UHTerpupoBaHue
HEeKOTOPbIX (PYHKUUN

Jlekuuns 2.



l. UHTerpupoBaHue ApPOOHO-
paunoHanbHbIX PYHKUNW

@np. ApobHon paunoHanbHOU PYHKUMEWN HaA3bIBAIOT
4YacTHOE OT Ae/ieHUA ABYX MHOT0OY/1eHOB.

[Mp 3TOM  MOXHO CcYMTaTb, YTO CTENeHb
MHOTrO4Y/IeHa, CTOALWEro B YUCAUTENE, HUXKE CTENeHu
MHOro4ys1eHa B 3HameHaTesne (B NMPOTMBHOM CAayyae,
MOHO BbIAENUTb LEANy 4acTb, pa3genus 'yraom"
YUC/IUTENIb HA 3HAMEHaTeNb).

3
X~ —=3x+4 6
Npumep. =x?>+2x+1+—.Toraa
X—2 X—2
MHTErpasna oT ICXOAHOW APOobun cBeaeTcs K cymme

MHTErpanoB OT MHOro4Y/ieHa 1 NpaBuJIbHOW Apobu.




Kak U3BECTHO M3 TEOPUH MHOTOUYJICHOB, KAXKIbIU
MHOT'OYICH MOXKET OBITh IPEJICTABICH B BU/JIE IIPOU3BEACHUS
MHOT'OWICHOB (pa3i0kKE€H Ha MHOKUTEIIN ) IIEPBOM M/UIIU
BTOPOM CTEIIEHU B 3aBUCUMOCTH OT TOTO, JICUCTBUTEIILHBIEC
WJIM KOMILIEKCHBIE Y HETO KOPHHU, IIPUYEM KPATHBIM KOPHSIM
OTBCYAIOT OJIMHAKOBBIC MHOKHTEIN. B COOTBETCTBUH C OTUM,
palMoHalibHas ApOOb IPEACTABISETCS B BUJIE CYMMBI
HEKOTOPOI'0 KOJIMYECTBA BBIPAXKEHUN CIEAYIOIIUX BUIOB:

A Bx+(C
(x—c)™’ (x%2+px+q)S

rme A, B,C € R, m, s € N, rae x*+px +
q - TPEXWIEH C JCHMCTBUTEIBLHBIMU KOX(P(DUIIMEHTAMHU HE
UMEET ACUCTBUTEIBHBIX KOpHEH (D < 0).



MHmMeapupoeaHue payuoHasibHbIx dpobeu c
noMouw,bro pa3sioXKeHUs1 Ha npocmeuwue
dpobu. Memoo HeoripeOdesiEHHbIX

KoaghpuuueHmos.
Npumep. Bbluncnmntb MHTErpan

x5_x2.
PeweHue. ObLee NpaBuUNO UHTErpupoBaHMAa apoben.

1) Pa3noXnm 3HaMeHaTeb Ha IMHelHble U KBadpaTUYHble
MHOMXUTeNN: x° — x2=x%(x3-1) = x?(x-1)(x? + x +1).
2) Pa3noxum NpasUAbHYIO PaLMOHabHYIO APO6b Ha

o 1 A B C Dx+FE
npoctenwne apobu: +—+ +

x5-x2 x2 x x—-1 x2+x+1°
3) MpuBegem npaByto YacTb K 06LWEeMy 3HaMeHaTeNto U
0CcBOOOAMMCA OT 3HaMeHaTens:

1= A(x3-1) + B(x*-x) +C(x* + x3 + x?)+Dx*— Dx3+Ex3-Ex?.
1= (B+C+D)x*+(A+C-D+E)x3+ (C- E)x*- A.




[Mpumep

4) MpupaBHAeM KO3PPUUMEHTbI NPU OAUHAKOBbIX
CTENEHAX X B /1IEBOU U NPaBOM 4YaCTAX NMONAYYEHHOTrO
TOXAECTBa U PenM CUCTEMY NNHEUHbIX YPaBHEHUN
OTHOCUTE/NIbHO MCKOMbIX KO3OPULNEHTOB:

x*| B+C+D=0,

x3 | A+C-D+E=0,

x? | C- E=0,

x% |-A=1.

OTtctopa nonyumm: A=-1,B=0, C= g, D= - %, E= §
1 ~1 1 —§x+§

Toraa nonyuymm: = + .
A Y x5-x2  x%2  3(x-1) x2+x+1



Ipumep

ax ax EERAET T
5)fx5 X2 x2+f3(x—1)+fx2+x+1dx_
1.1 a1 1 (@x+1)-3
x+3|n|x 1‘ : ) dx =
1.1 B 1 (2x+1) B
_x+3|n x—1]- fx2+x+1dX+ fx2+x+1
1 1
_;+§In x—1 ——In‘x +x+1‘+ f(+5)2+%_
Liin|e— |-l 1] 42 Larctg S
=—tzInfx—1]--In|x + X+ +E-Earctg§+
_ 2 2

2x+1

-—+ In‘x—l‘——ln‘x +x+1‘+\/—_arctg 73 + C.



HTErpasbl OT NPOCTEHIINX APOOeii:

f o fAdx A-ln|x—a\+C

(momcraHoBKa  t=x-a ),

—mt]
Adx _ g xmal s
Clx-al -m+1

(OpUMEHSIETCS Ta YK€ IMOJACTAHOBKA).

2 THUII: l

3 tum: Cneayromund HHTETpal HAXOAUTCS IIyTEM TaKOI'0
IpeoO0pa30BAHUS:

2px+q l+|"ﬁ.2p§—qﬂ.|
Ax+ B A -

- dx = l ~dx =
s pxXC+gx+r 2p- px’ +gx+r
A« (2px+ag adx
=—| 2p g dx+‘B—Aq =
2ps px“+gx+r . -p px +gX+7

B dx
2p /- px2 + gxX+r

=h1px2+qx+r|+| B -




NHTerpupoBanue ApOo0OHO-PAIMOHAIbHBIX
(pyHKIMMI

[Ipon3BONBHYIO TMOCTOSHHYIO 34€Ch MOXXHO OITYCKAaTh,
[oKa B IIPaBOM YacTU PaBEHCTBA €CThb XOTh OIWH
uHTErpai. llepBblil U3 UHTETPAJIOB HAUJEH C MOMOIIBIO

MMOACTAHOBKMU.: f = px2 +gx+v
OcCTaBIIMNCS UHTErpal IIyTEM HECJIOKHBIX

npeoOpa3oBaHuil (BBIASICHHUE IIOJHOTO KBaJpara) JIETKO
IIPUBECTH K BHAY: i\ dx

12 ?
o
KOTOpI)H/I IIPUBOIUTCI K Ta)éJIHIIHOMy C IIOMOIIIBHO

MOACTAHOBKM ¢=*—%  4YTO J1a€T B pe3yjaprare 1 arcfg ¢

)
) )




Mpumep
3x+1
X2+2x+10
PeweHue. 310 nuterpan 3-ro tuna, npnyem D < 0.
x+1=t,
3x+1

Monyunm [ D249 dx = xdﬁ t=_d§

o 3x+1 f3(t 1)+1 3t—2
J(x+d)2+9

~ 3t
~ t2+9dt_ft2 9 _ftz 9 ftz 9

“In | t2+ 9] ——arctg ‘4 C=

In‘x +2x+10‘ —%arctgﬁ+C

Bbiuncnntb nHTE rpan f




UHTerpupoBaHue ApoOHO-paLunOHaNbHbIX
dyHKUNN
Ax+ B

4Tv1r|:f TR dx,tnek = 2,q - p:> 0.

HDE#,CTaBMM 3TOT MHTErpan C NOMOLLbIO NOACTAHOBKM
X+>= t B BUAE CYMMbI AABYX MHTErpanos, OAUH U3
KOTOPbIX Nerko bepetca:
t Ap dt
A dt + (B—— =1, +1
J (t2+a?)k ( 2 ) (t2+a2)k — 1 TR
2
rjge a’=q - p:. [MepBbln HTErpan I, HaxoanTCA Nerko.
Ecnuv BTOpOou uHTerpan I, nponHTerpupyem no
4acTAM, TO MONIYYUM PEKYPPEHTHYIO popmyny Ans

BbIYMCNEHUA UHTErpana ana Nroboro HaTypanbHOro
yucna k > 1:

[ =Lt N t |
7 a2l2k—2 "R 7 ak-1)((t2+a?)k-1"

a’



NMpumep
dt
(t2+1)3

Boluncauntb nHterpan Is = |

PeweHue. 3pecb a =1, k = 3.

Tak Kak [; = [ t2j1 =arctgt +C, 10
2= f(tzc-il-tl)z ) 112(2:2:2' 2-17 2(2—1)((:2+12)2-1)=
= %11+ 2(t2-t|-12)1 + C= % arctg t + 2024 D) + G,
I3 = J-(t26-1+t1)3 - 112(;:§:2' 3-1 % 2(3—1)((;2+12)3-1)=
3 t t

) +

L =31
| C—4(2 arctg t +

==+ +
427 4(t2+12)? 4(t2412)2

+Cq;

2(t%+1)



I.LUHTerpnpoBaHue pauuoHanbHbIX
BbIPpaXXeHUU TPUTOHOMETPUYECKUX

é{HKLLMﬁ
e BblymcneHwne Heonpe JIEHHDbIX MHTEI’paI'IOB TUMNA
fR( sin x, cos x) dx cBoanTCA K BbIYNCNEHUIO MHTEFPANOB

OT PauMOHaNbHON GYHKLUMMN NOACTAHOBKOM
X
tg =1,

KoTopas Ha3bIiBaeTCA YHUBEpPCANbHOMU
TPUrTOHOMETPUUYECKOU NOACTaHOBKOM.

X 2dt
t=tg—, = x=2arctgt, dx= z.
2 1+




MHTerpupoBaHue TPUroHOMETPUYECKUX
byHKUUN
[ns npeobpasoBaHnst paluoHarbHbIX BblpaXXeHUN

OTsinx, «cosx, tgx, «ctgx B anrebpanyeckume
paunoHarnbHble PYHKLNN NepeMeHHON t NPUMEHATCH
cnepgytouime TpuroHomMmeTpuyeckne qoopmynbl:

X e B
| 2tg§ O cosx—l tg 2 =1—£2
SHE™ R 2 X 1+4°
1+tg2i 1+¢ 1+tg” —
%
X 1-t 22
2tg§ o o g 5 1-¢
tg x = - 2 . X 2
2 | B 2tg —



HNHTEerpupoBaHue TPUrOHOMETPHUYECKHUX
(pyHKIMH. quHOCTI) (pyHKIMH.

2
Toraa [R(sinx, cosx) dx = [ R(— ,—

1+ t2 ’ 1+t2) L=
= le(t) dt, rae R (t) — paunoHanbHaa pyHKUMA OT L.

3ameyaHue. OB6bIMHO 3TOT cNOCOO 0OYEHb FTPOMO3AKNIN, HO OH
BCerga NpuMBOAUT K pe3ynbTaty. Ha npakmuke npumeHsaom
Opyaue, bosnee npocmeie MOOCMAHOBKU, 8 308UCUMOCMU OM

ceolicme u 8u0a rnodbiHmMezpasnbHoU yHKUUU. B 4acTHOCTK,
yAOOHbI NpaBuna:

1) Ecnn dyHKumsa R(sin x, cos xX) He4yeTHa OTHOCUTENbHO Sin X,

T.e. R(—sinx, cosx)=- R(sin x, cos x), TO NoACTaHOBKa
cosx =t;

2) Ecnun oyHKuma R( sin x, cOS X) HeYeTHAa OTHOCUTENBLHO COS X,

T.e. R(sinx,—-cosx) =- R(sin x, cos x), TO NoACTaHOBKaA
sinx =t;



3) Echun oyHKUMA R(SIn X, COS X) YeTHAa OTHOCUTENIbHO
sinx " cos x, 1.e. R(-sinx,—-cos x) =R(sinx, cosx), TO
noactaHoBKa tg x =t

4) Ona vnterpana [ R(tg x) dx Takxe npumeHseTcs
noactaHoBKa tg x = .

dt

1+t2°
B aTOoM cayyae NpUMeEHSIOT TPUTOHOMETPUYECKUE

dopmynbl:

Torna tgx=t= x=arctgt, dx =

. tg x t 1
SInx = = COS X = =
. J1+(tgx)2  Vi+t? J1+(tg x)?

V1+t?




Ipumep 1.

Bbluncnutb nuterpan J. dx
1+ sin x
PeweHue.
Ncnonb3yem yHMBEPCANbHYIO TPUTOHOMETPUYECKYIO
NOACTAaHOBKY: 2dt
A Y z=tg£, = x=2arctgf, dx= 7.
2 1+¢
: 2t
TaK KaK SIn x= >, TO
1+t
2 dt
2dt dt 2
= [ 2= [ =2 [ =
1+sin x 2 1+t2+2t (t+1)2 t+1
5 T
- X +C.

th'l‘l



IIpumep 2.

dx
Bbluncautb MHTEerpan f >
1+3cos“x
PeweHue.
] — — - dt
dx tgx t, X arctgt, —
ey dx = = 2 L =)
cCoS<X — — —_—
! 1+t2’ 1+t2. Tz
dt 1 t 1

t
—arctg +C-Earctg e



WHTerpanbl Bupa [ sin™xcos™x dx

%) Echn n — uenoe NoNoKNTENbHOE HEYETHOE
4MnCcno, TO NOACTAHOBKa SIn X = t;

2) Echv m — uenoe nNonoxKmMTenbHoe HeYeTHoe
4Yncno, To NoACTAaHOBKA COS X = ;

3) Echu m U n — uenble HeOTPULATENbHbIE YETHbIE

4Yncna, To NPUMEHAOT GOPMYbl MOHUKEHUSA

1+ cos2x . o 1— cos 2x
, SIN"X = > )

CTeneHu: cos?x =

4) Echm m + n — uenoe oTpuLUaTENIbHOE YETHOE
4Yymcao, To noacrtaHoBKa tg x = L.



IIpumep 3.

d
cos xsin3x

BbIUMCANTb MHTerpan |

PeweHue.

dx _ o
] — = [ cos lxsin3 xdx =
cosxsinx

: 1
m+n=—4, sinx = COS X =
' Vi+t2’ V1+t2

dt
_tgx =t, X = arctgt, dx = e

dt
:f - 1+t2t3 =f1+t2dtzft%dt+f%dt=—%+ln|t|+cz

. t3
Vi+t2 (V1+t2)3

=—2t;2x+|n|tgx |+C'




Wuterpanbi Bupa [ tg™x dx u [ ctg™x dx,
e M — uenoe nonoxKnteabHoe YHNCo0. anN\eHﬂl'OTCﬂ
dopmynbl

1
-1, ctg%x-= -1
cosx ! 9 sin?x !

C NOMOLL,bIO KOTOPbIX NOCNeA0BaTENbHO MOHUMKAETCA CTENEHb
tg x v ctg x.

tg*x =

IIpnMep [tg®’xdx= [tg°x-tgxdx-=

—f(cosx—l)-tgxdx=
B tg x tg x f ~
_j(cos 7y tgx)dx = fcos xdx tgxdx =

2

= [tgxd(tgx)-J tgxdx= tg2x+ln‘cosx‘+C.




WUuterpansl Buaa | sinmx cos nx dx,
| cosmx cosnx dx, [ sinmx sin nx dx.
MPUMEHUM M3BECTHbIE TPUFOHOMETPUYECKME HOPMYbI:

sina - cosf = % (sin(a + B) + sin(a-p)),
cosa - Cosf = % (cos(a+p) +cos(a-p)),
sina - sinf =% (cos(a—-B)-cos(a+ p)).
NMpumep.
1
J sin2x cos5x dx = J > (sin7x +cos(—3x)) dx =

=%f sin7x dx + %f cos(—3x) dx =

1 1
=——Cc0S7x +—-cos3x + C.
14 6



MHTerpupoBaHune uppaumoHanbHbIX
m PYHKLNN
I NMycTb [ R(x; x7, ..., x5 ) dx — paumoHanbHas
OYHKLMA CBOUX apFYMEHTOB; M, N, ..., T, S — Leble

YNCANa.

m

w v 7"
[yctb kK — 0bWwmnmn 3HameHaTenb Apoben ) o Torpa

NOACTAHOBKA X = tk, dx = k-tk~1 dt npeobpasyer
NAHHbIN MHTErpan B UHTErpan ot paumoHaIbHOM

GYHKUMMN.

ax+b M ax+b. T
Il. Myctb | R(x: n,... s )dx, Toraa
Y f ( '(cx+d) ’ '(cx+d) ) ! 2
ax+b k o
nojcTaHoBKa —— =7, rae k — 0bWwnit 3HameHaTenb

obeil — L
ap s o



Ipumep
dx

Bbiumcnuntb unterpan | 3 7.
(2x+1)3—(2x+1)2
PeweHue.
_ -
dx e tl=Ee L gsar
J 2 = |2dx = 6t5dt|= [ a5 =
(2x+1)3-(2x+1)2 | gy = 3¢5 d¢

t% dt (t2-1)+1 ,, 1

=3 — =3/ ——=—dt=3[(t+ 1+ =) dt=
1
=3;+3t+3|n|t—1\+6=§(2x+1)§+

1 1
+3(2x + s +3In| 2x+ s —1| +C.



HNHTErpUpoOBaHNe HEKOTOPHIX BU/I0B
HPPALUOHAIBHOCTEH
-FpMI'OHOMETpM‘-IECKMe NnoACTAHOBKU NPUMEHAKOTCA, €C/TIN:

1. [R(x, Vva? — x2) dx, nogctaHoBKa x = a sin t.

2. [R(x, Va? + x2) dx, noactaHoBka x = a tg t.

a

3. [R(x, VX% — a?) dx, noacTaHoBKa X = a sect = —

a

mimnx=acosect = —.
Sint



NHmeepupoeaHue HeKOmMopbIx s8U008
uppayuoHasibHocmeu

. dopmynbl:

1 .
1. [Va% —x%2dx = E(x Va? — x? + a?arcsin §)+ C.

2. [VxZ + Adx = %(x\/x2 T A +Aln|x+VxZ + 4 |)+C
(A+0).



Ipumep
f\/4 x? _[x=25int,§=sint]=
dx = 2costdt

V4—45in? V1—sin?

= =" t2costdt=f ST cost dt=
4sin?t sin?t
= [ctg*t dt =| sz —[dt = - clgt - t+C=
2
V1-sin?t \/1_(9 Va—x
— Ctgt: - — = — —
Ssint E X




