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Introduction

Historically, the term “curve sketching” meant using calculus to help
draw the graph of a function by hand — the graph was the goal. Since
graphs can now be produced with great precision using calculators
and computers, the purpose of curve sketching has changed.

Today, we typically start with a graph produced by a calculator or
computer, then use curve sketching to identify important features of

the graph that the calculator or computer might have missed.

Thus, the goal of curve sketching is no longer the graph itself, but
rather the information it reveals about the function.
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Sketching polynomials

Define and describe (multiple or not) the roots of

y =x3(3x — 4)(x + 2)? AY

x = 0, multiplicity 3.

4
X =7, simple.

x = —2, multiplicity 2.
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Sketching polynomials

A root of multiplicity 1 is called a simple root.

A polynomial p(x) has multiplicity m if (x —r)™
divides p(x) but (x — r)"*! does not.

THE GEOMETRIC IMPLICATIONS OF MULTIPLICITY Suppose that p(x) is
a polynomial with a root of multiplicity m at x = r.

(a) If m is even, then the graph of y = p(x) is tangent to the x-axis at x =r,
does not cross the x-axis there, and does not have an inflection point there.

(b) If m is odd and greater than 1, then the graph is tangent to the x-axis at
X = r, crosses the x-axis there, and also has an inflection point there.

(¢) If m =1 (so that the root is simple), then the graph is not tangent to the

x-axis at x =r, crosses the x-axis there, and may or may not have an
inflection point there.
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Sketching polynomials

Roots of even multiplicity Roots of odd multiplicity (> 1)

Simple roots
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Sketching polynomials

Properties that are common to all polynomials:

e The natural domain of a polynomial is (400, —0).
- Polynomials are continuous everywhere.

- Polynomials are differentiable everywhere, so their graphs have
no corners or vertical tangent lines.

e The graph of a non-constant polynomial eventually increases or
decreases without bound as x — 4+ and as x - —oo.

e The graph of a polynomial of degree n (= 2) has at most n x-
intercepts, at most n — 1 relative extrema, and n — 2 inflection
points.
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Sketching polynomials
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Sketching polynomials

Example 1. Sketch the graph of the equation y = x° — 3x + 2
and identify the locations of the intercepts, relative

extrema, and inflection points.
Solution
e x-intercepts: Factoring the polynomial yields
x> —3x+2= (x+2)(x — 1)~
which tells us that the x-intercepts are x = —2 and x = 1.

* y-intercept: Setting x = ( yields y = 2.

e FEnd behavior: lirE (x3 —3x+2) = lirﬂ x> = 4o
lim (> —3x+2) = lim x* = —

so the graph increases without bound as x — 4o
and decreases without bound as x — —oo.
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Sketching polynomials

Example 1. Sketch the graph of the equation y = x° — 3x + 2
and identify the locations of the intercepts, relative

extrema, and inflection points.

Solution

d 2
* Derivatives: ay —3x2 —3 = 3(x—1D(x+1) d_y —6x
dx dx?

* Increase, decrease, relative extrema, inflection points:
There are stationary points at x = —1 and x = 1. Since the sign of
dy/dx changes from + to — at x = —1, there is a relative maximum

there, and since it changes from — to + at x = 1, there is a relative

minimum there.
The sign of d?y/dx* changes from — to 4+ at x = 0, so there is an

inflection point there.
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Sketching polynomials

Example 1. Sketch the graph of the equation y = x° — 3x + 2
and identify the locations of the intercepts, relative
extrema, and inflection points.

Solution
-1 1 X
| | >
+++++0 - - = - 0 +++++ dyfdx=3(x-1)(x+1)
Increasing Decreasing Increasing Conclusion for y

0 X
|

> 2 12
———————————— O++++++++++++ dy/dx*=6x
Concave down Concave up Conclusion for y

Rough sketch of
y=x3—3x+2
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Sketching polynomials

Example 1. Sketch the graph of the equation y = x° — 3x + 2
and identify the locations of the intercepts, relative
extrema, and inflection points.

Solution LY

e Final sketch: (-1, 4)
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Properties of graphs

In many problems, the properties of interest in the graph of a function are:

* symmetries e periodicity
* x-intercepts * y-intercepts
¢ relative extrema e concavity

e intervals of increase and decrease e inflection points

e asymptotes e behavior as x — +o0 or as x — —

Some of these properties may not be relevant in certain cases; for example,
asymptotes are characteristic of rational functions but not of polynomials, and
periodicity is characteristic of trigonometric functions but not of polynomial
or rational functions.

Thus, when analyzing the graph of a function f, it helps to know something
about the general properties of the family to which it belongs.
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Sketching rational functions

Graphing a rational function f(x) = P(x)/Q(x) where
P(x) and Q(x) are polynomials and have no common
factors.

Step 1. (symmetries).

Step 2. (x- and y-intercepts).
Step 3. (vertical asymptotes).
Step 4. (sign of f(x)).

Step S. (end behavior).

Step 6. (derivatives).

Step 7. (conclusions and graph).
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Sketching rational functions
Graphing a rational function f(x) = P(x)/Q(x) where

P(x) and Q(x) are polynomials and have no common
factors.

Step 1.

(symmetries). Determine whether there is symmetry about the y-axis
or the origin.

Step 2.
(x- and y-intercepts). Find the x — and y —intercepts.

Step 3.
(vertical asymptotes). Find the values of x for which Q(x) = 0. The
graph has a vertical asymptote at each such value.
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Sketching rational functions

Graphing a rational function f(x) = P(x)/Q(x) where
P(x) and Q(x) are polynomials and have no common
factors.

Step 4.

(sign of f(x)). The only places where f(x) can change sign are at the
X-intercepts or vertical asymptotes. Mark the points on the x-axis at
which these occur and calculate a sample value of f(x) in each of the
open intervals determined by these points. This will tell you whether
f (x) is positive or negative over that interval.
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Sketching rational functions

Graphing a rational function f(x) = P(x)/Q(x) where
P(x) and Q(x) are polynomials and have no common
factors.

Step 5.

(end behavior). Determine the end behavior of the graph by
computing the limits of f(x) as x » +o and as x - —oo. If either
limit has a finite value L, then the line y =L is a horizontal
asymptote.

Step 6.
(derivatives). Find f'(x) f''(x).
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Sketching rational functions

Graphing a rational function f(x) = P(x)/Q(x) where
P(x) and Q(x) are polynomials and have no common
factors.

Step 7.

(conclusion and graph). Analyze the sign changes of f'(x) and f"'(x)
to determine the intervals where f(x) is increasing, decreasing,
concave up, and concave down. Determine the locations of all
stationary points, relative extrema, and inflection points. Use the sign
analysis of f(x) to determine the behavior of the graph in the vicinity
of the vertical asymptotes. Sketch a graph of f(x) that exhibits these
conclusions.
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Sketching rational functions

Dx% s 8
x2—16

Example 2. Sketch a graph of the equation y =
Solution

e Symmetries: Replacing x by —x does not change the equation, so
the graph is symmetric about the y-axis.

e x-and y-intercepts: Setting y = (0 yields the x-intercepts x = —2
and x = 2. Setting x = ( yields the y-intercept y = %

e Vertical asymptotes: We observed above that the numerator and
denominator of y have no common factors, so the graph has vertical
asymptotes at the points where the denominator of y is zero, namely,

at x = —4 and x = 4.
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Sketching rational functions

Oxss 8

Example 2. Sketch a graph of the equation y = — 16
22 —

Solution

e Sign of y: The set of points where x-intercepts or vertical
asymptotes occur 1s {—4, —2, 2, 4}. These points divide the x-axis
into the open intervals

(_OO, _4)$ (_4, _2)’ (_2’ 2)’ (2s 4)’ (4a +OO)

-4 =2 0 2 4 X

| | | | | 5
++++0—=0+++++0—-—+ +++ Signofy
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Sketching rational functions

. Dxa 8
Example 2. Sketch a graph of the equation y = T
Solution
e End behavior: The limits g 2x2 — 8 - — (8/x%) _5
x—lﬂw x2 — 16 x—+= 1 — (16/x2)
- 2x2-8 : — (8/x%)
Iim = 1

paten 6 x—lfr—‘oc 1—(16/x2)
yield the horizontal asymptote y = 2.
* Derivatives: dy  (x* —16)(4x) — (2x* —8)(2x) 48x
dx — (x2 — 16)2 T (x2—16)2
d*y  48(16 + 3x?)

dx? (x2 — 16)3
20192020
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Sketching rational functions

Oxss 8

Example 2. Sketch a graph of the equation y = — 16
22 —

Solution

* Conclusions and graph:

The sign analysis of y reveals the behavior of the graph
in the vicinity of the vertical asymptotes:

The graph increases without bound as x — —4~

and decreases without bound as x — —47;

and the graph decreases without bound as x — 4~

and increases without bound as x — 4.

-4 =2 0 2 4 X

| | | | | .
+++4+00—=0+++++0——00++++ Signofy
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Sketching rational functions

. 2x%— 8
Example 2. Sketch a graph of the equation y =

x2—16
Solution 3 43
i y X
e (Conclusions and graph: — = —
e SEEr 4 T
-4 0 4 X
l | | >
P T % P R 2 oo — — — —  Sign of dy/dx
Incr Incr Decr Decr

Conclusion for y

The sign analysis of dy/dx shows that the graph
1s increasing to the left of x = 0 and

is decreasing to the right of x = 0.

Thus, there is a relative maximum at the stationary
point x = (. There are no relative minima.
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Sketching rational functions

, Ixs=—=§
Example 2. Sketch a graph of the equation y = 716
x —
Solution ” )
® Conclusions and graph: Q = 2501022
dx? (x2 —16)3
-4 4 X
1 ! -
T30t e ot R N Ry Sy oo+ + + + Signofdzy/dxz
Concave Concave Concave  Conclusion for y
up down up

The sign analysis of d?y/dx?* shows that the graph
is concave up to the left of x = —4,
1s concave down between x = —4 and x = 4, and

is concave up to the right of x = 4.
There are no inflection points.
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Sketching rational functions

. I2x%= 8
Example 2. Sketch a graph of the equation y = ? 16
x —
Solution e Conclusions and graph:
-4 =2 0 2 4 X
1 | 1 | 1 >
++4++0——=0+++++0—-—oco++++ Signofy
-4 0 4 X
1 1 | >
£ G e e oo — — — —  Sign of dy/dx
Incr Incr Decr Decr Conclusion for y
= 4 X
| ' >
oo s R e i oo+ + + +  Sign of d*y/dx*
Concave Concave Concave  Conclusion for y
up down up
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Sketching rational functions

Example 2. Sketch h of th i it

P . etch a grapn o the equatlon y = x2 —16
Solution
* C(Conclusions and graph:

-4 =2 0 2 4 X

I I | I | > SA_y

+++ 4+ ==0+++++0==0c0+ + + + y -
-4 0 4 X 4
l L l -
+++ 400t +++4+0-———— 00— ——— dy/dx K X
Incr Incr Decr Decr L1 1| iml Ll
. E T 8
il 4 .

1 1 > ¥ -4 |- |
PR T | [, 2es
Concave Concave Concave s | ¥ —16

up down up
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Sketching rational functions
xt =1

x3

Example 3. Sketcha graphof y=

Solution

e Symmetries: Replacing x by —x and y by —y yields an equation
that simplifies to the original equation, so the graph is symmetric
about the origin.

* x-and y-intercepts: Setting y = (0 yields the x-intercepts x = —1
and x = 1. Setting x = 0 leads to a division by zero, so there is
no y-intercept.

e Vertical asymptotes: Setting x> = 0 yields the solution x = 0.
This is not a root of x> — 1, so x = 0 is a vertical asymptote.
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Sketching rational functions

P |

x3

Example 3. Sketcha graphof y=

Solution

e Sign of y: The set of points where x-intercepts or vertical asymptotes
occur is {—1, 0, 1}. These points divide the x-axis into the open intervals

(_OO’_I)a (_19 O)v (Oa 1)9 (1’ +°O)

-1 0 1 X

| | | o
0 + +0o —=0+++++++ Signofy
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Sketching rational functions

Dy |
Example 3. Sketcha graphof y=—;
X
Solution
: o . ox2=1 , 1 1
e FEnd behavior: The limits lim = lim {[-——=)=0
x—>4o x3 x4\ x  x3
2
— 1 | |
lim = = lim (—__)zo
X —> —00 x3 x—>—o \ X x3

yield the horizontal asymptote y = 0.

e Derivatives:

dy ©2x)-(-DGx») _ 3-x* V3+0H3-x

dx (x3)2 x4 x4
dy _ x(=20) - B -x)@x) _ 262 —6) _ 2x — VO (x +V6)
dx? (%) I x5
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Sketching rational functions
xt =1

x3

Example 3. Sketcha graphof y=

Solution
-1 0 1 X

| | | 5
——————— 0 + +00 —=0+++++++ Signofy

The sign analysis of y reveals the behavior of the graph rY
in the vicinity of the vertical asymptote x = 0:
The graph increases without bound as x — 0~ and
decreases without bound as x — 0.

/2
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Sketching rational functions

P |
Example 3. Sketcha graphof y=—;
X
Solution
-3 0 V3 X
| | | S
————— O+ + ++ +00+ ++++0----Signof dy/dx
Decr Incr Incr Decr Conclusion
fory
The sign analysis of dy/dx shows that there is "
a relative minimum at x = —+/3 and ) y= x° —31
B X

a relative maximum at x = \/5
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Sketching rational functions

x?—1
Example 3. Sketcha graphof y=—;
X
Solution
6 0 V6 X
| 1 | >
—— =0+ + + ++4+00= === = = 0 + + + Signofdzy/dxz
Concave  Concave Concave  Concave Conclusion for y
down up down up
The sign analysis of d*y/dx? shows that the graph i =]
changes concavity at the vertical asymptote x = (0 2 x®
and that there are inflection points at x = —+/6 1+
and x = /6. | P
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Sketching rational functions

x2 -1
Example 3. Sketcha graphof y=—;
¢
Solution
-1 0 1 % AY
| | | > y= xz_l
a 3
——————— 0 + +00o ==0+++++++ Y 2 X
l s
-3 0 V3 X
| 1 ! S L T e p—
————— O+ ++++0+++++0---- dy/dx —=g—e—e] 2 3
Decr Incr Incr Decr -1
6 0 6 x =R
1 l 1 %
- =0+ + ++++00 = === - = 0 ++ + dzy/d)(2
Concave Concave Concave Concave
down up down up
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Oblique (slant) and curvilinear asymptotes

If the numerator of a rational function has greater degree than
the denominator, then other kinds of “asymptotes™ are possible.

In general, if f(x) = P(x)/Q(x) is a rational function, then we can
find quotient and remainder polynomials g (x) and r(x) such that

and the degree of r(x) is less than the degree of Q(x).

Then r(x)/Q(x) — 0 as x — + and as x — —o, s0 y = ¢(x) is an
asymptote of f.

This asymptote will be an oblique line if the degree of P(x) is one
greater than the degree of Q(x), and it will be curvilinear if the
degree of P(x) exceeds that of Q(x) by two or more.
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Slant (oblique) asymptotes

Example 4. Consider a rational function  f(x) =

41
X

By division we can rewrite this as

F(6E) =
X

> Since the second term approaches 0

/|
-4 -3 =2 :l/_/1 ] as X — oo or as x — —oo, it follows that
// 2
o al (f(x) —x)—>0 asx—+w or
I as X — —oo

Geometrically, this means that the graph of y = f(x) eventually
gets closer and closer to the line y = x as x — 4o or as x — —oo.
The line y = x i1s called an oblique or slant asymptote of f.
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Curvilinear asymptotes

3 2
: : : x’ —x“—8
Example 5. Consider a rational function g(x) = :
AY X =
25 - By division we can rewrite this as
20 : g
N\ 15 - (X)) =X ———
N 10 x—1
\\ = " Since the second term approaches 0
_'3 = _\;\ > as x — +oc or as x — —oo, it follows that
-
it (g(x) —x>)>0 asx— 4w or
_xX—-x -8
=15 |- ) S as x - —oo

Geometrically, this means that the graph of y = g(x) eventually
gets closer and closer to the parabola y = x? as x — 4+ or as x — —c=.
The parabola y = x? is called a curvilinear asymptote of g.
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Learning outcomes
5.4.1. Sketch a graph of a polynomial function.
5.4.2. Sketch a graph of a rational function.

5.4.3. Define an oblique (slant) asymptote of a rational
function, if exists.

5.4.4. Define a curvilinear asymptote of a rational
function, if exists.
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Formulae

Graphing a rational function f(x) = P(x)/Q(x) if P(x) and
Q(x) are polynomials and have no common factors.

Step 1. (symmetries).

Step 2. (x- and y-intercepts).
Step 3. (vertical asymptotes).
Step 4. (sign of f(x)).

Step S. (end behavior).

Step 6. (derivatives).

Step 7. (conclusions and graph).
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Preview activity: Differentiation 5

|< r ,{ Suppose a liquid draining process.
As the liquid drains, its volume V,
height h, an radius r are functions of
the elapsed time t, and at each
instant these variables are related by
h the equation

V=22
3

Find the rate of change of the volume IV with respect to the time t.




