCTh a-ITOpHTIMa TAKKe VMeHbIIaeTcd IIPH VBeIHYe-
HHH YHCTa CVMMHP VeMBbIX 3Ha4YeHHH. [IPH He0OX 0 JHMOCTH I10-
BbIIIeHHA 3QQEeKTHBHOCTH IMoTpedveTrcd MOIH(HKAIIHA a-1ro-
pPHTMa. HAIIPHMEP. 10 cXeMe MOIHGHKAHH O00BIYHOH KacKal-
HOH CXeMBl.



11. OneHka MakCMMaabHO JOCTHXKUMOIO Mapajuieiim3Ma

OLeHKa KadecTBa ITapa.11eIbHbIX BRIYHCIeHHH [IpearoIaraeT
3HAHHE HAHTVYIIHX (MaKCHMaIbHO JOCTH/KHMBIX ) 3HaYeHHH I10-
KasaTelleH VCKOpeHHA H 3QQeKTHBHOCTH. [ToIvVieHHe HIealb-
HBIX BETHYHH Sy,=p 1714 VCKOpeHHd H Ep=1 114 3QPeKTHBHOCTH
MO:KeT ObITh 00eCIedeHO He 1714 BCeX BEIYHCIHTEIBHO TPVIOEeM-
KHX 3a7a4. Tak. MHHHMAaIbHO JOCTH;KHMOE BpeMs [Tap aLIe1bHO-
IO BBIYHCIEHHA 9aCTHBIX CVMM YHCTIOBBIX 3HaYeHHH COCTaBIdeT
logon. CviecTBVeT pAI 3aKOHOMEPHOCTEH. KOTOPBIE MOT'VT OBITh
Ype3BbIYalHHO I10.1€3HBI [P H IIOCTP OEHHH OLIEHOK MaKCHMAaIbHO
JOCTH/KHMOTO ITapaLieIH3Ma.



