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1. O0OWwme cBegeHnsa O KpaeBbIxX 3agavax Aans
ypaBHeHud Jlannaca

Onpeaenenne 1. 'apmonnueckoi B obmactn {2 (YHKIUCH HA3BIBACTCS JBAXKIBI

HenpepblBHO Jau(depeHupyeMas (QYHKIUSA, YAOBICTBOPAOIIasS B 3TOH 001acTH

ypaBHeHHuro Jlanmaca Ap =0.

OOGBIYHO TIPH PACCMOTPEHUH KOHKPETHOTO (PU3HUYESCKOTO Mpollecca HEOOXOIUMO M3
MHOJKECTBA PENICHUH ypaBHEHHUS, ONMHUCHIBAIONMIETO OOIUH (PU3HUYESCKHH 3aKOH,
BBIJICIIUTh €IUHCTBEHHOE, JUISl ATOTO HAJ0 MOJYHHUTH PEIICHHE JOMOIHUTCIHHBIM
YCJIOBHUSIM, HJTH, KaK TOBOPAT, c(hOpMYIHPOBAThH 3a]jady MaTeMaTHueckol ¢uszuku. Ha
NMpakTUKE I ypaBHeHUS Jlamiaca 4yacTo HNPUXOAIT K CICAYIOIIUM TPEM BHAaM

JTHHEHHBIX KPACBBIX YCIOBHH Ha TpaHHIlC paccMaTpuBacMoit obmactu 0Q:

p=M ,HaKkoHmypeO LD

G4

= U, Ha KoHmype 0€2
on

o

+ Op = W, Ha KoHmype 02
on



B kadecTBe MEXaHHUYECKOTO MpHMEpa paccMOTPHUM Ipoliece (PUIbTpaIlUU
HCCOKHMAEMOH SKHJKOCTH B TOPHCTOH cpeje. YcoTaHOBHBINAsCS —(PUILTpAIUs
HeCKHMaeMo#l (0=CONSt) JKUAKOCTH B OJHOPOJHOH MOPHCTOU CpEJiC OMHCHIBACTCS
CHCTEMOH YypaBHCHHUH 3aKoHa JlapcH M Hepa3pbIBHOCTH, BBIPAXKAIOIIUM YCJIOBHE
COXpAHEHHSI MAcChl SKHAKOCTH MPHUH PUIBTpaIlMU, KOTOPHIC B JAHHOM CIIy4ac HMCIOT

BH I

1@= —Egrad(p), div 1@= 0.
7

rie p — JaBJICHUE, j — THAPOJUHAMUYCCKAS BA3KOCTD, & — MPOHHUIAEMOCTDh (MMEET
pPasMEpPHOCTh IUIOMIAJH, HE 3aBHCHT OT CBOMCTB JMXHUJKOCTH U SBIICTCS YHCTO
T€OMETPHUYCCKON XapaKTEPUCTHKOM ), ¥ — BEKTOP CKOPOCTH (PHIILTPAIIUH.

IToacraemss 3akoH Jlapcu B ypaBHECHHE HEPa3pBIBHOCTH, IOJIYYHM JIUHEHHOE

SJUTHIITHYCCKOC YPABHCHHUC 2-T0 mopaakKa OTHOCHTCJIBHO JaBJICHHUA D.

div Egmd(p) =0 (1.1)
7



N3 popmymer (1.1) BHAHO, UTO €CJIH MPOHUI[AEMOCTh & H THAPOJHHAMHYECKAS
BA3KOCTh CPEJbl i - MOCTOSIHHBIE BEJIMUHMHBI, TO MOCJICJHES YPABHCHUE CBOJUTCS K

ypaBHeHuto Jlammaca Ap =0 ; B mpotruBHoM ciaydae ypaBHeHuHe (1.1) MOXKHO

IepeuyucaTsb B CJICAYIONICM BHJC!

ok o 0 k o ok 0
———p+———p+———p=0.
ox p Ox Oy i Oy oz i oz

KpOMC 9TOro, JaBJICHHC p JOJDKHO YAOBJICTBOPATH TPaAUIIHOHHBIM KpacBbIM

YCJIOBHAM Ha 3apaHcCC 3aJJaHHBbIX I'paHHIlax (bHHpraI[I’IOHHOI‘O IMOTOKaA:

e YCJIOBHE HCIIPOTCKaHHU A (Ha rpaHunax HCIPOHHIACMbIX BKJ]IO‘ICHHI\/'[)

» _,
on

e VYCIOBHE 33JaHHOTO MOCTOSIHHOTO JaBiIeHHS ( OOBIMHO (pOpMyIHpYETCS Ha

KOHTYpax IMTaHus) p = p, ,



e VYcnoBue conpspKEHUS (Ha rpaHHUIIE pa3jeiia 00JIacTeH ¢ pa3IudHON

MPOHUI[AEMOCTBIO )
oo [eaen] [ een]
P 1 G20 I e (€50
on, on,

e VYCIIOBHE Ha CKBa)KMHAX (MCTOUHHKAX H CTOKAaX ):

3nech 0C2, - KOHTYp cKauKa IPOHUIIAEMOCTH, ¥ ; - KOHTYD, OXBATBIBAIOIIMIA j-TYIO CKBaKIHY C
nebutom ; » PacTIONOKEHHYIO B TOUKE (x I j) , n.(n ; ), — BHYTpPEeHHSS HOPMaIb K KOHTYPY

GQI (yj ), k k — 3aJaHHBbI€ ITOCTOAHHBIC IIPOHUITACMOCTH obnacTeit QZ \ Ql u Q2

COOTBCTCTBCHHO. meKcaMH IOIFOC 1 MUHYC OTMEHEHbI ITpeJCJIbHbIC 3HAUCHI A JaBIICHUS, €T O

HOPMabHOM IIPOM3BOIHON 1 IIPOHUITAEMOCTH CPeIbl IIPH IIPUONIKEeHNH K TPaHUIe 591 W3HYTPU U

CHapy XU COOTBETCTBCHHO.



Hexortoprie M3BecTHBIE aHATUTHYECKHE PEIIEHNS TS IIPOCTEHIINX TTOTOKOB.
A) OnHOPOHBII MOTOK C BEKTOPOM CKOPOCTH V(u,v)
P, ) = wx+vp,p(x, y) = —ve + uy
BE) HcTounHuk (¢TOK) B Hauaje KOOPAMHAT ¢ pacXxoaoM (nedurom) Q:
o(r,3) =0Inr/C2r),y(r,3)=08/2x), ~r,$ - NonspHLIE KOOPANHATHI
[TpumeHUTENHHO K TeOpUH GUILTPAIINN B TIOPUCTO cpese. PactipeneneHne qapneHus B
OeCcKOHEUHOM IO MPOCTUPAHMIO TIOCKOM MOPUCTOM IIIACTe€ BCKPBITOM CUCTEMOM 71

HarHeTaTeJIbHBIX 1 JOOBBAIOIINX CKBAKHH C KOOpAHWHATaMI (xx. > Vs )

P =-3 x5’

rae (), - HHT€HCHBHOCTD pabOoTHI 1-0if CKBaXKMHBI &, — IPOHMI[AEMOCTE B TOUKE x>0

B) Buxpb, M301MpOBaHHLIHM B HaYa1e KOOPAMHAT ¢ IUPKYIsImei [
w(r,$)=—Ilnr/Q2n),e(r,$)=18/2x),
[') JumoJb B Hayae KOOPAMHAT ¢ MOMEHTOM M M OCBIO, HAIIPaBIE€HHOW BAOIB 0cH OX:
o(x, )= Mx/2x(x* + ) w(x, )= My [ 2m(x* + %)
J1) Becunpky/JasA1HOHHOe 00TeKaHHe KPYIJI0ro HWIHHAPA pagnyca @ OIHOPOAHBIM TOTOKOM
CKOPOCTH # BIONB ocl OX

o(r,$)=u(r+a*/r*)cos Gy (r,9)=u(r —a’/r*)sin G



2. [loTeHumnanbl, X OCHOBHblIE CBOUCTBA. PelueHune
KpaeBbIX 3a4ad Ans ypaBHeHus Jlannaca ceBegeHmnem K

NHTEerparibHbiIM YpaBHEHUAM.
Omnpenesienne 2. [IycTs CymecTByeT HEKOTOpPAs INIAAKas IUIOCKas KpuBas OC), HA
KOTOPOH COCPETOTOYEHBI TOYEHYHBIE HCTOMHHMKH C ILIOTHOCTBIO p(S,7n), Torma

HHTCTPAT

1
Vix,y) = Jp(é,n)ln = =do
o0 \/(x_g) +(y—-n)

HA3bIBACTCA IMOTCHIUAJIOM IIPOCTOrO CJIOA IUIOTHOCTH p, COCPCOAOTOYUCHHOI'O HA

KOHTYpe OC2. 3aech (£, m) — TOUKA, HPHHAAICKAMAS KOHTYpY O (X, V) —

IPOM3BOJILHAS TOYKA B POCTPAHCTBE R”.



OcHOBHBIE CBOMCTBA IMMOTECHIIHMAJIA ITPOCTOr 0 CJI04.

e IloTeHIMA POCTOTO CJIOS OIpEIesieH BCIoTy B R,

e IloTeHIMA IPOCTOTO CJIOS HENPephIBEH BCIOY B R .

e IloTeHIMA MPOCTOTO CJIOS SIBJSICTCA TapMOHHUUYSCKOW (YHKITHEH, KpOME TOUSK
oOpasyromien kpuBoi 0€2.

e HopwmanbHas MpOU3BOHAS MOTEHITHAJNIA TIPOCTOTO CJIOSI TEPIHT pa3phiB 1 poja B

TOUYKaX MOBEPXHOCTHU 02 CO CKAUKOM 27p.

+ —

oV oV oV oV
— — | —mp , — | =|—| +mp,
on on on on

3)_'{605 n — BHCHIHAA HOPMaJlb K JIMHHH 5Q, HH,Z[@KC&MH INDIFOC U MHHYC OTMCUCHBI
IMPpCACJIbHBIC 3HAYCHHA HOpMaHBHOﬁ HpOHBBOﬂHOﬁ [MOTCHIHAJIA IIPpOCTOro CJIoA IIPpH

NpUOIIMIKCHUHU K TpaHUIle 0C2 CHApYKH W U3HYTPU COOTBETCTBEHHO.



Onpenenenue 3. [IycTh cylecTBYeT HeKoTopad IUIockad KpuBagd OC2, Ha KOTOpOi

pacIIpcACIICHBI AUIIOIHN C IINTIOTHOCTBRO V(é, 77), TOr'Aa UHTEI'pall

W)= [vEm ¥ (n— o
2 on  Ax=&+-n)

HA3BIBACTCA ITIOTCHIIMAIIOM I[BOfIHOI‘O CJIOA ILUIOTHOCTH V(g,?’}), COCpeﬂOTOT-IGHHOﬁ Ha

koHTYpe 0C). 3meck (&, M) — Touka, OpHUHAANEN)am@asd KOHTYpy 0L (X, y) —

, -
IIPOW3BOJILHAA TOUKa B IIPOCTpaHCTBe R°, # - BHENIHAA HOpMalb K 02 B Touke (&,

n).

OcHOBHLIE CBOHCTBA MOTEHL[HAJIA JBOHHOI0 CJI04.

" 2
¢ [loTeHuuan ABOMHOTO cIIO OIpEENieH Bcroay B R 7.

b Z[J'I?I TOUCK HC IMPpHUHAAJICKAI X o€ IIOTCHITH Al ,Z[BOﬁHOl"O CIIOA - TapMOHHMYCCKaA

byHKITIA

¢ FHcmu v(d; ,n)- HelpepbiBHad (yHKIUA Ha 002, To W uMeeT paspelB 1 poja B

Toukax (2 cO CKauKoOM 27TV :

wl =w] —nv ., W] =w] +2v



CBegeHune KpaeBblX 3a4ad Ans rapMOHUYECKNX
PYHKUUI K UHTErpanbHbIM yPaBHEHUSM.

OO0mmii moaxoa K pelmIeHuI0 KpaeBbIX 3a4a4 AJisl ypaBHeHus Jlannaca merogom

rPAHUYHBIX HHTErPaJbHBIX YPABHEHHH.

PemieHye kpaeBbIX 32134 HUIICTCS B BUAC CYTICPIIO3ULIUH TIOTCHLIHUAIOB C alPHOPU HEU3BECTHBIMU
IJIOTHOCTSIMH, COCPEAOTOUCHHBIMH Ha KOHTYPAaX C 3aJaHHBIMH KPAcBBIMH YCIOBHAMH. Ha KpuBBIX C
T'PAHUYHBIMH YCJIOBHSAMH IICPBOTO poJia OOBIMHO Pa3MEIAIOT ABOMHOM CJIOH, I KPHBBIX C
YCIOBHSIMH BTOPOTO POAA UCIIOJIb3YETC MPOCTOM cliov. [loacTaHOBKa CyEPIIO3ULIMHI TTOTCHIIUAIOB B
TPAHMYHBIC YCIOBHA ONPEACIIAIOT CUCTEMY HHTCIPAIbHBIX YPABHCHUN OTHOCHTEIIBHO HEU3BECTHBIX
TUIOTHOCTEH CJIOCB.



I/IOHOHLSyﬂ TCOPCMBI O CKadKaX, MOXHO PCIICHHC KpacBbIX 3ajJad AJI1 YpaBHCHHA
Jlamaca c¢BecTH K PCUICHHIO HHTCTPaJIbHBIX ypaBHCHHfI. PaOCMOTpHM 3TO Ha

npuMepe BHEMIHEH 3aaun Helimana: TpeOyetcd HaWTH (PYHKIHIO P, TaKyIO, YTO:

Ap=0 eobracmu L2 2.1)

op"

= W, Ha xoHmype 0€2 (2.2)
"

bygem wuckath pemieHue 3amaud (2.1)-(2.2) B BHJAe MOTEHI[Hala MNPOCTOTO CJIO,
IJIOTHOCTH KOTOPOTO CIISAYET ONPE ICTUTD:
1
pex.y)= [pE.mn 2 — do
2 Ja=87 + (-

IToacTaBiss 3TO NpeACTaBICHUE B TPAHUYHOE YCJIOBHE (2.2), TOJYYHUM HHTETPATIBHOC

YPaBHCHHC JJI HAXOKJACHHA INIOTHOCTH

1
Ja—&2 +(y—n)

I pE. n)—ln 00 —7p(x, ) = 1t



[IpeamonokuM, 4yTO KOH(MHUTYpamHs KOHTypa OF  ompelesaeTcs OJHO3HAYHOU
$yHKIHEH B MOJSIPHBIX KoopAauHaTax r=g(0), rae 0< @ < 2w, Torjma mocjiedaHES

ypaBHEHHE IPUOOPETAET BU!

@)+ Ip(a)N[a,G,gm),g(e)]_ @ g

(a)da=pu
) Vg O)+g"0)

3con Nla.0 o] & ©)—g@)g(@)cos® —a) —g'@)g@)sin(60 —a)
JeCh [(Z, ,gla), g( )] gz(e)_2g(9)g(a)cos(9_a)+g2(a)

OTMETHM TIpH HTOM, YTO Il HOoOOH (yHKIUH ¢(0), YAOBICTBOPSIONICH YCIIOBUIO

["'énbaepa, aapo N(a, 8, g(a), g(0)) — HenpepbIBHAS (PYHKI[HSI CBOUX apr'yMEHTOB.

Ynpaxuenue 1. CaMOCTOATENIBHO MOJTYYUTh ABHBIN BUJ sapa N [a,@, g(a), g(@)].

Ynpaxxnenne 2. Jloka3aTh HENPEPHIBHOCTD sjipa N [oc,Q, g(a), g(Q)].

g (0)-22"(©)-2©)2"®) |
g 0)+g" )

lim N(a,0, g(@),g(0)) =



YnpaskHenue 3. [[onyanTs UHTerpalbHOE ypapHEHHE IS KpaeBoil 3a1auu

Ap=0 eobracmu Q2

op
os

=G, Ha koHmype 0L2

2

rze s — KacaTenbHad K KoHTypy 0%2. VlccnenosaTh 0COOEHHOCTE IIOTYIEHHOTO AMIpa.

)—ln ! do|=G 1203151

Ja-6?%+(y-n)

OTtBert:

| Ip(“)K 0.6, 8(@) $C0) By perpmen g@|-G
o Vg @) +g”®)

|- (gla)cos(0 —x) - g(0))g'(0) - gla)g(0)sin(0 — oc)
g2 (0)-2g(O)gle)cos(® — o)+ g* ()

ametrM, uto agpo K(a, 6, g(a), g(6@)) npu a=0 umMeeT MOMOC MEPBOTO TOPIAKA.

3mech K[oc,@, gla), g(0)

JeficTBUTENBLHO, €CITH BBECTH HOBYIO (PYHKITHIO
K*(e,0,¢(a),g@)) =K(x,0,g(x),g®)) -%ctg(@ —a), To To mpapuny Jlarmmranga

HETPYIHO II0Ka3aTh, U4TO

* g (9)[g”(9) + g(o)]
b K (2,6, g(0), 80N == 2 07 o7(0)

2

Te. K*(x,0,g(x), g(0))- orpannennas GpyHxuus.



3. HekoTopble cBeaeHns U3 Teopun NHTerpasrbHbIX
ypaBHeHUn. KeagpaTtypHbi MeTO4 YNCIEHHOIO peLleHnd
NHTErparnbHbIX YPpaBHEHUN.

Onpenenenne 4. bBynem Ha3plBaTh HHTETPAIbHBIMH TakHe (DYHKI[HOHATIBHbIC

YPAaBHCHHS, KOTOPBIC COACPKAT HHTCIPAJIbHBIC IIpCO6p330BaHI{$I Hal HCKOMOH

(yHKITHEH.

Hampumep, g(x)y(x)— AJ.K(x, )y(s)ds = f(x),xcQ 3.1

- JIHHCHHOC HWHTCTPAJIbHOC YPABHCHHE OTHOCHTCIIbHO HCKOMOHM (DYHKIUH (S),
obnacteio ompenenicHuss £ ( ecnmu  — mepemeHHo, To (3.1) — ypaBHCHHE
Bonsteppa, ccmu 2 — moctoguHO, TO (3.1) — ypaBHeHue Dpeqronbma). 3aech
Kix,s) — sapo WUV, f{x) — mpaBas 4acTh ¢ oOIacThio ompeaeiicHus O, g(x) —

3a7aHHas PYHKIIHS, X, — BEIICCTBEHHBIC IICPEMCHHBIE.
Ceenenne pemenusi 1Y k peuienuo cucteMsbl aaredpandecKux ypaBHeHHii.

Bxonsumii B paBeHcTBO (3.1) HHTErpaa MOKET OBITh 3aMEHEH C MOMOIIBIO JIHOOOH

($opMyIIbl IPUOTHKEHHOTO HHTCTPUPOBAHHUS

b n
J.x(x)dx =D A, x(x)+e (3.2)
y pa=



rne A,,x, - MOCTOSIHHBIC JJISI JAHHOTO MPOMEXKYTKA U ISl JaHHOU (POPMYJIbI
ymucia, € - norpemuocTts. Hanmpumep, 1ist GopMyJIbl IPSIMOYTOJbHUKOB

A =(b-a)/nx =a,x,=a+b-a)/n,...x,=a+(n-1)(b-a)/n 3.3)
lloacrasinas (3.2) B (3.1) m mocinenoBaTeNbHO IOJIArast X =X,,X,,...,X, ,

OpUXOJUM K  CIEAYIONIeH cucremMe ainreOpandeckuX YpaBHEHUM, KOTOpOH

YJIOBIETBOPSIIOT urcyia y( X, )- 3HAUeHUS] HICKOMOUM (PYHKI[UU B TOUKAX X;:

y(xz' ) - /’]’ZAkK(xi ’xk )y('xk) = f(xi ) + ),8(.7(71- )91 = 1,2,...7’1
k=1

OrOpachiBad B IIPaBO YaCTU PABCHCTE MAJIBIC BEJIMUUHbL £; M PEIlad IOJIYYEHHYIO CHCTEMY
ypaBHEHHIA, MBI Haii/leM HEKOTOpbIe mpuomokeHus 3 (X, ),..., ¥ (X, ) A7 3HaUCHHIT HCKOMOI

byrxgm y (x,),..., Y (x,). TOUHOCTD U CXOAUMOCTD IPUOMEKCHHBIX PEILCHII MOKET ObITH

OLCHCHA SKCIICPUMCHTAJIbHO JUIA Pa3JIMYHBIX 72



4.06L1aa cxema peLleHust KpaeBblix 3aga4 Ans ypaBHEHUM
Nannaca metogom ['1Y. Npumepeil.

IIpuseneM GpopMalbHBIN TIepeUeHb ITAIOB PEIICHUS 3a/1a4, aHAIM3a U BU3YJIH3al[u1

MOJIyYEHHBIX PE3YJIbTaTOR!

e IlocraHoBka kpaemoil 3ajaun ((popMyJHpPOBKAa KpPaeBbIX YCIOBHUII Ha OCHOBE
MEXAHUYECKOU 3a]au).

e Jloamyuenue (Ha ocHoe MeToga I'HY) OCHOBHON CHCTEMBI HMHTETPAJIbHBIX
YPaBHEHUI OTHOCUTEJIBHO HEU3BECTHBIX TUIOTHOCTEN CJIOEB.

e IllomyyeHue  pa3sHOCTHO-CYMMHPYIOIIETO  aHaJora  OCHOBHOH  CHCTEMBI
WHTETPAIbHbBIX YPaBHEHUIA.

e PerlicHre BO3HHUKAIOMIEH CHCTEMBI alreOpanvecKUx YpPaBHEHUII OTHOCHTEIBHO
3HAYCHUN IUIOTHOCTEM CJIOEB B V3JIaX CETKU BJOJb KOHTYPOB C TPaHHUYHBIMH
YCIIOBUAMU.

e IlpoBepka yCTOMUYMBOCTH U CXOJUMOCTH IMOJYUYSHHBIX UHCJCHHBIX PEIICHUN OT
KOJIMYECTBA Y3JIOB CETKU BJIOJIb KOHTYPOB C IPAHUYHBIMH YCIOBUIMU.

e BprunciieHHe Mo HCKOMOI (PYHKIMU B TIPOU3BOJIBHOI TOYKE IPOCTPAHCTBA (Ha
OCHOBE PAHEE BBIUMCICHHBIX TVIOTHOCTEH CIIOEB).

e I'paduueckasd BHU3yaIHM3aIMA TOJYUESHHBIX PE3yJbTaTOB (IMOCTPOSHHUE H3OJIMHHIA

BBIYHMCJICHHON (PYHKIIMH).









