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2.2. levicTBMSA HAJ OMHAPHBIMHM OTHOLUCHUAMM
Onepauuu HAO OUHAPDHBIMU OMHOUIECHUAMU.

1.ObveouneHem omuouteHl IBIIeTCI OTHOIIICHIE
R=R, UR, :{(a,b) | (a,b)e R unu (a,b)e R, }

UTo6bl MOTYYNTh XapaKTEPUCTHUECKYK MATPUILy 0OBEINHEHHOTO OTHO-
[ICHIIA HRH:“R1 L R,

CKIE€ MaTPHUIIBI HR 1” 1 HR 5

; HEOOXOJUMO JOTHYECKH CI0KUTH XapPaKTCPpHCTITIC-

2 HepecequueM omHouteHull IBJIICTCSA OTHOIIICHIIE:

K=K, Tl.E, :{(a,b) | (a,b)eR u(a,b)eR, }

YT00BI IIOJIYYITh XapaKTePUCTHUYECKYIO MaTpHUIy  OTHOILICHHS
R=R, N R ,, HEOOXOAUMO ITO3JIEMEHTHO JIOTHYECKH IIEPEMHOXKUTH XapaKTe-

PHCTHYECKIIe MaTpHIBI |R || 1 ||R ,

.
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Ipumepot peuenus 3a0au (KomMno3uyusa OMHOULEHUIL)

3. Kovnosuyua omuowenuii. 1lyctb Ry © A x C'— otHOIeHne nu3 4 B C, a
R, © C x B — otHomueHne nu3 C' B B.
Kommnosuyueit oeyx omuouteruit R=R, o R, Ha3pIBaeTCs OTHOIIECHIE

R c A x Busz A B B, onpeaeisgeMoe CISAYIOINM 00pa3oM:

R=R;oR, :{(a,b)‘aeA u b e B, u cyugecmsyem c € C,maxoe,umoa R ;¢ u chb}

Kommo3ummss OTHOIIECHHII Ha MHOXKECTBE A SIBIAECTCA OTHOIICHHEM
Ha MHOJKECTBE A.

[IpuBeIEHHOE BBINIE OIpPEACICHIE KOMIIO3HIIIN MOKHO TPaKTOBAaTh Kak
YCTAHOBJICHIE OTHOIICHHS MEXIY JIEMEHTAMI a U b depe3 00513aTeIbHO CYIIe-
CTBYIOILIETO «IIOCPEIHUKAY C:
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YUToOBI  MOJIYYHTh  XapaKTePHCTHUECKYK)  MaTpHIy  OTHOIICHUS
R=R, o R, , HeoOXOQUMO NEPEMHOXHTh XapaKTEPHUCTHYECKIE MaTPHIIbI

& | n &
«CYMMOfI» H «IIPOH3BCIACHIICM» IIOAPA3YMCBATH JIOTHYCCKIC «CYMMY» H «IIPO-

10 MPABIIY MEPEMHOKEHIS MaTPHIl (CTPOKa Ha CTOIOEI), HO IO

H3BEICHUEY, TO €CTh 7’ [i, ] ] = k’Zi 111 [i ; k] X Ty [ > k].
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MTH

IIpumep 1.2.3. Hcrnonp3ys oTHomieHns R, u R, u3 mpumepa 1.2.1,

HaiiT oTHOWeHNe R=R, o R, .
Peutenue:

R] = {(aa b)a (bo C)a (ea b)> (ea a)}9

RZ = {(aa b)o (a> d)a (da e)7 (d’ C)n (Ca b)9 (ea a)}

HOCTpOHM XAPAKTCPHCTHUYCCKHC MAaTPHIIbI OTHOIIICHUIT Rl 41 R 5
{a b c / {

IR,

_ e o > R
e R < R o R < <~ R 1
—_ 0 O © © S
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—_- O O =
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e B e & 8«
I
~J

R & e QO e
S = O
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MTH

HOCTpOPIM XAPAKTCPHCTHYCCKYIO MaTpHIOy OTHOIICHIIA R—=R 1 © R y s

01 00O o1 o010 JO0O0TO0SO
00100 [00O0O0O0 01000
|IR|=|R,oR,|] = [0 0 0 0 0O/x|0 1 0 O 0/=|0 0 0 0 Of.
000 O0O 00101 00000
1 1000 (1 00O0GO 01010

[Tomyunm, uto R=R, o R, = {(b, b), (¢, b), (¢, d)}.
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3aveyarue. YTOOBI YBUAETH, YTO OTHOIIEHNE R=R, o R, ycTaHaBIU-

BaeTCs YEpPe3 «IIOCPEIHIKay», H300pa3iM COBMECTHO OPHEHTHPOBAaHHBIE Ipadbl
oTHomeHHI R, u R, . Ilpu »ToM oTHOmeHHI Ha R, OyaeM 0003Ha4aTbh

«—», OTHOLIIEHN Ha R , OyaeM 0003HayaTh «———»»:

«ITocpeTHIIK»
b—> g% )
g——F gD
&— g ~——-%id
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3. OCHOBBI KOMOMHATOPUKH

Kombunamopuxa — pa3gen mMaTreMaTHKH, MMOCBSIICHHBIN PELICHUIO 3a/1a4
BbIOOPA U PACIOJIOKEHUS JIEMEHTOB HEKOTOPOro, OOBIYHO KOHEYHOT0, MHOXKE-
CTBAa B COOTBETCTBHUU C 33aJjaHHBIMU NpaBuiaMu. Kaxkioe Takoe mpaBujio orpe-
JENSET CIoco0 MOCTPOCHUSI HEKOTOPOU KOHCTPYKUMHU U3 JIEMEHTOB UCXOAHOTO
MHOKECTBA, HA3bIBAEMOI0 KOMOUHamopHou Kougueypayuet. lIpocTermmmu
nprUMepamMu KOMOMHATOPHBIX KOH(PUTYpaUUil SIBJISIOTCS MEPECTAHOBKH, pa3Me-
IIICHUS, COYETAHUS U pa30UCHUS.

[Iycrs A = {ay,...,a,} — MHOXKECTBO U3 N 3JIEMEHTOB.

I3 3TOro MHOXKeCTBa MOXKHO BBIOMPATL 3JIEMEHTBLI, KOTOpble OYIyT 00-
Pa3’0BbIBATH [MOJIMHOYKECTBA C OlpeJieIeHHbIMU cBolicTBaMu. B 3aBucumocTn
OT CBOICTB MOAMHOXKECTB IOy YaTCsd pa3/JIMIHbIe KOMOUHAMOPHYLE 00BEKMbL.
C KazKJIpIM KOMOMHATOPHBIM 00BEKTOM CBSA3aHO KOMOUHAMOPHOE YUCAO — KO-
JINYEeCTBO KOMOMHATOPHBIX 00BEKTOB 9TOI'0 B, KOTOPbIe MOXKHO BbIOpATH
13 UCXOJIHOTO MHOYKECTBA.
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Teopema nepemnorcenuna (RpuHyun nPou3zeedeHus)
1. Eciin snemMeHT a; MOKHO BbIOpaTh n; croco0amu, Mocje KakJaoro BbI-

Oopa clieAyIOlUi 32 HUM 3JIEMEHT a; MOXKHO BbIOpaTh Ny criocodamy, ..., MOCIe
BbIOOpA JIEMEHTOB 4y, ..., ax.| SJIEMEHT ax BEIOUpAETCA Ng CIIOCO0aMu, T. €.

a,— np,

a —> 1y,

am —) n-ﬂl)

Torma MOIITHOCTH, MHOKECTBA A={(al,a2,.....am)} pPaBHACTCSA ‘A‘ =n,-Nn,-..Nn

m

2. Ilepecmanosku 6e3 noemopeHuti — 3TO YUCIIO CIIOCOOOB BBEACHUS JIU-
HEMHOTO IOPsAKAa Ha MHOXKECTBE U3 71 DJIEMEHTOB.
P, =n-(n—1)-....-2-1=n! — nepecraHoBKa n >JIEMEHTOB B P

P, =(n-1)! — nepecranoBka n 3JIEMEHTOB B KpPYT.
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3. Ilepecmanosku ¢ nosmopenusmu. [1ycte umeeTcst ny peIMeToB 1-ro Tura,
n; IpeJIMETOB 2-TO, Ny IIPEeAMETOB M-I'0 THIIA U IIPU OTOM Ny + My + ... + Ny = N
KoymyecTBo pa3HbIX NEepeCTaHOBOK IPEAMETOB PABHO

n!

nlnle..on!

4. Pazmewenusi 6e3 nosmopenuti — 3T0 KOrJa U3 N AJIEMEHTOB MHOXKECTBA
TpeOyeTcst BBIOpaTh m 3JIEMEHTOB (m < n) U JIMHEWUHO UX YIIOPSJIOYUTH:

n!

A =n-(n—1)-...-(n—m+1)=m.

[Ipu 5TOM MOPSAIOK PaACIOIOKEHUS PJIEMEHTOB B BHIOOPKE Ba)KEH U I10-
BTOPBI 3JIEMEHTOB UCKJTFOUCHBI.

Uucno 4 Ha3pIBAIOT YHUCIIOM Pa3MEICHUH 0e3 NOBTOpEHHH U3 7 110 m.
10
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5. Pasmewenus ¢ nosmopenusimu. ECiii uMeeTcss n TUIIOB IPeIMETOB (KO-
JIMYECTBO MPEAMETOB KaKJI0r0 TUIIA HEOrPAHUYEHHO) U m MO3ULIUN (SIIUKOB, KY-
4eK, pa3psaoB), TO KOJIMYECTBO PA3IUYHBIX I1OCIECA0BATEIBHOCTEN IIPU YCIOBUM,
4TO B NO3ULUAX IIPEJAMETHI MOT'YT ITIOBTOPATHCS, BIUUCIISIETCS 110 (PopMyIie

—m

An =n".

[Ipu 5TOM NOPSAIOK PaCIOJIOKEHUS JIIEMEHTOB B BBIOOpKE BakeH. Takue
NOCJIEA0BATEIbHOCTU HA3bIBAIOT PA3MEIICHUSIMU C IIOBTOPECHUSIMHU.

6. Couemanus 6e3 noemoperuti — 3T0 KOrJa U3 n-3J1€MEHTHOIO MHOKECT-
Ba MPOCTO BBIOMPAECTCSI €ro m-3JIEMEHTHOE IMOJMHOXKECTBO 0€3 ymopsiouuBa-
HUs. UUCIIO m-3JIEMEHTHBIX MOAMHOXKECTB 1-3JIEMEHTHOTO MHOKECTBa 0003Ha-

gaetcst uepe3 C|' M Ha3bIBACTCS YUCIIOM COYETAHUI U3 11 TIO /.

m
m A, n!

n

m! m!-(n—m)!
11



[lopsimoK pacrmoyioKEeHUsT JIEMEHTOB B BBHIOOPKE HE BaXKE€H, U IOBTOPHI
AJIEMEHTOB UCKITIOUCHBI.

3ameuanue. BoiuienpuBeieHHYIO (DOPMYJYy MOXKHO TPAKTOBATh, KAK YHC-
JI0 C110CO00B Pa30UThH 7-3JIEMEHTHOE MHOKECTBO Ha JBE IPYIIbI, B OJHOU
U3 KOTOPBIX M 3JIEMEHTOB, B IPYTOU (1 — m) 3JIEMEHTOB.

7. Couemanusi ¢ noemopeHusamuy — 3T0 KOrJa m-371eMEeHTHbIE Ha0OPHI CO-
CTaBJISIFOTCS U3 TIPEIMETOB 7 BUIOB.

M _om (n+m-1)!
n n+m-1 m'(n—l)' ‘

[TopsiIoK pacmoyioKEHUsT JIEMEHTOB B BBIOOPKE HE BaXKE€H, U IMOBTOPHI
AJIEMEHTOB BO3MOKHBI.

© 2011, Mockosckui TexHonormwecknin MHCTUTyT



3.1. Ilpumepwt pewrenusn 3a0au

ITpumep 2.1. B maxmarnom Typaupe urpator 10 getoBek. CKOJIBKO pas3/ind-
HBIX BapPUAHTOB paclpejie/IeHus] TPeX MPU30BbIX MECT MEXKY ydacTHUKaAMU !
Pewenue. Ectb Tpu Ipu30BbIX MecTa, KOTOpble He paBHO3HAUYHBI. Ha Hux
npereryior 10 ydactHukoB. [losromy dmciio pasjmyHbIX pacipeieeHnii
[IPU30BBIX MeCT paBHO 4ucay pasmerienuii u3z 10 no 3: Ai”o = [(10)g =
10 -9 -8 = 720 BapuaHTOB.
Omeem: 720 BapuaHTOB.

IIpumep 2.2. B ropojckom mepBeHCTBe 110 XOKKeI0 y4acTBYIOT 10 KoMaHI.
Komanapl, 3aHsIBIINE TPU IEPBbIX MecTa, MOJYYalT IYTEeBKU Ha YeMITHO-
HAT cTpaHbl. CKOJIBKO Pa3INIHbIX BAPHAHTOB KOMaH/I FOPo/ia Ha YeMIIMoHaTe
CTpaHbI?

Pewenue. Ectb Tpu npu30BLIX MecTa, KOTOPble paBHO3HaYHbL. Ha Hux mpe-
Ter1y10T 10 koman 1. [loaromy unc/io pa3indaHbIX TPoeK 1odeiuTesieil paBHoO
qucsty coderanuii uz 10 no 3: Cf, = 1098 — 120 BapuaHTOB.

T
Omeem: 120 BapuanToB. 13
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IIpumep 1.3.1. CKOIBKO CYHIECTBYET YETBHIPEX3HAYHBIX YUCEJ, KOTOPHIE
nestes Ha S?

Pewenue. YeTbIpex3HaYHOE YUCIIO COACPIKUT YETHIPE JECATUYHBIX pa3psi-
na. Crapmmi pa3psij Yucia MOKET OBITh 3aroJHEH 000U u3 AeBiITH HUdp: 1,
2,3,4,5,6,7,8,9. Hylb HE MOXKET UCIIOJIb30BATHCS, TAK KaK MHAYE YUCIIO OY-
JNET TPEX3HAYHBIM, @ HE 4YEThIpEX3HA4YHBIM. BTOpON U TpeTUH pas3psijibl 3aI10Ji-
HSIOTCA JII000M mudpoi u3 aecsatu. Muaamuid pa3psii MOXKHO 3aIlOJHUTH TOJIb-
KO HYJIEM WU MSATEPKOW, TAK KaK YUCIIO JACJIUTCS Ha IATh, €CJIU OHO OKAaHYMBA-
ercss Ha 0 wim 5. Takum 0o0Opa3om, MO MpaBUily MPOU3BEACHUS OOIIEE YHUCIIO
crIoco00B cocTaBlieHus 3agaHHbIX yrcen pasuo 9-10-10-2 =1800.

14
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MTH

IIpumep 1.3.3. Haiitu KoJMYECTBO IIEpECTAaHOBOK OYKB cJOBa
«KOMBUHATOPUKA.
Pewenue. B atom cnose 2 0ykBbl «K», 2 OykBbl «O», 1 OykBa «M», 1 Oy-
kBa «b», 2 0ykBbl «M», 1 OykBa «H», 2 OykBbl «A», 1 OykBa «T» u 1 Oyksa «P».
O6wee konuuecTBO OYKB B ciioBe paBHO 2 +2+1+1+2+1+2+1+1=13.Ko-
JIMYECTBO MEPECTAHOBOK OYKB 3TOTO CJIOBA OIpeaeliseM 1o hopmyie
n!

b

n!l-nt-...on,!
rmen=13, =2 m=2m=1lmu=1,ns=2,n=1,nm=2,ng=1,n9= 1.
13! 13!

= — =389188800 nepectaHOBOK
2120 101020 1020101 16

[Tonydaem

15
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Ynpasxcnenun ona camocmoamenvnoit pabomot

3amaHo yHHMBepcaabHOe MHOKECTBO U 1 MHOXKecTBa A, B, C u D.
(cM.Tabnuua 1)

BBIMOIHUTE 3aaHle ABYMS CIIOCOOAMU:

a) BBIUHICIUTH 3JIEMEHTHI Pe3yIbTHPYIOIIETO MHOKECTBA, HCIIOIB3YSI He-
IIOCPECTBEHHO ONEepalllil HaJ MHOKECTBAMII,

0) chopmupoBaTh XapaKTEPHCTHUYECKIE BEKTOPHI IS HCXOTHBIX MHO-
’KECTB H MOJYYHUTH PE3yIbTHPYIOIIEE MHOKECTBO, ICIIOIb3YS ACICTBHISA Ha Xa-
PaKTEPUCTHIECKIMI BEKTOPAMI.

CpaBHUTH PE3yJIbTATHI.
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MTH

Taoauna 1.
é JlaHO Haiitn
M
U={-15-14-13-12-11} A €
1 | 4={-15-13,~12,}; B={-14,-12,-11}; (BuC)\(4\D):
G181 D=4 12} (U\C)n 4
{ bcde} A—{a,b,C}:B:{b,C,d}: AN B;
2 | C={a,e}: D={d} (B\D)\(4uC),
(U\B)uD
U=1{,2,3,4,5}; 4=0,3,5; B=1{2, 4}; AnD;
3 | €={2,3,4}; D={5} (4\C)\D)UB:;
(U\A)uD.

18
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MTH

Taoauma 1. mpogoKeHue

U=4{2,4,6,8,10}, 4=1{2,4:; B=6,8}; AnD;
4 | €=32,610; D=4} (B\C)n D;
(4\B)~ (U \ D).
U={x,y,z,t,u}, A=1{t}; B={xu}; ClvaD;
3 C:{x,y,z}; D:{y, l‘}. (ALIC)\B:
(U\A)\B .
U=4{-10,—5,5,10,15}, 4={-10,10}; ANB;
§ | B=1-5515E €=45,10,15; D~ {5}. DA C \ A;
Un(B\D)
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MTH

Ta0auua 1. npogosxkeHue

U ={0,11,12,13,14}; A=40,11,12}; (Bu A)\C; BU D;

7| B=12,13,14} c={10,14}; D={12} (U\(BAC)\D.
U={a,b,c,d,e, f,g}, A={a,b,c,d}, (U\ 4)\B;

| B={edef.gh C=lde s} D={/.e} |caBdnC,
U=1{,23,4,5,6,7}, (BuUD)\(4NC);

9 | 4=11,2,3,4,B=4,56,7; C={2,4,6; | pUC,(U\A)\D.
D=1{2,4}.

oY ={1,3,4,5,7,9}, 4={,3,9; B={57,9; |({U\D)\C;
C=1{4,5); D=9} (C\B)u4; 4nD.

20
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