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€ From a numerical point of view, there are different ways to solve this problem

e Tomorrow, we will see a quite general method : the Finite Difference Method

€ Next week, R. Hertel will present another possible way to proceed : the Finite
_ Element Method
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€ The problem to solve : Free particule in a box (1D)

2
W(x _lzﬂ = sy
dx

Z

etV (O¥W(x) =
a b SY

This differential equation belongs to the general kind of 2™
order linear differential equation

&+ QX )W(x ) =S(x)

where Q(x ) and S(x ) are continuous functions on a domain [a,
b]. The equation is to be solved as a boundary value
problem, i.e., W(a) and W(b) are given.



The Numerov
algorithm

B+ QX )W(x ) =S(x)

Depending of the functions Q(x ) and S(x ), the Numerov
algorithm can be used to solve

€ Eigenvalue problem: Q(x) f=0ands(x) =0
€ The Schr’odinger equation
€ Ex.: Hydrogen atom

—_k quJ( _LZey(, )—SW(T)ml(r)= Ygal(% )

) 2m ro, nlm
Y6, 9) are the spherical harmonics and the function u(r ) is

glven by 2" order differential equation
U = —Q(r)u(r )|with Qr)=2s+ 22 L4,

dr
2 2
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The Numerov
algorithm

B+ QX )W(x ) =S(x)

Depending of the functions Q(x ) and S(x ), the Numerov
algorithm can be used to solve

€ Linear system problem: Q(x) = 0
€ The 1D Poisson equation

€ Ex. HartrTe potentiel in SW@%| symmetry
VHartre (r) = _E_ d% ]_Qu ¢y M = —4mr p(r
e 4ns° y Hartree )
dr?
UHartree (r ) - rvHartree (I‘
) O TR

S(r) =4t p(r)
O(x)=0
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€ The problem to solve : Free particule in a box (1D)

algorithm
W(x)
a b
—n TV (OW(x)

lﬂ:sw

2 dx?
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BE+ QI )W(x ) =S(x)

€ The problem to solve : Free particule in a box (1D)

Wix)

— itV (OWx) =
sy

1dW =sWYy
2 dx?

b +2sW(x)=0

Qx)=2s
S(x)=0

¥ 4+2(s— V(x)Wx)=0
Q(x)=2(s— V(x
)

SX =0




The Numerov
algorithm

€ We consider a grid, step A,
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€ We consider a grid, step A,

e .
Wi Y(x + lPS -
e resort to Taylor series to express (x Ag ?ndg 4 )gd A)

“ R
Wix+A)=W(x)+A dB0Q T dW0 4 +0(A )

d2
Wix— A)=W(x) — A Wiy 2g¥00) T3 a0 4520 - 0(a

dx 2 dx ©
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€ We consider a grid, step A,

L
€ We resort to Taylor senes 0 expres Y(x +A)and W(x — A)
W(x +A) = ﬂz& si" ““_%> “& +0(A )
Wix - 4)= w(x) 42000 ;_rdd;*) + g;;zj’(” 0§

By summing the above
exprésfops+ W(x — 4) — 2W(x ) = A zﬁ—dzt(x) + Q&dw(ﬂ—(:) +0(a )
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€ We consider a grid, step A,

¢
€ We resort to Taylor senes 0 expres A)and W(x — A)
W(x + A) = Sﬁl’l&.ﬂ % QK_%) Xy +0(A )5
LP(X—A)—LIJ(X)— 2 1IJ(x) _Gile;'((x)_'_%;d:P(x) O(A§
By summing the above dx
Yy
exidal V0 =) = 2400 P+ pfU) w0 Y
€ We resort to Tgylor seneosLL? expresg dz”‘ﬁ* *Fand dz"“ed—‘e"_z
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€ We consider a grid, step A,

L
€ We resort to Taylor senes 0 expres A)and W(x — A)
W(x + A) = Sﬁl’l&.ﬂ % “K_%) X? +0(A )5
2 1“( ) _ K3 d( ) A4 dW(x)
LIJ(x—A)—W(x)— X _G_dx" +22Fx -0(AY
By summing the above
zdllJ(X) 4Y(x) 6 (_
expré&sfos+ Yix — A) — 2¥(x) = A 2 92'+ +0(a)
eruresort to T%/Ior senes to express dz“"é* +F angZHe
(X +A) _ dWw( X_)_ ZA'— (x) + O( )
-’d Ve P
dlu(x—A) _ a0 2449(x) _ o
wZ 2 z_""Jx3+ ST

B the ab
mum@é‘ﬂ GA? ﬁ}!&_) = A zdg((l)f) +0(A )
2



The Numerov NS

algorithm

€ We consider a grid, step A,

L
€ We resort to Taylor senes 0 expres A)and W(x — A)
W(x + A) = Sﬁl’l&.ﬂ % uK_%) Xy +0(A )5
LP(X—A)—LIJ(X)— 2 1IJ(x) _Gile;'((x)_'_%;d‘W(x) O(A§
dx
By summing the above 4 a
exidal V0 =) = 2400 e e sonp 4
W%resort to T%/Ior senes to express dz“"é* +F angZHe
(X +A) _ dWw( X_)_ ZA'— (x) + O( )
-’d Ve P
dwi a) = ot 2449(x) _ o
dx? dx? z_dxd} + 2T
Bmum&](%the bdqyg 44
) =A2d(§)+O(A)5
e > "
we get

. 5
Wi+ a)+ Wx — 4) — 2W(x)= 42 SR o dBeh) 4 4000 4 o(a

T
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The Numerov
algorithm

. 3
e Now from W(x + A) + W(x — A) = 2W(x )= 4% S WK A q0d2Lc)
2 2 2
e Smce = —Q(x )¥(x )+ S(x ), we get
€ we get
3 3
1+%‘27 Qx + A) W(x + A)=
3 3
2
1+ (x — A) W(x — A)
124 8
5A

+21 —12_Q(x)'-P(x)

(S(x + A) + S(x — A) + 105(x )) + O?A)

SV +2(s— V(X)) W(x)=
QxP=2(s - V(x

)

S(x)=0

+0(A P



The Numerov

b3 s
1+.% QX + A) W(x + A)=
3 3
2
— 1+ S0 - A) WX - 4)
3 b3
542
+21—12_Q'(X)‘+'(X)
Y42 (s~ V(X)) Wix)= 2 _
S ;%5 (S(x + A) + S(x — A) +105(x )) + O(K
Hx)=0

€ The potential, V (x )is known ;

€ If we set a value for the total energy of the particule in the box, s — Q(x )=2(s — V (x))is
known

€ the value of the wavefunction at x = a is known : W(a) = 0; if we set a value for the wavefunction

at z;+ A, tlﬂen %ve getthe value of the wa%efunctionzat a+2A

3
1+A~ Q@aA2A) Wa+2A)=—- 1+ —Qa) Ya+2 1- afa_+A) Y(a+A)
12 12 12

€ Then from Y(a + A) and W(a + 2A), we can compute W(a + 3A), and soon ...

_) Outward intearation



The Numerov

s s
1+.% Q(x + A) W(x + A)=
s s
2
— 1+ S0 - A) WX - 4)
s s
5A?

+21 - 12_Q'(X)‘-P(X)

Y +2(s— V(x)) W(x)= 2 _
B pente vl ;% (S(x + A) + S(x — A) + 105(x )) + O(&
Hx)=0

€ The potential, V (x )is known ;

€ If we set a value for the total energy of the particule in the box, s — Q(x )=2(s — V (x))is
known

€ the value of the wavefunction at x = b is known : Y(b) = 0; if we set a value for the wavefunction

at E — A, ihelzwe g%t the value of the wgvefunctiofvr atb — 2
1+ A2 Qb a24) W(b — 2A)= ~ 1 +—Q(b) W(b)+2 1— QB A)W(b — A)
12 12 12

€ Then from Y(b — A)and W(b — 2A), we can compute W(b — 3A), and soon ...

_) Inward intearation



The Numerov

A Write a code to compute the wavefunctions of the free particule in a
aloqrithm box P P
1

1/ NI 1. Set a guest value for s
: : 2. Perform an inward integration from a to x_, the matching point.
1 1 The matching point is necessary to get the right value of the

1
1
1
1
1
! energy ; in the case of free particle in box problem, a good way

a ??b I to choose the matching point is to take a point where the value
of the wavefunctions is different from zero and close to the
W 42(s -V (x) Wix) = middle of the box.
=2(s—V
?X(:)D= 0 (S (X 3.Perform an outward integration from b to x

4. Compute the ratios of the first derivative of the wavefunction

over the amplitude for both in- and out-ward wavefunctions at
Wix the matching point. Change the value of s so that these ratios
Matching point  are jdentical for both in- and out-ward wavefunctions.

ouwar 5. Compare the numerical results with the analytical ones.
d

Inward

b2 by by by T, by

1+a2  Qaa2A) Wa+2M)=—1+_ Q) War2 X Q(a + A) W(a
+ A)

s 12 12 5 12 = b3 by ,Z

1+ 42 QbA%2A) Wb — 2A)= — 1+ Qb) w2 A Qb - A) Wb
—_ A)

12 12 12
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s=0.95

s=1.00

s=2.00

" s=4.00

s=1.05

s=4.00




The Numerov

Al ]
a{cly
WYix
-1 _
x>
a e S

€ Set of normalized
eigenfunctions

N
WY, (x)= S“E‘ITX ,
>

wheren=1,2,3,---andL=b —ais the,_width of the
box.

€ Set of eigenenergies 5
on
n~ 212
=T

P

2

s
e Notethats;=1,s 34,s =9, -+ ifL
3



