Nekuymna 4. dopmyna ['puHa.
[loBEpXHOCTHbIE UHTErpan.l.



4.1. Popmyna lpuHa.

[lyctre D - mnockas obnacte, orpanmuenHas jwmauei L. B 3amxnyTOil

obnactu D 3anansr pyHkimu X(x, y) " Y(X, y), HEIpEPhIBHbIC BMECTE CO CBOUMH

5X(x,y) 6Y(x,y)
YaCTHBIMH NPOU3BOAHBIMU —— =%, ———=% Torja cnpaseumBa (hopmya,

Ox

Ha3biBaemas popmysoi ['puna:

I[{ (%Y -~ %X)dxdy = { X(x,y)dx + Y(x,y)dy,

rjae 3aMKHYTBI KOHTYp L NpOXOJMT B MOJIOKUTEIBHOM HAIpPaBJIEHUH, T.€. MPH

JIBHKEHHH 110 KOHTYpY obiacte D ocraercs ciesa.
Briegem popmymny (1).
[Tycth oTHeceHHas k miockocTy xOy obnacth D nmpaBuiibHa Kak B HanpaBieHu ocu OX, Tak U B
HanpasiaeHuu ocu Oy. {15 onpeneieHHOCTH MPEAoa0KuM, 4To rpanuia L cocrout u3 nByx nyr AMB
1 ANB, 3a1aHHBIX COOTBETCTBEHHO YPAaBHCHUSIMH Y = Y ,(X), Y=Y,(X), IpudeM a <= X <=b.

(1)

PaccMoTpuM  cHauana  JIBOWHOW  HMHTErpal

a N y=y,(x) L b ya(x)
ﬂa—dedy:jdx | a—Xdy.
" . p Oy 2 nx) Oy
§ M > T=nk) Tak kak X:X(x,y) P MIOCTOSIHHOM X €CTh OJHA
0 a b % U3 nepBOOOpa3HbIX JUIst G_X k TO
oy
200X (%)
[ 2y =Xy = Xy) X, ()
yixx



4.1. Dopmyna 'puHa. MpogonxkeHue

[Tosromy

Q%dey ) ? [X(xy2 (x)) = X(x, v, (x)ldx =

LR PR

Kaxaplii 3 3THX JBYX OIPEIECNICHHBIX MHTErPAJIOB MOXHO paccMaTpuBaTh Kak
KPUBOJIMHEHHBIM UHTErPaJl, B3AThIM 110 COOTBETCTBYIOLIEH JIyTre

[XGyalhix= [Xuykin, [XCy(e)b= X0 vk

ANB
Cliie10BaTeNBHO,
oX

[[—dxdy = [X(x,y)dx - [X(x,y)dx.

p Oy ANB AMB
Ho

[X(x,y)dx =— [X(x,y)dx,
ANB BNA

[103TOMY

[ Dty == [X(ryhix= [X(roykix

BNA



4.1. Popmyna 'puHa. lNMpogonkeHue

Tak xak nyru BNA u AMB naror B coBokynnoctu rpanuny L, npoxoaumyro B
IOJIOKUTEIBHOM HAIPAaBJIEHUH, TO, BOCIOJIb30BABUIMCH CBOMCTBOM a/INTUBHOCTH,
oJIy4aem

] —dxdy =—fX(x,y)dx. @)
L
AHaNOrnyHo ycraHapiuBaercs opmylia
[ dxdy =—f Y(x,yMy. 8
D OX L
Brruntaem (3) u3 (2) oY oX
ﬂ(——— xdy = fde + Ydy.
oy L

®dopmyna ['puHa cripaBeuMBa A1 11000H 00J1aCTH, KOTOPYIO MOKHO Pa30UTh Ha NMPaBUIIbHBIC
oOnacTu.



4.2. He3aBUCUMOCTb MHTErpanoB oT POpPMbI NYTHU

MHTErPUPOBaHMUA.

JIEMMA. Tlycrs gynkmmn X(X,y) u Y(X,y) onpenenensr u nenpepsisHbl
oX(x,y) ~0Y(x,y)

BMECTC CO CBOMMH YaCTHBIMH IMPOU3BOAHBIMH ————— U ——— B 3aMKHyTOﬁ

8

OrpaHMYEHHOM OJHOCBA3HON obmact D. Jlisgs Toro 49roGbl KpPUBOJMHEHHBIN
MHTErpajl He 3aBUCE]l OT JIMHUH UHTErPUPOBAHUS, HEOOXOAMMO U JJOCTATOYHO, YTOOBI
TOT UHTErpasl, B3AThli 110 JIOOOMY 3aMKHYTOMY KOHTYPY, ObLII paBEH HYJIIO.
HanmomuuMm, urto o6nacte D (oTkpeiTas wWiM 3aMKHYyTas) Ha3bIBaeTCs
OJHOCBSI3HOM, €CJIM ISl JIIDOOro 3aMKHYTOIO0 KOHTYpa, JIekKallero B 3Toi odnacru,
OrpaHHYeHHast UM YacTh IUIOCKOCTH LIEJIMKOM IPUHAUIeKHUT obmactu D .

Hoxazamenvcmeo. Heodxoaumocts. [lycts nnTerpan

{ X(x, y)dx + Y(x.y)dy

HE 3aBUCHUT OT MYTHU UHTETpupoBaHus. [lokaxkem, 4TO OH paBeH HYJIIO 1O JIIOOOMY N
3aMKHYTOMY KOHTYpY. PaccMoTpum nBe npon3BoibHbie TnHUM AMB n ANB, nexamue B

obnactu D u coequusroniye nanabie To4ku A 1 B.Tak kak 1Mo ycioBUIO HHTETpall 1o A
nmuan AMB paBen unTerpany no auanu ANB:

[X(,yax +Y(x,y)y = [X(x,y)dx+Y(x,y)y, @

AMB ANB

TO UMCCM

[Xdx +Ydy — [Xdx +Ydy =0.

AMB ANB



4.2. He3aBUCUMOCTb MHTErpanoB oT POpPMbI NYTHU
UHTerpmnpoBaHus. lNpoaonxeHue

Ha ocHOBaHHM CBONCTB KPUBOJIMHEHHOIO HHTErpajia UMeeM

[Xdx +Ydy+ [Xdx+Ydy=0.
AMB BNA
CrneoBartesbHO,

{XdX+Ydy =1 (5)
L
rne L=AMBNA.

JIeiCTBUTENIBHO, €CTM KPUBOJIUHENHBIA UHTETPAJl HE 3aBUCUT OT ()OPMBI KPUBOM, COCTUHSIONIEH TOUKHU
A u B, a 3aBUCHUT TOJIBKO OT IMOJIOKEHHS ITUX TOUYEK, TO UHTETPAJI 11O JTFOOOMY 3aMKHYTOMY KOHTYPY

paBeH HYJIIO.
Jloctatounocts. IlycTs wHTErpasm mno aw0OOMYy 3aMKHYTOMY KOHTYpY

L = AMBNA pasen nymo, T.€.

§ Xdx +Ydy =0.
L

Ho Taxum 00pazom, eciu KPUBOJIMHEIHBIHN

fXdX +Ydy = I Xdx + Ydy + IXdX +Ydy = ynrerpan no moGomy samkiyTOMY

L AMB BNA KOHTYPY PaBEH HYIIIO, TO 3TOT HHTErpal

= [Xdx + Ydy - _[ Xdx + Ydy. HE 3aBHCHT OT (hOPMBI KPHBOIA,

AMB ANB COeqUHSIONIEN ABE JIF0OBIe TOUKU A u B,
CrenosaresbHo, a 3aBHCHUT TOJILKO OT IOJIOKECHUS ITUX
[Xdx +Ydy = [Xdx + Ydy. TOUEK.
AMB ANB Wrak, u3 paBeHcTBa (4) ciemyer

BBITIOJTHUMOCTh paBeHCTBA (5) H,
Ha000poT, u3 (5) cnenyet (4).



4.2. He3aBUCUMOCTb MHTErpanoB oT POpPMbI NYTHU
UHTerpupoBaHus. lNpoaonmxeHue

Teopema. Ilyctb B HEKOTOPOHM 3aMKHYTOM OIpaHHMYEHHON OJHOCBSI3HOMU
obmactu D dyHkuum X(x, y), Y(x, y) OmnpeiesIeHbl U HEeIpepbIBHBI BMECTE CO

0X(x,y). 0Y(x,y)

CBOMMH YAaCTHBIMH IPOU3BOHBIMH oy ; o Torpa, ansg Toro 4yToOb!
KPUBOJIMHEHHBIA UHTErpajl Mo 3aMKHYTOMY KOHTYpy L, nexamemy B 3Toi o0nactu,
OBLI paBEH HYJIIO, T.€. BBIIOJIHSJIOCH paBeHCTBO (1.63)

fde+Ydy=0,
| i

HEOOXOIUMO U AOCTATOYHO BBIMMOJIHCHUEC PAaBCHCTBA

oX oY
R (6)

BO BCeX Toukax odsiactu D.

Hoxazameavcmeo. JloctarouHoCTh. Bo3bMeM IMpPOU3BOIBHBIN  3aMKHYTHIN
kouTyp L < D u k unTerpany no stomy koHTYpy npuMeHuM Gopmyay I'puna

Y X
f Xdx + Ydy = ﬂ(a— - a—dedy.
L p\ Ox Oy
oX 0Y . .
Tak kak Mo yclnoBuww —— = ——, TO JABOWHOW HHTErpajs oOpaimaercs B HOJb H,

CJIEI0BATENILHO, f Xdx + Ydy =0.
L



4.2. He3aBUCUMOCTb MHTErpanoB oT POpPMbI NYTHU
UHTerpupoBaHus. lNpoaonmxeHue

HeoOxonumocts. Caenyert noka3arb, 4To BbiloHEHUE (5) BiaedeT BoinonHeHue (6). [Ipeanonoxum
MPOTUBHOE: YCJIOBUE (6) HE BBITIOJIHSIETCH,

oY  0oX

T.e. —— #—— XOTsa Obl B OJHOH TOYKE M(xo,yo) u3 obmactu D. Ilycts,
ox oy

HarpuMmep,

oY 0X

o
oY )\

B cuny HenpepelBHOCTM YaCTHBIX IPOU3BOAHBIX HMX Pa3HOCTb, KaK (PyHKIHS

HernpepbiBHas, OyJeT IOJIOKUTEIILHOW U B HEKOTOPOH J0CTATOYHO Majoi 00JacTH

oY o0X

*
D" okpectHocTH TOUYKH M, T.€. BeIONHSIETCT — — —— > ().
2

ay

e e * A
JIBoitHO# wHTerpan mo obmactd D~ OT NONOKUTENbHOM (YHKIMH B CHITY
M3BECTHOI'O CBOMCTBA MHTErpaja Takxe OyJAeT HMeThb MOJIOKHUTEIIbHOE 3HaUeHHE

H(@_Y_@_X xdy > 0.
b\ OX oy
Ho no ¢popmyne I'puna _fj(a—Y oK xdy = f Xdx + Ydy,

D* Ox 5}/ g

rae L - rpanmna o6nactu D”. Tlo npeanonosxkenuto KPUBOJIMHEHHBIM MHTETpaI 110
T000MY 3aMKHYTOMY KOHTYPY PaBeH HYJIO, 3HAUHT, f Xdx + Ydy = 0.
Lt



4.2. He3aBUCUMOCTb MHTErpanoB oT POpPMbI NYTHU
UHTerpupoBaHus. lNpoaonmxeHue

[Tocnennee xe HCPABCHCTBO IMMPOTUBOPCYHUT 3TOMY YCIOBHIO. A 310 3HA4YUT, 4YTO

oY 00X »
OPEAIONIONKEHHE ——— — g #(0 xors Obl B OJHOM TOYKE OBUIO HEBEPHBIM.
oY o0X
CrieoBatelibHO — = —— BO Bcex Toukax odnmactu D . Teopema jnokasana.

HanoMHuM: BeIpakeHue

X(x, y)dx + Y(x,y)dy

MOXHO pacCMaTpuUBaTh KakK IOJHBIN JuddepeHunanl HeKoTopoil GpyHKIUH u(x,y),
re. du=X(x,y)dx + Y(x,y)dy.

Teopema. Ilpu npexxHUX MPEANIONOKEHUAX OTHOCUTEIBHO (DYHKIUN X(x, y)

U Y(x, y) I TOro, 4robObl BeIpaxkeHue XdX + Ydy OBUIO IIOJIHBIM
oY o0X
nuddepeHraioM, HeOOX0AMMO M I0OCTATOYHO, BHITIOJIHEHHUE YCIIOBUS —— = E

Cnedcmeue. Tlpu cjielaHHBIX PaHEee MPEAIOI0KEHHIX OTHOCHTEIBHO (DYHKIIUI
X u Y, s Toro 4ro0bl HHTErPa

[Xdx + Ydy
L

HE 3aBHUCEJI OT IYTH MHTErpUpOBaHUs (@ MHTErpall 10 3aMKHYTOMY KOHTYpY
paBHSUICS HYJIKO), HEOOXOAMMO U JOCTATOYHO, YTOOBI IOABIHTEIPAJIbHOE BBIPAKEHUE
OBLIO MOJIHBIM JTuhdepeHmaiIoM.




4.2. He3aBUCUMOCTb MHTErpanoB oT POpPMbI NYTHU
UHTerpupoBaHus. lNpoaonmxeHue

Teopema. llycts dhyHKUIMH X(x, y), Y(x, y) ONpPENEIICHbl U HEIPEPHIBHEI
0X oY

BMECTC CO CBOMMH 4YAaCTHBIMH IIPOU3BOJAHBIMH - I e B 33MKHYTOI7[

OrpaHMYEHHOM OJHOCBs3HONH oOmactu D. Torma BbeIMONHEHHE OJHOTO U3
CJICAYIOIUX YEThIPEX YTBEPXKJACHUHN BlIeUeT BBIINIOJIHEHHE OCTAJIBHBIX TPEX.

1. KpuBoiuneiHbl uHHTErpa Ide+Ydy HE 3aBUCUT OT JIMHHUHU
AB
MHTEIPUPOBAHHUS, COCUHSIONICH JIBE JIAaHHBIE TOUKH.

2. KpuposmHeWHbIH HHTErpal f Xdx + Ydy, Bzareii mo mobomy
L
3aMKHYTOMY KOHTYPY, LIEJTHKOM Jieskamiemy B oonactu D, pasen nHyio.

3. Boipaxenne Xdx+Ydy sapasercs nomseiM  auddepeHimpanom
du = Xdx + Ydy mnekoropoii gpynxmu u(x,y).
4. Bo Bcex Toukax obnactu D BeImosHsIeTCs paBEHCTBO
oX _dY
oy ox
CBsi3b pPaBHOCUIIBHBIX MeEXAy co00i yrBepxkaeHUd -4 MOXHO H300pa3uTh
CXEMOM:

1.52.53.54.—>1.



4.2. He3aBUCUMOCTb MHTErpanoB oT POpPMbI NYTHU
UHTerpupoBaHus. lNpoaonmxeHue

Credcmsue. VI3 nepBbIX Tpex BBICKa3bIBaHPIPI CIIe1yeT, 4YTO

B(x,, )’"») (x5, )’ﬁ
dex+Ydy— _[du(x Y) (XzaY2)_u(X|oY1)-
A(xp.y1) (x1.y1)

Oty GopMyily €eCTeCTBEHHO Ha3biBaTh 00001eHHoM Gopmyioit Herorona-JleliOuuna.
Ona OyzeT BecbMa IMOJIC3HOM B TEOPHH I10JIs1, B YACTHOCTH, IPU BEIYUCIICHUU PAOOTHI
MOTCHLMAJIbHON CUJIBL.

(3:4)
[TPUMEP. Haiitu I = [ ydx + xdy .
(1;2)

Korpa HaitieHa QyHkuus u(x,y) - nepBooOpasHasl Uil MOJABIHTErPAIILHOTO

Beipakerust XdX + Ydy, 3Hauenne KpUBOJIMHEHHOrO MHTErpajia MEXKIY JIHOOBIMH
JABYMSI TOYKaMU JIETKO BhIYHCIIsieTCs 110 00001meHHo# popmyne Herorona-JlelOuuna.

Jlerko Buzeth, uto U(X,y)=X -y, k. ydx +xdy = d(xy), mosromy
(3;4) (3:4)
[= [dxy)=xy|] =3-4-1-2=10.
(1;2) (1:2)



4.3. OnpepeneHve NOBEePXHOCTHOro UHTerpana
nepBOro poaa (mnu no nnowanu NnoBepxXHOCTH).

[ToBepXHOCTHBII MHTErpan MepBOro poja mnpejacrasisier codoit obobmeHue
JIBOMHOI'O MHTErpalia, KakKUM KPUBOJIMHEHHBIM HUHTErpall

’ MepBOro  poja  ABISETCA [0  OTHOWICHHIO K
ONpe/Ie/ICHHOMY HHTErpay.
"‘ J10 0000mEeHne cTpouTcs Tak. [lycTs B TOUKaxX riajikoi

. ) (v KYCOYHO-TJIaJIKOMH) [IOBEPXHOCTH S
et L

OFPAaHMYEHHOM  KYCOYHO-TJIAJIKUM  KOHTYPOM

5 y  onpenenena dynkimms f(P)=f(x,y,z). Pasobsem
/ OBEPXHOCTh S MPOU3BOJILHO MMPOBEJCHHBIMH KPUBBIMH
Ha YactH S,,S,,...,S, , Iomane Kaxaoi U3 KOTOPBIX
obosnaunm  AS, (izl,_n) . BpiOpaB B Kkaxa0#l u3 IUIOLAJOK
[IDOM3BONBHVIO TOUKY P.. BeMMCIMM B 5TOi Touke 3Hauenue ovakumn f(P.) u
YMHOXKHM ero Ha miomans AS. snemenrapHoit wactu S;. CocraBUM CymMMy
npousseenuii (Pi )ASi

n 7

L, = S(P)AS,. "

=
KOTOpYIO OyJaeM Ha3bIBaTh WHTErPAIbHONW CYMMON it (YHKIHH f(x,y,z) 1o
noBepxHocTH S. HauGonbmmii w3 amamMerpoB sdeek S, oOo3naunM max AS, .

[lepeiinem B paBerctBe (7) Kk mpeneny NpU YCIOBUU CTPEMJICHHH K HYJIIO
max AS,, 4To BleYeT yBeJMYEHHE YHCIAa N AYEeeK S. M CTATHBAHUE KAXKIOH M3
HHUX B TOYKY.



4.3. OnpepeneHve NOBEePXHOCTHOro UHTerpana

nepBOro poaa (mnu no nnowanu NnoBepxXHOCTH).

ONPENEJEHHUWE. Eciu npu crpemyiennn max AS, k Hy/o, CyIecTByeT
KOHEUHBII Tpeesl MHTErPalbHBIX CyMM (7) , KOTOpBI HE 3aBUCHT OT Crocoda
pa30HeHus IOBEPXHOCTH S Ha vactH S, M oT BbiOopa Touek P, €S., 10 ero
Ha3bIBAlOT  [OBEPXHOCTHBIM  HWHTErPAJOM  MEPBOro  poia oT  (YHKIHHU
i (P) = (x, y,z) [10 MOBEPXHOCTH S WJIM UHTErPAJIOM [0 IUIOIIAH TIOBEPXHOCTH S

1 0003HAYaKOT
H f(P)dS W ﬂ f(x, y, Z)dS.
S S
Wrak, 1o onpeaeaeHuro

£ y,2H8= tm (P AS, ®)
g max AS; —0 ;|

(n—wx)

(dS - mupdepenuman momau NOBEPXHOCTH).
Teopema. cynmiecTBOBaHHs IOBEPXHOCTHOTO WHTErpaja MEpBOro poja: eciu

pynkuus (x,y,z) HEMpepbIBHA BJOJb KYCOYHO-TJIAJKOM MOBEPXHOCTH S, TO

UHTErpasl 1o ioaau NoBEpXHOCTH CYIIECTBYET.
[ToBepXHOCTHBIN MHTErpall NIEPBOro poaa odagaeT TeMHU K€ CBOMCTBAMH, YTO
U JBOMHOW HMHTErpas. B 4acTHOCTH, BBINOJHAETCS CBOMCTBO aJIMTUBHOCTHU: €CJIU

OBEPXHOCTh S pa3buTa HawacTH S; U S,, TO

[=I+]

5 55



4.4. BbluncrnieHMe noBepxXHOCTHOro MHTerpana
nepBOro poaa (mnu no nnowanu NnoBepxXHOCTH).

[TycTh 3ajaHa riajgkas MOBEPXHOCTh S ypaBHEHHEM Z = Z(x, y). Tak kak

I[MOBEPXHOCTH IIaZIKasi, TO CJICA0BATCIIbHO Z(X, Y) - HCIPCPbIBHAsA d)yHKI.IHH BMCCTC

CO CBOMMH YaCTHBIMH MPOU3BOJHBIMU. M mycTh Ha moBEepXHOCTH S omnpejeseHa
HenpepbiBHas ¢Qynkous U =f (x, y,z). TpeOyercss BBIYHCIUTH MMOBEPXHOCTHBIN

gf(x, y,z\S.

[IpenBaputensHO 3aiimeMcsi BBIBOJOM (DOPMYJIBI Ui BBIYUCIICHUS IUIOLIAIU

HHTEerpal

AS. snemeHTapHOIl YacTH S; MOBEPXHOCTH S.

BBLIC/IEH YUacTok S, pa3Ouenns 00MacTH S Ha sneMeHTapHbIe YaCTH ¢ BBIOpaHHOI

Ha HeM T0uKoif P, koropas nmeer koopuHatsl X, y;, Z. = Z(xi Vi )

Uepes touky P. €S, mpoesem kacarelbHyio IIOCKOCTb K MOBEPXHOCTH S.
VpaBHeH#e KacaTelbHOI TIOCKOCTH, KaK H3BECTHO, HMEET BHJL

Z—Zi :Z;(Xiayixx—xi)+Z’y(xi,Yixy_Yi)'

'
T
) D | e
’
’
7




4.4. BbluncrnieHMe noBepxXHOCTHOro MHTerpana
nepBOro poaa (mnu no nnowanu NnoBepxXHOCTH).

v

Ha sT0ii miockocTu BbIENHM 31€MEHT (]; ¢ momaaso Ad; ,
KOTOPBIM NPOEKTUPYETCs Ha IUIOCKOCTh XOy B Ty K€ 3JIeMEHTapHyro 00sacTh O,
4TO M SJIEMEHT S, . 3aMeHHM KPHBOJIMHEHHBIH 3JIEMEHT S. IUIOCKHM
3JIEMEHTOM (]; , TOT/1a

AS; = Aq,. ©)

O6o3HaunM uepes Y, ABYIPaHHBIA yroj MeXJIy KacaTeJbHON IUIOCKOCTBIO H
m1ockocThb XOy.



4.4. BbluncrnieHMe noBepxXHOCTHOro MHTerpana
nepBoro poaa (unuv nNo nnoLwaan NoBepxXHOCTH).

BocnonmyeMcn COOTHOIIEHHEM U3 aHAJIUTUYECKOU reoMETpHHU: Iionanb S

MPOEKIMHU [UIOCKOM (DUTyphl paBHA IUIOMAIH S caMoil 3TOW (PUI'Yphbl, YMHOKEHHOM
Ha a0COJIIOTHYIO BEJIMUMHY KOCHHYCA JBYTPAHHOIO yrjla () MEX]y IUIOCKOCTSMH,
Tie!

S, =S-|cosq|.
B Hammx 0003HaYeHUSIX UMEEM

Ac; =Aq; -

OTKy/a B cuity hopMyJibl (9)  moJiydaeMm

AS, ~ 22
|cosy]

JIuHelHbI! yroa ABYIPaHHOIO yIjla 7Y; €CTh B TO K€ BpeMs yroi Mexay ockio Oz u

MEePHEeHIUKYJISIPOM N K KacaTesbHOM MiockocTu. U nosromy

cos(ﬁ, Ozj :

DTO MO3BOJIIET HAM HAWTH KOCHHYC yIjla MEXJy BeKTopamu N
0Oz), no uzBecTHOM hopmyiie
N _
n-
cos| 1,k
Al

(10)

cosy;|=

uk (E - OpPT OCH

?T‘I



4.4. BbluncrnieHMe noBepxXHOCTHOro MHTerpana
nepBOro poaa (mnu no nnowanu NnoBepxXHOCTH).

HopMaJibHBIii BEKTOpP N KacaTeJbHOM IUIOCKOCTH, KaK BHJIHO M3 €€ YpaBHEHWUS,
’ 2a
HUMEET KOOPAUHATHI Z ( X;,Y; ) ( X;,V; ) —1, aBekrop k= {0,0,l}. Torna

-1
cos(n Oz) : %
N+220x,y.)+ 27 (x,0y,) <
Takum o6pazom, ¢ yaetom (10)H (A1) ponyyaem
AS. z\/l+z;z(xi,yi)+z'y2(xi,yi)-Aci. (12)

A Temepb, Ui pellIeHWs TIIOCTABJICHHON 3aJayd O  BBIYMCIICHUU
[IOBEPXHOCTHOIO  MHTErpajlia, BepHEMCs K HHTerpajlbHOi cymme () |

COOTBETCTBYIOILEH NaHHOMY pa30OMeHHI0 MoBepxXHOCTH S Ha vactu AS, (i = l,n) H

BBIOOPY TOYEK Pi. [IpyHuMass BO BHUMAHHUE IIOJIYYEHHOE BBIPAXKEHUE IS ASi
(12) , zanumem

if(Pi )Asi = if(xiayiaz(xia)'i ))\/1 d 2;2 (Xia}’i )'*' Z’y2 (Xia}’i )'Aci‘ (13)
i=l i=1

B 3TOM paBeHCTBe mnepeiiieM K mpeaeny Nnpu N —> 00, cyuTas, 4TO Kaxjaas Hu3
3JIeMEHTapHbIX o0jacTeil crsruBaercss B Touky. Cymma, cTosilas B NpaBOil 4acTu
paBeHCTBA , SIBIIIETCS. WHTEIPAJIbHOW CYMMOH /Ul HeNpepbIBHON (yHKIuU

f(x,y,z(x,y))\/l+Z;2(xi,yi)+z'y2(xi,yi) no obmactu S, - npoekuuH

moBepxHoCTH S Ha miockocTh XOy. [TosToMy ee mpejielnt ecTb JABOMHON HHTErPa OT
yKa3aHHOM (YHKIUHU JABYX IEPEMEHHBIX 110 00J1acTH Sxy



4.4. BbluncrnieHMe noBepxXHOCTHOro MHTerpana
nepBOro poaa (mnu no nnowanu NnoBepxXHOCTH).

OINIPEJIEJIEHUE. Ilpenen cymMMmsbl, CTOsSIIEH B JIEBOM YacTH paBEHCTBa
(13) | ecTh moBepxHOCTHBINH MHTErpan or GpyHkuuu f (x,y,z) 0 MOBEPXHOCTH S
(T.e. 1-ro pona).

CnenoBaTelibHO,

g f(x,y,z)dS = S_U Ty, y))\/l +2"2(x,y)+ Z'y2 (x,y)do,

HHa4c

ﬂf(x y,z)dS _U f(x y,z(x y))\/l+z'2(x y)+z 2(x y)dxdy (14)

Sxy
rae S, - NIPOEKLMH MOBEPXHOCTH S Ha I10cKocTh XOy.

Eciu BMectro miockoctd XOy MOBEPXHOCTH S MOXKHO CIPOEKTHPOBATH Ha
nmnockocTd X0z uim yOz, Torja nepeMeHuB poJid KOOPAUHAT X, Y U Z, U3 paBEHCTBA
(14) , MOXHO IMOJIYYUTH ClieaAyroue (HopMyJibl:

[f(x,y,z)dS = [[f(x(y,z),y, z)\/l + x'y2 (v,z)+x"(y,z)dydz,

S S

Yz

'f(x,y,z)dS: [ f(x,y(x,2), \/l+y (x,z)+y'*(x,z)dxdz,

S S

rae x=x(y,z) y=y(x,z) - YpaBHEHHS IOBEPXHOCTH S, pa3pelleHHbIe

OTHOCHTEIILHO X M Y COOTBETCTBEHHO, @ S, ,, S, - NPOEKUMH NOBEPXHOCTH S Ha

KOOPAUHATHBLIC ITJIOCKOCTH yOZ u xOz.



4.5. [loBepxXHOCTHbIN MHTErpasrt BTOporo poaa unw
Nno KoopauHaTam

[Iycte B mpsamoyroneHoit cucreme koopaunatr OXYZ s3ajnana HekoTopas
obmacte V. Ilycte B 3TOM o00NacTH 3ajaHa NOBEPXHOCTh G, OrpPaHHUYECHHAas
3aMKHYTBIM KOHTYpoM L. OTHOCHTENBHO MOBEPXHOCTH G OyjeM Mpearnojarars,
YTO OHA IJIaJ(Kask WK KyCOYHO-TJIAJIKas, TO €CTh B KaX/10i ee Touke P ompenensiercs
MOJIOXKHUTEJIbHOE  HAIpaBJIeHHE  HOPMAJIM  €JUHUYHBIM  BEKTOPOM ﬁ(P),
HANpPaBJISAOMUEe KOCHHYChI KOTOPOrO SIBJISIKOTCS HENpPEepPbIBHBIMU  (DYHKIUSIMHU
KOOPJMHAT TOYEK MOBEPXHOCTH C .

[TycTh B Ka)KJ10# TOUKE MOBEPXHOCTH G ONPEJEIIEH BEKTOP

F = X(x, Y, z)f - Y(x, Y, z)] + Z(x, Y, Z)E (15)
wm F = {X(x, ViZ)s Y(x, y,z), Z(x,y, Z)},
rae X=X(x,y,z); Y= Y(X, Y, Z); Z = Z(x, Y, Z) - HENpEPBIBHBIE (DYHKIIHH.
Pa3o0beM MOBEPXHOCTh G IPOM3BOJIBHBIM 00pa30M Ha N 3JIEMEHTAPHBIX
momanok Ac; (i = l,n). Ha kasx10ii ruiomniajake Bo3bMeM MPOU3BOJIBHO TOUKY P; u

PacCMOTPUM CyMMY

Z,

> (E(P,)-1(P,))-Ac;, (16)
i=1

rae F (Pi) - 3HadyeHue BekTopa (15) B TOuke

P.: n(P,) - exunuunsii BekTOp HOPMANH B

sroit  touke; F(P,)-n(P,) - cxansoroe

npousBeeHue 3Tux BekTopoB. Cymma  (16)

Ha3bIBACTC HMHTErpajbHOM cymmoii. [lpwu

pa3UYHBIX pa30HUEHUsIX MOBEPXHOCTH G Ha

3JIEMEHTapHbIE IJIOMIA/IKH 1oJIy4yaeMm
pa3jiIMuHble 3HAYECHHUs] HMHTErPaAJIbHOW CYMMBI

X (16)
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OIIPEJEJIEHUE. llpeaen cyMMBl

(16) mpu n —>oo (takum o06pa3oM, YTOOHI
HA3bIBAETCsI IOBEPXHOCTHBIM HHTETPAJIOM BTOPOIO POJIa:

HauGospmas u3 Ao, — 0)

lim > (F(p,)-0(P,))- Ao, =Q(F'ﬁ)'d0- (17)

i=l1
max Ac; =0

Kaxnoe i-e cinaraemoe cymmsbl (17) MOXKHO paccMarpuBath Kak 00beM

npu3mel ¢ ocHoBarneM AG; u ¢ Beicoroiit F(P;)-1i(P;).

duznyeckuit CMBICJI IIOBEPXHOCTHOI'O
uHTErpana BToporo poja. Bekrop F wmoxer
OoInpe/eNsaTh HalpaBJI€HUE CKOPOCTEH: I0TOKa
YKUJIKOCTH, NMOTOKAa BO3/yXa, MOTOKA YacCTHIl rasa,
MArHUTHBIX mosie u  T1.0. Ecimm Bekrop F
ornpejensieT CKOPOCTh JKUIAKOCTH, IMpPOTEKarolien
yepe3 IOBEPXHOCTh G, TO IPOU3BEJICHHUE

(l_:(Pi ) ﬁ(Pi )) Ao, pPaBHO  KOJIMYECTBY
YKHUJKOCTH, TpOTEKaromieil yepes miomaaky Ac, 3a

€JIMHUILY BPEMEHH B HaIlPaBIICHUH BEKTOpa ﬁ(Pi )

Z,

g 4

-

X
Torpa BelpaxkeHHe _U (F-fi)-dc 3 (GopmyIibl

(17)  ecTpb 0OIIEE KOTHMYECTBO JKUIKOCTH, IPOTEKAIONIEH B €JMHHUILY BPEMEHHU Yepes3
MOBEPXHOCTh G B IIOJOXKUTEIbHOM HarpaspieHud. [losToMy mnOBepXHOCTHBIN

unterpan (17) mpaseiBaercs moTokoM BekTopHOro nojis F uepes moBepxHOCT G.
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Beipazum e IMHUYHBINA BEKTOp N 4yepe3 ero MpOoeKIUU Ha OCH KOOP/IUHAT:

n= {cosoc; cosf3; cosy}, (18)

rpe o, B, Y - Yribl MEXK1Y BEKTOPOM N ¥ NOJIOKUTEILHBIMH HalpaBJICHUAMH ocei

Ox. Ov. Oz coorserctBenHo. [Toncrapnsas B uarerpan (17)  npoekuun sekropa F
u3 (15) w npoekuuu Bekropa N u3 (18) , MOJyUYHM:

] (? - ﬁ)- do = [[(X(x,y,z)cos o+ Y(x,y,z)cos B+ Z(x,y,z)cos y o =
= IGIX(X, y,z)(cosa -do)+ Y(x,y,z)cosB-do)+ Z(x,y,z)cos y - do). (19)

ITpoussenenne dc - cosoL ects npoekuus mwiomanku AG, Ha KOOPAUHATHYIO

mwiockocts yOz. Ilpoussenenns do-cosB u  do-cosy ects npoekuuu

womaaki AG  Ha KOOpAMHATHBIE IUIOCKOCTH, cOOTBeTCTBeHHO, XOz u XOy.
[Tockonbky pa3OueHHe MOBEPXHOCTH G MPOU3BOAUTCS IMPOU3BOIBHBIM 00pa3oM, TO
MOXXHO IIPOM3BECTH pa30MEHUs IUIOCKOCTSIMHU NapajlieIbHbIMH KOOPAMHATHBIM
IJIOCKOCTSIM Y TOT/a [PU IIpE/IeIbHOM Iepexo/ie (Ipy N —> 00) IUIOAAu IMPOSKIUi
3JIeMEHTapHOM 1Iomanaku AG paBHbI:

do-cosaa=dy-dz; do-cosB=dx-dz; do-cosy=dx-dy

M MHTerpan (19) NpUHHMAET BHJ:

[[(F-0)-do = [[ X(x,y,z)dydz + Y(x,y, z)dxdz + Z(x, y, z)dxdy .
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13 CBONCTB MOBEPXHOCTHOIO MHTErpajia BTOPOro poja BbICIUM JIBa

1. (jsj(l_:-ﬁ)-dcs:—gj_(l_?-ﬁ)ic, (20)

rac G+ - 9TO CTOpOHA IOBCPXHOCTH G, COOTBETCTBYHOLIAsA I10JIOKHTCIBHOMY

HalpaBJICHHKD HOPMAJIBHOIO BEKTOpa N, OG_ - IPOTHUBOIIOJOXKHAs CTOPOHA

[IOBEPXHOCTH © .

2. Ecnu noBepXHOCTe G COCTOMT HMX HECKOJIBbKHMX 4acTtel © =G0, + 0, +...+ 0,
TOr/la UHTEIrpall (19) €CTh CyMMa MHTEIrPAJIOB I10 3TUM YaCTSIM MOBEPXHOCTH:

Q(F-ﬁ)doz({j(ﬁ.ﬁ)do+£{(ﬁ.ﬁ)dc+...+£;(ﬁ.ﬁ)dc 21)



.V LDDITVIVJICITVIU 1TVDUPYANVVINVIV VIR pYpasida

BTOpPOro poaa

Borancinenne unterpana (20)  MOXHO CBeCTH K BBIYHCICHHIO JBOMHBIX
HMHTErPAJIOB, €CJIHA MPABYIO YaCTh PA3JIOKHUTh B CYMMY TPEX HHTEIPaJIOB:

j}X(x, y,z)dydz + j;;f Y(x,y,z)dxdz + _[;[ Z(x,y,z)dxdy (22)

U Jajiee BBIYUCIATh OTJACIBHO KaX/IbIH U3 HUX (IIyTeM CBEICHUS MOAbIHTErPaIbHON
(OYHKIMH K JIBYM [IEPEMEHHBIM).

Hanpumep, s nepsoro unterpama u3 (D I = [[ X(x,y,z)dydz. Ecm

00J1aCTh MHTErPUPOBAHUS, TO €CTh MOBEPXHOCTh O, 3a/]aHA TAKMM YPABHEHUEM, YTO
ero MOKHO NpeoOpa3oBaTh K BHIAY X = x(y,z), TO JIaHHbI HHTerpan |, BbrauciseM
TakK:

[ X(x,y,z)dydz = £ [[ X(x(y,z), y,z)\dydz,

(o] Gyz

rjae 3Hak B cuity popmynsl (20) Oyner onpenensiThCs B 3aBUCHMOCTH OT CTOPOHBI
MOBEPXHOCTH O (IUIoc, eciu COSOL = COS(,%,OX)> 0; munyc, ecm cos a < 0);

() - 9TO INPOCKHHUA MOBECPXHOCTH G Ha KOOPJAHHATHYH ILNIOCKOCTH YOZ

Yz



.V LDDITVIVJICITVIU 1TVDUPYANVVINVIV VIR pYpasida

BTOpPOro poaa

dopmyiia OcTporpajckoro-I aycca
Ecnu 1noBepxHOCTh O - 3aMKHyTas, V — Telo, KOTOpOE€ OrpaHWYUBACTCS
NMoBepXHOCTHIO G . Toraa umeer mecro popmyia

ff X(x,y,z)dydz + Y(x,y,z)dxdz + Z(x,y, z)dxdy =

_ m(ox oY az}b(dde, 03

ox o0y O
rie gynkmmn X = X(x,y,z), Y=Y(x,y,z), Z=Z(X,y,z) u ux uacrasie
oX oY OZ
IIPOU3BO/HBIC , JOJIKHBI ObITh HENpepbIBHBIMU B oOslacth V U Ha

oy 0z

I'PaAaHHUILIC, TO €CTh HA INOBEPXHOCTH O .



.V LDDITVIVJICITVIU 1TVDUPYANVVINVIV VIR pYpasida

BTOpPOro poaa

dopmyiia Ctokca

Eciii 0BEpXHOCTh G - HE3aMKHYTa M OIPAaHMYEHA 3aMKHYTBIM KOHTYpoM L,
TO UMeeT MecTo hopMyIia

{X(x,y,z)dx + Y(x,y,z)dy + Z(x,y,z)dz =
L

:H a_z_a_Y ydz +(6_X_a_z)dxdz S a_Y_a_X dXdy,
S\ Oy 07 0z 0% ox Oy

rae Gysakuun X = X(X,y, Z), ¥= Y(X, y,z), Z = Z(X,y,z) U MX YacCTHBIE

IIPOM3BOJIHBIE JTOJDKHBI OBITh HENPEPBIBHBIMHM (DYHKIMSIMH Ha MOBEPXHOCTH G M Ha

ee rpaHulle, TO €CTh Ha KoHType L.

(24)



