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Linear combination

= [Linear combination :

A vector u 1n a vector space V' 1s called a linear combination of

the vectors v,,v,,ll ,v, in V' if u can be written in the form
u=cVv,+c,v,+.. +c.v,,

where ¢, ¢,,... , ¢, are real-number scalars



« EX : Finding a linear combination
v, =(1,2,3) v,=(0,1.2) v,=(-1,0,1)
Prove (a) w=(1,1,1) is a linear combination of v,,v,, v,
(b) w =(1,—-2.2) 1s not a linear combination of v, v,, v,
Sol:

(A) W=c,v,+c,V, +c,V,

(1,1,1)=¢,(1,23)+¢,(0,1,2)+c,(-1,0,1)
=(c, —¢5,2¢c,+¢,,3¢c, +2¢, +¢;)

C -c¢; =1
= 2¢,+ ¢, =1
3¢, +2¢c,+c; =1



1 0 —-1]|1 1 0 -1
=2 1 0 |1 °JE 5 o1 2
32 1|1 0 0 0

=>c =1+, ¢c,=-1-2¢, ¢; =t

(this system has infinitely many solutions)

t=l1
=W =2V, =3V, +V,

t=2
=W =3V, —5v, +2v,

i




(b)

W=cV,+C,V,+CV,

1 0 —1] 1 | 1 0 —1] 1 |
=12 1 0 |-=2 61E s 10 1 2 |—-4
32 1| 2] 00 0| 7|

—> This system has no solution since the third row means

0-¢,+0-¢,+0-¢c; =7

—> w can not be expressed as ¢,v, +¢,V, +¢,V,



pecomposition o1 thhe vector 1n tne pasis - example

Example 1. Decompose the vector b= {8: 1} by basis vectors p={1; 2} and q= f3 4t
Solution: Form the vector equation:
= e
which can be written as a system of linear equations

{1x+3y=8
2+ 1y=1

from the first equation express &

r=8-3y
21— 1

——

Substitute T in the second equation

{x=8—3y
2(8-3Y)+y=1
{x=8-3y
16 -6y+y=
{x=8-3y
sy=15
{x=8-3y
(=
{x=8-}3
y=3
{x=-1
=3

Answer: b= -E + 3?].



« Definitions of Linear Independence (L.I.) and Linear Dependence
(L.D.):

S = {Vl, vl v, }: a set of vectors in a vector space V
Forc,v,+c,v,+ll +c,v, =0

(1) If the equation has only the trivial solution (¢, =¢, =l =¢, =0)
then S (orv,,v,.,ll ,v )is called linearly independent

(2) If the equation has a nontrivial solution (1.e., not all zeros),
then S (orv,,v,,X ,v, )is called linearly dependent (The name of
linear dependence is from the fact that in this case, there exist a v,
which can be represented by the linear combination of {v ,v,,... ,v_,,

\% v, } in which the coefficients are not all zero.

i+



= Ex : Testing for linear independence

Determine whether the following set of vectors in R* 1s L.I. or L.D.

S = (vvoovs = {(1.2.3),(0.1,2).(-2.0.1)

Sol: C —2¢, =0
v, +e,v,+ev, =0 = 2¢0+ ¢+ =0
3¢, +2¢c,+ ¢, =0

1 0 -21]0 1 0 0]0]
=21 00| _c1e. o 1 0lo0
32 10 0 0 10

= ¢, =c, =c, =0 (only the trivial solution )
(or det(4) =—1+ 0, so there 1s only the trivial solution)

= S 1s (orv,,v,,v, are) linearly independent



EX: Testing for linear independence
Determine whether the following set of vectors in P, is L.I. or L.D.

S={V1,V2,V3} :{1+x—2x2,2+5x—x2,x+x2}
Sol:

cv+cv+c3v3—0

ie., ¢ (l+x— 2x%) + c,(2+5x — x%) + c3(x+x2) = 0+0x+0x?

c+2, =0 [1 2 0]0] k 0|0
L Sete =0 1 5 1]0] —%E, y 0
CTIC, 6 = 3

—20metep =00 =2 -1 10 00 0|0

This system has infinitely many solutions
(i.e., this system has nontrivial solutions, e.g., ¢,=2,c,=—1,¢,=3)

Sis(orv,, v,, v, are) linearly dependent



_ Basis
Basis :

V. a vector space
S={V;>Vy .0, V |
S 1s linearly independent

(For Z c,v,=Ax = 0, there 1s only the trivial solution (det(4) # 0),

- S'1s called a basis for V'



Ex1: the standard basis vectors in R>:




= Ex 2: The nonstandard basis for R?

Show that S={v,,v,}={(1,1), (1,—1)} is a basis for R’

¢, +c,=0
(2) For ¢, v, +c,v,=0 =
¢, —c,=0

Because the coefficient matrix of this system has a nonzero determinant, you
know that the system has only the trivial solution. Thus you can conclude that S is
linearly independent

According to the above two arguments, we can conclude that S
is a (nonstandard) basis for R”



Definition. The direction cosines of the vector @ are the cosines of angles that the vector forms with the coordinate axes.
The direction cosines uniquely set the direction of vector.
Basic relation. To find the direction cosines of the vector @ is need to divided the corresponding coordinate of vector by the length of the vector.

The coordinates of the unit vector is equal to its direction cosines.

Property of direction cosines. The sum of the squares of the direction cosines is equal to one.

Direction cosines of a vector formulas

Direction cosines of a vector formula for two-dimensional vector

In the case of the plane problem (Fig. 1) the direction cosines of a vector a= { @, : @y} can be found using the following formula

AY

Q\R|
8

Property:

. “ Fig. 1
cos~ 0.+ cos P=1



Direction cosines of a vector formula for three-dimensional vector

In the case of the spatial problem (Fig. 2) the direction cosines of a vector = { @, : @y : @y can be found using the following formula

a a a
T Z
cosPp ==2; cosy=—

Cos o =—
@ @ @

Property:

cos” 0.+ cos’ B+ cos’y=1




Examples of plane tasks

Example 1. Find the direction cosines of the vector @ = {3: 4}.
Solution:

Calculate the length of vector @:

6 =v32+42=V9+16=25=5.

Calculate the direction cosines of the vector a:

a, 3
coso=—=—=0.6

a5

a, 4
cosP=—=L=-=08

lal 5

Answer: direction cosines of the vector @ is c0s 0.= 0.6, cos 3 =0.8.

Example 2. Find the vector @ if it length equal to 26, and direction cosines is c0S 0. = 5/13, cos B =-12/13.
Solution:

a,=|al - cos 0.=26"5/13=10
ay =10 - cosP=26"(-12/13)=-24

Answer: (_1= £10; -24}.



5. Division of a line segment

Main Menu Section Menu 4{ Section »WPage [

Internal division of a line segment Page 1of 2

—_—

With an assigned point O as origin, the position of any point P is given uniquely by the vector OP . which is called the position vector of P
relative to O.

Let P, and P, be any points, and let R be a point on the line P,P, such that R divides the line segment P,P, in the ratio m : n. That is, R is the

R — R —
point such that P 1R -mRP. 2. Our task is to find the position vector of R (relative to O) in terms of the position vectors of P, and P,
n
P,
R
P,
@
_ e e —_—
As PIR = ERP’.’, we have nle = mRPQ and therefore
n
—_— —_ —_— —_— 1)
n(OR — OP) = m(OP; — OR),
which rearranges to give
OP OP;
— n +m 2
OR = ! =, m+n # 0.
m+n

> > B e
When m and n are both positive, the vectors ! 1R and RP 2 have the same direction, since P 1R -mRP. 2. This corresponds to the situation
n
where R lies between P, and P,, as shown in the diagram above. R is then said to divide the line segment P.P, internally in the ratiom : n.



Example 1

Given two points P, and P, in space find the point R dividing the line
segment P,P, in the ratio -2 : 1.

Solution

If R divides PP, in the ratio -2 : 1 then PiR = -2P:R.

The position vector OR is then equal to

10P, — 20P,

— _OP, + 20P..
o+ 1 1+ >

OR =




Applications of vectors

* https://www.machinelearningplus.com/nlp/
cosine-similarity/

* hitp://www.cs.utoronto.ca/~strider/d18/Lin
Alg.pdf




