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What are Vectors?

 Vectors are pairs of a direction and a
magnitude. We usually represent a vector
with an arrow:

/

* The direction of the arrow is the direction
of the vector, the length is the magnitude.



Vectors iIn R”

n=1  R'-space = set of all real numbers
(R'-space can be represented geometrically by the x-axis)

n=2 R*-space = set of all ordered pair of real numbers (X1,%5)

(R?-space can be represented geometrically by the
. xy-plane)
n=3  R’-space = set of all ordered triple of real numbers (X1, X5, X3)
(R3-space can be represented geometrically by the

B . Xyz-space)
n=4  R*-space = set of all ordered quadruple of real numbers (x;,X,,X3,X,)



Multiples of Vectors

Given a real number ¢, we can multiply a
vector by ¢ by multiplying its magnitude by

P

Notice that multiplying a vector by a
negative real number reverses the
direction.



Adding Vectors

Two vectors can be added using the
Parallelogram Law




Combinations

These operations can be combined.




Components

To do computations with vectors, we place
them in the plane and find their
components.

(5,6)

-
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Components

The Initial point is the tail, the head is the
terminal point. The components are

obtained by subtracting coordinates of the
initial point from those of the terminal

point. v/'(s’G)

(2,2)




Components

The first component of vis 5 -2 = 3.
The second is 6 -2 = 4.

We write v = <3,4>
(5,6)
e

(2,2)




Magnitude

The magnitude of the vector is the length
of the segment, it is written ||v||.

(5,6)

-
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Scalar Multiplication

Once we have a vector in component
form, the arithmetic operations are easy.

To multiply a vector by a real number,
simply multiply each component by that
number.

Example: If v = <3,4>, -2v = <-6,-8>



Addition

To add vectors, simply add their
components.

For example, if v =<3,4> and w = <-2,5>,
then v+ w =<1,9>,

Other combinations are possible.
For example: 4v — 2w = <16,6>.



Unit Vectors

A unit vector is a vector with magnitude 1.

Given a vector v, we can form a unit vector
by multiplying the vector by 1/||v]|.

For example, find the unit vector in the
direction <3,4>:



Special Unit Vectors

A vector such as <3,4> can be written as
3<1,0> + 4<0,1>.

For this reason, these vectors are given
special names: 1 = <1,0> and j = <0,1>.

A vector in component form v = <a,b> can
be written ai + bj.



Dot Product of Vectors

Let u and v be two nonzero vectors in 2-space or 3-space, and assume these vectors have been positioned so that their initial
points coincide. By the angle between u and v, we shall mean the angle 6 determined by « and v that satisfies () < § < 7 (Figure

3.3:1);
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Figure 3.3.1

The angle 6 between # and v satisfies () < 0 < 7.

DEFINITION

If # and v are vectors in 2-space or 3-space and 0 is the angle between u and v, then the dot product or Euclidean inner

product y .y is defined by

|[uf||[v|[cosd fuz0andv=0
b - (1)
0 fu=00rv=0




Three dimensional space:

Leta=aqji+a,j+ak andb =b,i+b,j+ b;k

a-b = (a;i + a,j + a;K) * (b,i + b,j + b;k)

a*b = ab,ici +ab,i*j+ab.ick+a,b,ji+ab,j°j+
a,b;j-k +a;bk-i +a,b,k-j+abk-k

The unit vectors i, j and k have length 1 and are at 90°
to each other and so any unit vector when scalar
product combined with itself will give:

i*iz1x1xcos0°=1

Whilst any unit vector when scalar product combined
with a different one will give: i-j=1x1xcos90°=0

Therefore a-b = ab, +a,b, + a;b,



Three dimensional space:

» From the diagram the length of OP
in terms of the side lengths can be
determined as follows:

OP? = OB? + BP? and OB? = OA? + AB?
Thus OP? = OA? + AB? + BP?

OP2 = @2 + b? + ¢2 OP=\/(] +b° +¢°

<

b

For our two vectors: a=.a?+a?+a? and b=,/b? +b? +b?

a-b a,b + a,b, + a,b

Using, cos@ =——=

ab  Ja? +a +a? x|Bt + b7+ b




Application to Computer Color Models

Blue Cyan
(0,0, 1) (0,1, 1)

Magenta
(Lo, 1

Cireen
(0. 1,0)

(1,0,0) Yellow
(1, 1,0)

Colors on computer monitors are commonly based on what is called the RGB color model. Colors in this system are created
by adding together percentages of the primary colors red (R), green (G), and blue (B). One way to do this is to identify the
primary colors with the vectors

r=(1,0,0) (pure red),
g=(0, 1, 0) (pure green),
b=(0,0,1) (pure blue)
in 2% and to create all other colors by forming linear combinations of r, g, and b using coefficients

between 0 and 1, inclusive; these coefficients represent the percentage of each pure color in the
mix. The set of all such color vectors is called RGB space or the RGB color cube. Thus, each color
vector ¢ in this cube is expressible as a linear combination of the form

c=cir+cag+c3b
—¢1(1,0,0) +¢3(0, 1,0) 4 ¢3(0, 0, 1)
= (c1,¢2,¢3)



Properties of Vector Arithmetic

If u, v, and w are vectors in 2- or 3-space and k and | are scalars, then the following relationships hold.

(a) u+v=v+u

(b) (u+v) +w=u+ (v+w)

(c) n+0=04+n=m

(d) u+(—=u)=0

(e) k() = (kDu

(f) k(u -} V) = - v

(g) (k+Hu=ku+

(h) h=u



Proof of part (b) (analytic) We shall give the proof for vectors in 3-space; the proof for 2-space is similar. If uw = (1, w3, 13),

V= (VI, V2 V3), and W= (Wl’ w3, W3), then

(u+v) +w=[(z1, 2, u3) + (¥, v2,v3)] + (w), wz, w3)
= (%] + V], 82+ V2,13 +v3)+ (W), wi, wi)
= ([u1 +v1] +wy, [ug +va] +wa, [uz+vz] +ws)
= (1 + [vi +wy ], w2+ [va+wal, w3+ [vz +ws])
= (%1, 83, 83) + (V] + W, v2+ w2, vi+ws)
=u+ (v+w)

Proof of part (b) (geometric) Let u, v, and w be represented by P—é, @Q, and Eg as shown in Figure 3.2.1. Then

v+w=§9’ and u+(v+w)=z5§
Also,

u+v=§:’€ and  (u+v) +w=§.§'
Therefore,

u4 (v4w)=u+4v)+w




An Orthogonal Projection

In many applications it is of interest to “decompose” a vector # into a sum of two terms, one parallel to a specified nonzero
vector a and the other perpendicular to a. If # and a are positioned so that their initial points coincide at a point O, we can
decompose the vector u as follows (Figure 3.3.6): Drop a perpendicular from the tip of # to the line through @, and construct
the vector wy from Q to the foot of this perpendicular. Next form the difference
Wo=u-wi
As indicated in Figure 3.3.6, the vector wy is parallel to a, the vector wy is perpendicular to a, and
wi+wy=wi+ (u—wy)=nu

The vector wy is called the orthogonal projection of u on a or sometimes the vector component of u along a. 1t is denoted by

projau )

The vector w is called the vector component of u orthogonal to a. Since we have wj = u — wy, this vector can be written in
notation 7 as

W3 = U — proj,u

Er=" . RaRakET 2
u | | w

W | ! Wa
| |
bl " L S

¢ W " 2 W, g 9
(¢t) (h) (c)

Figure 3.3.6

The vector u 1s the sum of wy and w4, where wjy is parallel to @ and w+ is perpendicular to a.



THEOREM 3.3.3

If u and a are vectors in 2-space or 3-space and if 3 0, then

a (vector component of u along a )

u-a
2
lall

u—proju=1u-— a (vector component u orthogonal to a)




EXAMPLE 6  Vector Component of u Along a

Letu=(2, —1,3)and a = (4, -1, 2). Find the vector component of # along @ and the vector component of u orthogonal to
a.

Solution

wva=2)d)+(=D(=1+3)2)=15
la* =4%+ (= 1)? + 22 =21
Thus the vector component of « along a 1s

T i L NPy v — (510
projau_ ||a||2a 21 (4v 112) (?r 7t ?)

and the vector component of # orthogonal to a is

u-projn=(2, =1,3) = (&, -2, = (_é =7 H)

A L L
As a check, the reader may wish to verify that the vectors y — proj,u and a are perpendicular by showing that their dot product

1S Zero.
&



