Jleknusa 8. IIpousBoanas,
€€ TEOMETPUUYECKUU U
MEXAHUYECKHUH CMBICII.
YpaBHEHM KacaTeJIbHOU
1 HOpMaJIA K KPUBOM.
JlnddepeHuupyeMoCcTh (PyHKIUU
B TOUKE.
IIpaBuia quddepeHnupoBaHus.



3AJIAYM, TIPUBOJAIIME K ITIOHATHUIO TIPON3BOJTHOM

3ajaua 0 BIYHUC/JIEHUH CKOPOCTH

IlycTh MaTepualbHas TOUKa COBEpINAET IIPAMOIIMHEtHOe (BOOOIIe ToBOPA,
HEepaBHOMEPHOE) JBIDKCHHUE II0 3aKOHY S = f (t), rjie { — BpeMs, § — IIyTh 3a 3TO
BpeMs. VHBIMH CIIOBaMH, PACCTOSIHHE IIPOHJEHHOE TOYKON OT HEKOTOPOTro

Ha4vaJbHOTO TOJIOKEHUS 3a KaKOe-TO BpeMsl OIAChIBaeTCs Kak (DyHKIIUS BpPEMEHH,
3a KOTOPOE IIPOUJIEHO 3TO paccTosHue. 3apuKkcupyeM MOMEHT BpeMeHH ty U i, 3a

IPOMEXYTOK  BPEMEHH At =t—t,, T8 NPOUJIET  PacCTOSHHUE
AS = f(t)= flty)= Sty + At) = f(t,)
_ A% AS At
Vep =~ CPEHES CKOPOCTD IBIDKEHEL TOUKH Ha yHacTKe AS 3a BpeMi

byjgeM yMeHbIIATh IIPOMEXYTOK Af, IIPH 3TOM CPEAHSSI CKOPOCTH OyJer
MEHSTHCHL.

Df. Bemwuuna [lim A _ lim /)= 1 (tO)(*

) Ha3bIBACTCI MI'HOBEHHOM
At—>0 Af  At—>0 t—1t,

CKOPOCTLIO JBHMKCHM TOYKHM B MOMCHT BPCMCHH {o.



3amaya o mpoBeeHMM KacaTe IbHOM.

OO1mee onpeaesieHHe KacaTeJIbHOM:
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Df. Ilycth 3amana HeKoTOpas KpuBasi [ Ha IUIOCKOCTH U Touka M, Ha >ToH
KpUBOU. PacCMOTpHUM JIpYTYIO TOUKY STOM KpUBOU M. PacCMOTpHUM CEKYIIYIO STOM
kpuBou MoM. bynem yerpemitsite M K Touke Mo mo kpuBou. Ilpu >ToM cekyias
OyJeT U3MEHATh CBOe TosIoskeHHe. Eciu cekymasi MM 1pu cTpeMICHUHA TOUKHA M
0 KpUBOM K TOUKEe M, IO KpPUBOU CTPEMHUTCS 3aHAThH HEKOTOPOE IMPEJICIbHOE
noJjiokeHue Mol (He3aBUCHUMO OT TOro, ¢ KaKOW CTOpPOHbl KpPHUBOM TOouka M
npudkaeTest kK My), To 3Ta npsimast Mol Ha3bIBaeTCA KacaTeIbHOM K KpHUBOH [ B
Touke M. (MHBIMHU CITOBaMU, KacaTeJIbHas — NPEICIIbHOE IMOJIOKESHHUE CEKYIISH )



DopMynupoBKa 33/JaUn O MIPOBEJSHUN KacaTelbHOM:
[Tycts 3amana ¢yukimg y = flx) (roBop4T, UTO 3aJaHa kpuBagd y = flx)).

0l x, X AX X
H3BecTHO, UTO B TOUKE Xy CYIIECTBYET KacaTelbHad K Tpaduky QyHKINH ) =
flx). Haiitu yrimopoit kosduiiueHT k 3Toi xacaTenbHoM: fgo — 7

[IpoBoaum cexyuryro MM ¢ yriom ¢
Ay = flx)=£(%)

AMMA Ax =x—x,
M, (xo;yo)
M (x; y)
tgoL —7
Hs AMOM/{ Jigp= Ay — f(x)—f(xo)
Ax X=X,
Ay f(x)—f(xo)(* .

tgo. = lzm tg(p = AI;mO Ax Aﬁzm o
- —Xp —X,

Pemasg pasHble, kazanock OBI, IO CBOEMY XapakTepy 3aJjaui, MBI MPULILIH K
(*) u (**) coBepllleHHO OJUHAKOBON TIPUPOIE.



IlonssiTHe mpou3BOAHOM
Df 1. Ilycts dyskmus y = f(x) omnpejeileHa Ha (a;b),xe(a;b). Ecin
SC)=S o) _ A

CyIllecTBYeT KOHEUHBIH mpejen [lim = lim ——, To OH Ha3bIBaeTCH
Ax—rx, X —X, Ax—0 Ax

IPOU3BOIHON JaHHOU (DYHKIMU B JaHHOU TOUKE.

O06osnauaercs: f' (xo) =3’ (xo) =y . = d_y — af (xO)
O dx ! dx

dy

—— «JI3 UTPEK I10 J[D UKC»

dx

3amMeuanue:

Pacemorpum  f (xo): lim J (x)—f (xo)

. O npejcraBisger cobOoi Ipe e
A—oxg X=X,

0
GD). OH npejicTaBisIeT cOOOU HEOIPEIETICHHOCTD {6]

@(x): f(x)—f(xo) ‘X, & D(



Df 2. Ecam xkaxmod Todke Xxé€ (a;b) [IOCTABUTH B COOTBETCTBHE

IPOU3BOJHYIO (PYHKITMH f~ B 3TOH TOYKE, TO MBI HMOIYVIAM (PYHKIHIO, KOTOpasi
HA3BIBAETCs IIPOM3BOHON Jammol ¢ymkrum f'(x). TlpousBomHas (yHKIMH B

TOYKE — HTO YUCIIO.
Df 3. Eciu QpyHKIIHS UMEET MPOU3BOIHYIO B TOUKE Xo, TO OHA HA3BIBACTCS
mubdepennupyemoii B atoit Touke. OyHKIMs Ha3bBaercs JudpepeHnupyeMoit Ha
MHOXKECTBE, eclid OHa JuddepeHnupyemMa B KK/ [0l TOUKE MHOKECTBA.
[ Iporiecc HaxOX)ACHUS IPOU3BOIHON HA3bIBACTCs JUPPEPEHITUPOBAHUEM.
BosBpaiasachk K 3a7a4e€ O BBUUCICHUA CKOPOCTH, MEXAHWYCCKUN CMBICI
IIPOU3BO/THOM: IIPOW3BO/IHAS ITYTH IO BPEMEHH: S’ (to) €CTh MTHOBEHHAsA CKOPOCTh

JIBAKCHUSI.
Bosppammasick K 3ajJade O IPOBEJACHUU  KacaTCIILHOM, IOIyIUM
reoMeTpudecKui  CMBICH IIpomsBofHoit:  f'(x,) - yruoBoli KodhduimeHT

KacaTelIbHOUM rpaduky (yHKIMH ) = f(x) B COOTBETCTBYIOINIEH Touke Ipaduka

(xo J (xo ))



Hpumep.

3agaqa:

Haifti npou3BoaHyI0 QPYHKIUH } = X~

a) B MIPOU3BOJIBHOU TOUKE X

0) mpu x =4

Pemenue:

a) Ax - IpUpPAILCHUE APTYMEHTA B 3TOU TOUKE;
Ay - nmpupameHue (PyHKIHH B 3TOH TOUKE

Ay = fx+Ax)— f(x) = (x + Ax)’ —x? = x% + 2xAx + Ax? —x? = Ax(2x + Ax)

yr: lim g — lim M(23C+A)C) — 9y
Ax—>0 Ax  Ax—>0 Ax
(x7)'=2x

6) (x°)

., =24=8



§3. YpaBHeHHsI KacaTe/IbHOIl H HOpMAaJIH

y
" y=f(x)
o .
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\% } o
.Vn """"""""""" .
1 X
0 Xp
IIpsamas, npoxoxadmas  yepes  Touky M, €l nepneHauKyIsspHOH

KacaTeJIbHOM K KpHBOH / B »TOM HasbIBaeTCI HOPMAJIbIO K 3aJaHHOM KpHBOH B
nanHoil Touke. Ilycth y = flx) — kpuBasg u B Touke My(xof (X)) cyimiecTByeT
KacaTeJbHasl.
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Kak wu3BecTHO M3 aHAJUTHYESCKOH TEOMETPHM, YpaBHEHHE IIPIMOH,
npoxoaameii uepes Ay (x,; v,) H YrIoBBIM KOS(O(HIHEHTOM K HMEET BH:
y—vo = f"(x, Nx = x, )(*). Kak usBecTHO M3 mpeapiaymero naparpada, k = f7{x,)
H ypaBHEHHE KacaTelbHOM 6yaeT y = f(x, )+ 1 (x, Nox — x,)

CocTaBUM ypaBHCHHE HOpMalid. YTIJIOBOH KO3 PUUUCHT HOpMAaiH

1 1
k| =——=-— ,fx,)# 0
s R e

IlogcTaBnsidg k1 B ypapHeHHE (*), MOTYYUM HCKOMOE YpaBHEHHE HOPMAJIHU:

P
y_f(xo)_ f’(xo)( 0)




IIpumep.

3aaua:

CocTaBUTh YpaBHCHHE KacaTeIbHON M HOPMAIH K Mapaboie y = x°B TOUKE
Mo(2:4)

PFles == = == - o - o - - S = o o m O E B O W W W™



y"x:2:4:k

y—4=4(x-2)
y=4x-4
4x—y—4=0 - ypaBHCHHE KacaTCIbHOM
1
kl‘_Z
y—4=—(x-2)
4
4y —-16=-x+2

X +4y—18 =0 - ypaBHCHHEC HOPMAIH.



HenpepbiBHOCTH (PYHKINH, HMe0IIEii P ON3BOHYIO.
Th (o HenpepbiBHOCTH TUPepeHmEpYemMont GyHKINN):
Ecim dyakmus y = f(x) muddepennupyema B TOUKE Xy, TO OHa HEpephIBHA B

TOH TOUKE.

JlokazaTelbCTBO:

Ay Th*
Ilycrs pynknua quddepenmupyema B Touke X, T.€. [ (xo) lim E:>9Ta
Ax—0

q)yHKI_[I/ISI npeacrasuMa B BUJAC CYMMBI.

N _ )+ alav) 20ea(x) >0

A)C Ax—0

Ay = Ae(f7(x) + auAx))

Ax > 0= Ay —> §) T.C. OECKOHEYHO MaJIOMY IIpUPpAIICHHUIO aApI'yMCHTA
COOTBCTCTBYCT OECKOHEUHO MajIioe IIpUpaIIicHuC (byHKI_[I/II/I Hh, CTalJlo 6bITb, 5Ta

(bYHKITHSI HeIpephIBHA.
.11



Sameuanuie 1:

OOpaTHoe yTBep KIeHHE, BOOOIe TOBOPs, a HUMEHHO M3 TOTO, 4YTO (PYHKITHS
HEMpEphIBHA B TOUKE HE CIICAYET, UTO OHa JUpdepeHITIpyeMa B STOU TOUKE.

[Ipumepbl HEMPEPHIBHBLIX, HO He TP PEpEeHITUPYEMbIX (PYHKITUMN:

Ay

5

X1 X2 X3

B Toukax xi, X, Xx; ¢yHkius He auddepenmupyema. llpousBonHas He
CYIIECTBYET, IMTOCKOJIBKY B COOTBETCTBYIONIMX TOUKaX rpaduka HET KacaTeJIbHOH, a
cTajo ObITh, HET peuH 00 YIJIOBOM Kod(dduiiueHTe.



y =[x

B Touke xo = 0 ¢pyHKIus HE quddepeHInpyeMa, Oyayun HENpepbIBHOH. Bo
BCEX OCTAJIBHBIX TOUKaX OHa qUpPpepeHIHpyEMA.

3ameuanue 2.

CyInecTBOBaHUE IPOU3BOJIHON ’(xo) TECHO CBSI3aHO C CVYINECTBOBAHHEM

KacaTeIbHOM K rpaduky QyHKIUH f (x) B Touke (x,/ (Xp)), a HMCHHO: €CIH
IPOU3BOJHAS CVINECTBYET, TO HEIMPEMEHHON CVINSCTBYST W KacaTejbHas, W
IIOTOMY CYIIECTBOBAHUE KACATEIIBHOW B TOUKE rpadrka BCEria BICUET OTCYTCTBHE
IIPOU3BOTHOM B COOTBETCTBYIOIIEU TOUKE X.



