TBEPCKAA roOCYAAPCTBEHHAA

CE/IbCKOX03AUCTBEHHAA AKALEMUA

= PEIIIEHUE
CUCTEM
JUHEHUHDBIX
AJITEBPAUYECKUX
YPABHEHUU




Cuctema m NNHEUHbIX YpaBHEHUN C N
nepeMeHHbIMN UMeeT BUA;:

a; X, + ax, +...+a,,x, =b,

A Xyt Ay .t a,,x, =b,

aij - KO3 PMLMNEHTBLI CUCTEMBI,

bz’ - CBOOOOHbIE YSIeHbI.

(PQLUGHUGM cucmemMbil Ha3blBa€TCA TaKad
COBOKYIMNHOCTb 3Ha4YeHun, NP NoACTaHOBKE KOTOPbIX
KaKgoe ypaBHEeHNE CNCTEMDbI O6an.l,aeTCFl B BEPHOE

@aBeHCTBO.

~N

J




Cucrtema nNIMHEeUHbIX YpaBHEHUN

[l1coemecmnotl, dMPE\BARe&TkoTs 61 ogHO pelueHue;

[lHecoemecmHOU, €CN OHA HE UMEET PELLEHUI;

[lonpedesneHHoOU, ecnv oHa UMeeT eAUHCTBEHHOE pPeLLIEHME;

[lHeonpedesnieHHoU, ecnn OHa wumeeT 6onee ogHOro
PEeLLIEeHns;

[looHopodHou, ecniv Bce bi=0;

[lHeoOHOpoOHOU, ecnu He Bce bi=0.

[

WUmeet penicHue He umeer pemenue
(CJTAY coBMeCTHA) (CJTAY necoBmecTHA)

Enuncreennoe PCHICHUC beckoneTH0e MHOKECTBO pemeHmVl

(CJIAY onpeneiieHa) (CJTAY meomnpejeiena)

Puc.1. Cxema tunoB penienuiit CJIAY.



MeToAbl pelieHnsa CUCTEM

1. MeTtoa Kpamepa

PaccMOTpnM CUCTEMY N JIMHEWHbIX YPaBHEHUW C N

HEen3BeCTHbIMU: ( _
a, X, +a,x, +...+a,x =b,

A, X, +a,yx, +...+a, x, =b,

a,x +a,x,+..+a,x, =b,
TeopeMa Kpamepa:
MycTb 4 - onpeaenuTenb MaTpyLlbl CUCTEMBI,
A, - onpepenutenb MaTpulbl, NOJy4YaeMoil U3
matpuubl A 3ameHoM crTonbua koadduuneHTOB a,

npm X, CT0/16LLOM CBOGOAHDbIX Y1EHOB.

Torpa, ecnn A4 # 0, TO cuctema nMeeT eaUHCTBEHHOE pelleHune,
onpeaendemoe rno opmysiam:

_=J - hopmyna Kpamepa.




BcnomHum memy: Onpeaenvurenu

Onpedennumernb KeadpamHou Mmampuubl — 3TO YNCSO,
BblHMcCissieMoe no onpenesiéHHbIM rnpasuiam,.

O6o3Havarom: |A|, AA, detA.

Onpedenumenb 2-20 (
. bokoBas
nopokKa: AnaroHarsb
<a
A, = = dy1 " dyy —dy1dy)
215U 2)
[naBHas
2 3 ANaroHallb
A = =2-5-1-3=7
1 5 >




Onpedesnumesib 3-20 hopAdKa:
[MpaBuno Capptoca (npaBMNO TpeyrosibHUKOB)

4 d da

2 3 @2“33"'@21“32“13"'“12@

Ay Ay dy|=
a Ain — Ao Ay Aan —d a a
1 2213 2141233 32 23

Ay dizy dsg : E E E z ~

1 -1 1
A=2 1 1

1 1 2

I T 1
:1-1-2+(—1U1-1+2-1-1—1-1 -1 1”-2-2-(-1):5

* - 7




BcrnoMHUM memMy: Anre6panyeckue OONONHEHUSA Y

MUHOPBbI
(a,, @ a, )
11 lj oooooo 1

n

Ay Gy @,

B kBagpaTtHOWM MaTpuue Nn-ro
nopsaka pacCMOTPUM 3/1EMEHT aij.

BbluepkHEeM [-10 CTPOKY U J-blA
ctonbeu, Ha nepecevyeHUn KOTOpPbIX
CTOUT 21eMeHT «aij. B pe3ynbTaTte
nony4yaeTcs mMaTpuua (n-1)-ro
nopsiaka.

MHOPOM Mij x 3nemMeHTy @ij MaTpuLbl N-ro NopaAKa \
Ha3bIBAaeTCsa onpeaenuTenb Mmatpuubl (N-1)-ro nopsaka,

MOSIYYEHHON N3 MCXOAHOW MaTpuLbl BblYEPKMBAHUEM [-
CTPOKM U J-ro ctonbua.

Anre6panyeckum gononHeHmem Aij K anemeHTy aij

MaTpuLbl N-ro NopsAaKa Ha3biBaeTCa €ro MMHOP, B3ATbIN CO
3HaKOM «+>», eCNiM CyMMa i+j YeTHas, U CO 3HAKOM «-»,

\ ec/iv CyMMa HeyeTHas!: Az‘j _ (_ l)HjMij /




[Mpumep. Pewnts cnuctemy metogom Kpamepa:
(x, +2x,—x,=0

N\

2x, —x, +3x;, =0

XX+ =1 1 2 -1

PewleHue. 1)Onpegenutens matpuubl cuctemsr: A=2 -1 3 =@¢ 0

2) Boiuncnum onpegenutern A, A, A

0O 2 -1 1 0 -1 1 2 0
A =0 -1 3@A2:2 0 3:@ A, =12 -1 O:@
1 1 1 I 1 1 1 1 1
3) MNMoactaeBmm nosny4eHHble 3Ha4YeHns B doopmyny Kpamepa:
A —5 A —5
xl:ﬁ:i:_l, X2:—2:—:-1, x3: 3: =
A —5 A —5 A —5




2. Mampuy4yHbIU MemoOO
PaccMOTpUM CUCTEMY N NIMHENHbIX YPAaBHEHUN C N HEN3BECTHbLIMU:

(x )

|

Xy

\*n/

a,x ta,x, +..+a,x,=b

—) maTtpuua-ctonbeu B =

nepeMeHHbLIX

a X, +a,x, +..+a, x =b,
Ay X, + Ay Xy +...+a,, x, =b,

n

O603HauUunM:
\
/all a...dy,

az] a22...a2n

maTpuvua Ko3dpPMUMEeHTOoB

/bl\
b2

\bn J

3anuuem 2Ty CncreMmy B MaTpnyHoM BUAE.

A-X=B—

CHUCTEMDI

=) MaTpuLa cTonbew,

CBOOOAHbLIX YNeHOoB

X=4"B

- peweHne Cuctembl




BcnoMHUM meMy : yMHOXeHMe maTpuy
[IpousBencHuemM maTtpuiibl A pasMepa M X 1 Ha MaTpHUILly

B pasmepa n x kK ects matpuna C pasmepa m x k,
Ka)KJIbIM AJIEMEHT KOTOPO# BBIYHUCIAECTCS MO (popMyIIe:

Z a,-b,..
dim A=m X@ C A- B — cyIiecTByer
dim B = @Xk = dimC=mxk

BbiBoa: yncno crtonbuos nepBoro MHOXuMUTeENA A0J1>KHO
PAaBHATbLCA YUNCTY CTPOK BTOPOIro MHOXXUTEA.

/
T o0 2 _
3 1 O 2x3 B 2 7 2x2
\ 3x2

¢, =1-(-1)+0-5+2-2=3

¢, =1-3+0-(=2)+2-4=11 7

10



NMpumep. PewnTtb cuctemy matpmyHbiM METO4OM

N

A=

X X, X =1

(1
2

1

(x, +2x,—x,=0

2%, —x, +3x, =0

2
-1
1

3
1

T

OBO3HAYUM

(0
X: x2 B: O
\x3/ \1)

1. Bbluncnum onpegenuterib MatTpuubl

det 4 =12

1

1

2
—1
1

-1
3
1

=-5#0




3. Bbiyucs1isem ob6pamHyio Mampuuyy:
(1 3 =2) (02 06
A'=—A4=—|-3 1 1 |=[-06 0.2

4" s
1 -2 3) (-02 -04
. A A4=44" = E
lposepka:
@G 0o
A4A=§-3 1 1 | 1 1 =%o 5
1 -2 3 1 2 0 0

—0,4)

0,6




BcnomHum memy : ObpamHaa mampuua

( Lo d L o4
MaTpuua A 49BNAeTCA HeBbIpoOXxaeHHoOn (HeocobeHHOoH),
ecnn  |A|#¥0, nHadye MaTpumua Ha3blBAETCS BbIPOXKAEHHOM
(ocobeHHo#H).

.

J

[ManMua A1 naswisaetcs 06patHoii  MaTpuueii >

kBagpaTHoli MaTpuue A, ecnn nNpuv yMHOXEHWM 3T
MaTpuLbl Ha AaHHYIO KaK CnpaBa, Tak U cfieBa nosyyae
CAMHUIHARA MaTPULA: [ (1, 4l _ [

\_ y

N

A .\ anre6panueckue
A NOMOMIHEHUS K 3fleMeHTaM
AT =—. n2 || CTPOKM  3anucaHsbl B

4 |0 ¥ I cTon6eu




NMpumMmep. Hantmn matpuuy ob6paTHYIO K

PeweHue.

1 —1 1)
matpuue: A =| 2 1 1
1 1 2 )

1. BeiyncsinmMm onpegesintesib MaTpuvybl

1
4|=12
1

-1 1

1
1

2

onpeaenuTenb MaTpuLbl HE paBEeH

11=5#0  nynio, 3HaunT obpaTHas maTpuua

CYLLECTBYET

2. Haxogmm anrebpanyeckne 4OrNosIHEHNS 3J/1eMEHTOB

MaTpuLbli

A=

1

1 2

L -1 oo LT

e 1 1
:(_1)22. ‘:1 A :_13+2. :1

1 2 32 ( ) 2 1

L1 =1 JU
VA N E B 1|=3




2. Hanpém anre6panyeckne AONONMTHEHUA 3NIeMEHTOB MaTpuLbl U
cocTaBMM OOpaTHYH MaTpuLy

-1 3 2 -1 2 -1
A11=(—1)1+1-1 (== Ay =P = A31=(—1)3+1-_1 ;=5
o2 23 o2 b1 2 b o
e N S S EE O S (AR EEE
| B o) 31 2_ _(_ 3+3.1 2‘__
/113=(—1)1+3.1 1|=3 A3 =(-1)7" =1 A3 0,
(—4 -3 5)
O6paTHaa maTpuua S = Ls 1 7 _5
3. PeweHue cucrtemsbl
| (—4 -3 5\ (0) | (5) (=1)
X=A‘1-B=—5 1 2 =510 =5 ~5(=| 1
3 L =5) ) =) U1

x, ==1, x,=1 x, =1.




3. Memoo lNaycca

PaccmoTpum cuctemy m nNHeHbIX ypaBHEHWUI C N HEU38ECMHbIMUL

A

OCHOGHAS
mampuya
cucmemol

\ (aij)

P acuup

B

mampuya
CB0O0OHBIX
YJIeHO8

(5;)

A Xy T AppXy +.ta,,, X, =b

\

[
dy dy dp

Y

a,

n

Ay Ay Ay oot A,

n

aml am2 am3“.a

mn

= b,
= b,

bl
b,

b

m

\

- pacwupeHHasl
Mampuuya
cucmemsbl

Llenb: ¢ nOMOLbIO 3NeMEHTaPHbIX 3KBUBANEHTHbIX Npeobpa3oBaHmi
NONyYnTb TPaNeumMBUOHYO (TPEYroNnbHY) MaTpuuly

a, dj
Ay, Ay
dy, diy

a, | b ( ¢, O3 €4 |d, )
a,, | b, 10 Cry Coy | d,
a,, | b, ) \ 00 Cy, | d; ),




Mpumep. (5x—2y+4z=5
Pewntb cuctemy metogom laycca dx+3y— z=7
PelwueHue: 3x— y+2z=3

5\ I+1Ix(-2) -8 6 |-9\UI+Ix(-2) (1 -8 6
7 | Pumcrumu 2 3 _1 I +Ix(-3) 0O 19 -13

uppamu I, 11, 111 ~

bomann |3 —1 2 0 (23) -16

Homepa CmpokK
cucmemanl

-1 (41 _8 6 |_9\I+IIx(-5)1 _o\lI+1f44 _g g

0 19 -13|25 o| o -1 2
0 (4) -3 |5 5 0 0 5

BoccmaHosum cucmemy:

(x—8y+6z=-9 (x=-9+8y—62 (x=-9+16—6=1
y—2z=0 — y=2z=2 =y

5z=5 \ZZI
x=1 y=2 z=1)




WCCINEOOBAHUE CUCTEM JIMHEUHbLIX YPABHEHUN

Teopema KpoHekepa - Kanennu. Ona Toro, 4tobObl cuctema
NUHENHbIX anredbpanyecknx ypaBHeHMN bbirla coemMecmHa (MMena
pelleHne), HeobxoaAnMmMo M OOCTaTOYHO, YTODbI paHr paclUpPeHHON
MaTpULbl CUCTEMbI PABHSANCS paHry Mmatpuubl KOA(PPOUUNEHTOB:

r(Ap)=r(A)

Ecnn ]/‘(Ap) . ]/‘(A) TO cuctema HecosmecmHa (He

NMMEET peLIJeHI/Il/I

Ecnn r(Ap) = r'(A) 71 (4nucny HEU3BECTHLIX), TO cUCTEMA
coemecmHa u onpedesieHHa (UMEET eQUHCTBEHHOE peLLEHNE).

Ecnu r(Ap) = r(A) < Nn ,Tocuctema coemecmHa U
HeonpedesieHHa (UMeeT 6€CKOHeHHoe MHOXECTBO peLLueHnn):



BeckoHe4yHOe MHOXeCTBO peLueHU:
r(Ap)=r(A4)<n

Cuctema umeet r 6a3uCHbIX NEPEMEHHbLIX N N — r CBOBOAHbIX
NepeEMEHHbIX.

Ob6Lee pelweHne cucTeMbl 3anuLLETCS B BUAE:

/
/Ql (t19'”9tn—7")\ Ba3ucHble NnepeMeHHble,
3aBUCALLME OT CBODOOHbIX
o NepeMeHHbIX
6’/‘(t1,.--,tn_r)
X=| 14 )
n—r CBoboaHble
\\ )/ nepemMeHHble

Mt =X

r+27 n-r n

t=x_ t =X

r+17




PAHIT MATPULDbI

PaccMOTpuM NpsMOYrosibHYO MaTpuLy pa3MepHOCTbio (m x n).

/'a’l”l_aLu 815 M d1n \
a21 a22 az3 M a2n
a12 1n
a a a. W a M. =
31 32 33 3n 2
a32 aSn
I X (R (N
\am1 a‘nz am3 M a'nn /

Boioenum B 3TOM MaTpuue Kk nNpou3BOJiIbHbIX CTPOK U Kk
NPON3BOJIbHbIX CTONMOLOB. 2/1eMeHTbl MaTpuubl A, CTosullme
Ha MepeceyeHnn BblAeNeHHbIX CTPOK W CTON6UOB,
o6pas3yroT onpeaenurtenb k - TOro nopsigka.

MuHopom k-ro nopsgka Matpuubl A Ha3biBaloT
onpeaenuTens, NOJTyYEHHbIW n3 A BblAeSIeHNEM
Npon3BOJibHbIX k CTpoK n k ctonbuos.




|

PaHzom maTpuulbl HasbliBaeTca HanbornbLLnimm nopsigo

OTJTIMYHOIO OT HYJISI MMHOPAa 3TOM MaTPULLbI.

“J

2 3 4 5
A=0 -2 3 1

0 2 2 -4

2 3 4
Mampuuya A umeem 4 MmuHopa 3 - e2o nopsAoka, |0 -2 3
Harpumep: 0 2 9
18 MuHOpoO8 2 - 20 nopsioka, Harpumep: ‘ ¢ | =4
0 -2

12 muHopos 1 - 20 rnopsioka — camMu 35IEMEHMbI.

Haubornbwul nopss0ok omriu4Ho20 om Hyriss MUHopa V

amou mMmampuypl paseH 3, noasmomy: r(A)=3




ba3ucHbIM MUHOPOM Ha3bIBaeTCA onpeaenuTesb, NOpsaaokK
KOTOPOro paBeH paHry matpuubl. OH MOXET ObITb HE
€AVHCTBEHHbIM.

Teopema.
IKBUBaNEHTHbIe npeo6pasoBaHm=| He MEeHAIKOT PaHlra MaTpulbl.

OkeueasieHmMHbIe rnpeobpas3oeaHusi:

@ YMHOXeHVe 1Unu feneHne aNeMeHTOB OHOTOo psfia Ha OAHO U TO Xe
YMUCIO, HE PaBHOE HYIO

@ MepecraHoBKa MecTamu ABYX PSOOB

@ llpnbaeneHne K oanemMmeHTam paga drNEeMEHTOB  AOPYroro
napannenbHoro  psiga, YMHOXEHHONo  Ha  MPOU3BOSIbHbLIN
MHOXUTENb

@ BbiuepkuBaHue HyneBoro psiaa



NpUBEAEHHON K TPEYrosibHOMY BUAY.

[PaHe MaTpuLbl paBeH YNCNY HEHYJ/IEBbIX CTPOK ManMLI,bI,]

1 3 2 \II+1
A=0 5 4| ~
-1 7 6

1 3 2)I+Ix(-2)

0O 5 4
0O 10 8

~

1
0
0

o O W

o A~ DN

= r(A)=

2

4

(D,Ba paga MaTpuubl Ha3biBaKOTCA JIUHEUHO 3asUcUMbIMU, )
ecnun nx NMnHenHasi KoMouHauus ¢ KoaddpunumeHTamm, He BCe

N3 KOTOPbIX PaBHbI HYIO, JAET HYNeBon paa.
B npoTnBHOM cny4ae psifibl Ha3bIBAOTCSA JIUHEUHO

He3agsUCUMbIMU.

N\

J

Teopema.

PaH2 matpuubl paBeH Yncny JIMHENHO HE3aBUCUMBbIX PALOB



(2.7(71 + 2X2 + 2X3 =4

[Mpumep. Pewntb cnuctemy:

X1+ xy— x3=0
31 +3xy — x3 =2

Pe'-”e;:"e x2 x3 k_xl_X2 +3X3 :2
: -1 I x (= 2)+ 111
e 2 2 Lt 1 [T +1x(-3) Mx2+IV
[ T 1 -110|1v+1
3 3 -1 3 3 -1 -
1 3 -1 -1 3
X, X, X,
111 |2 y N
~ 7 —1(A4A) =2 —> coeMecmHa
00 olo|  rAP)I=r(4)
r(Ap) <n—> HeonpedesieHHa

~

0

2 Ba3nCHbIX MEPEMEHHbIX, T.K. » =2 Hanpumep, X1, X3
1 cBOBOAHAA NepemMeHHas, TK. n—-r=3—-2=1 Hanpumep, X2 =1
BoccTtaHoBuM cuctemy:

{xl+t+x3=2 — xl:2_t_X3:1_t —
9
—2X3:_2 x3:1




OOHOPOOHbLIE CUCTEMDI NIMHEWHbLIX YPABHEHUN
rallxl +appx, +---+ap,x, =0

A Xt AynXy oot a,,,x, =0

OpHopoAHasA cucTeMa Bceraa uMeeT peLleHue:
xx=0 x,=0 N x,=0 -tpusuansHoe pewenne.

OHO aBNsieTCA eAUHCTBEHHbIM peweHneMm CMCTemMbl B CJlyHae, Korga

r(A)=n

Ecnu r( A) < 71, TO cUcTemMa UMeeT BECKOHEYHOE MHOXECTBO
peLueHnu.



PewnTb 0QHOPOAHYIO CUCTEMY YPABHEHUMN:

(X; + Xy —5x3—Tx, =0 T+1x(=2)
L2243 104 T 1 =5 =7} m41x(-3)
12%; + x5 +4x3+x4 =0 2 1 4 1 ~
\3xl+2)C2_XS_6X4:O 3 2 -1 -6
1 1 -5 -7 I — 11 1 1 -5 -7 11 x (—1)
0O -1 14 15 ~ 0O -1 14 15 ~
0 -1 14 15 00 0 0

(1 1 -5 _7] r(A) =2

0 1 14 15 4 —} MHOXEeCTBO peLleHUN
_ _ 9 =

n—r=4—-2 =72 -4ucno ceob0dHbIX nepemMeHHbIX 7




