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OYHKUMN MHOTUX NEPEMEHHDbIX.
YacTHble Npon3BoAHbLIE U YAaCTHLIE

andpdepeHumansl

Jna VIpomeHHS 2aIHCH H HAIOKEHHA OTPaHMYHMCA celi9ac ciavdaeM QVHKIHH Tpex
nepeMeHHBIX. OJHaKO, BCe HHMKEHIIOKEHHOE OVAET CIPaBeqIHEO H 414 QVHKIHH OT TH000T0
9HCIIa IEPEMEHHBIX.

HMrak, nycte B HEKOTOpOH 007acTH IIPOCTPaHCTIBA 3aJaHa GvHKIMA = f(x,),zZ):
BO3bMeEM B 3ToH obmacTu Touky M;(x;,¥;.2,) . Ecin MBI 3adHKcHpYeM IOCTOAHHEIE 3HAYECHHA
Y =) HZ=Z,H OyAeM H3MeHATh X, To Hama yHKIHA u = f(Xx,),,Z,) Oyaer dyHxume# ot
OJHOH IepeMeHHOH x. Torga MOMKHO IOCTaBHTH BOIPOC O BEIYHCIEHHH €€ NPOH3BOJHON B
TOYKe X = X,. [IpHAaguM 3ToMy 3HAa4eHHIO X,IpHpameHHe Ax . Torga QYHKIHA IOIVHIHT
IIpHpaIeHHe
ﬁ'lxu = &Xf(xﬂ’yO’zo) -~ f(xg +1’£'l7f,}’o ’ZU) _f(xl]’yﬂ ’ZU) 2
KOTOpOE MOKHO Ha3BaTh YACMHbIM Hpupaujequem (M0 X ). TIOCKOABKY OHO BBEI3BAHO
H3MEeHEeHHEeM 3HAa4YeHHd JHIOL OJHOH mepeMmenHoH. [lo onpegeneHHio MpoH3BOJHOH, OHAa €CTh

npegen
lim 2%% < jim LGt 4%, Yo, 20 = f(Xe, ¥, 20)
dx-0 Ax dx=0 Ax .

OTa NPOM3BOAHAS HA3BIBACTCA YACMHOU NPOU3EOOHOU Pyncyuu f(x, y, z)
no x ¢ mouxe (X, Yo» Z)



YHacTHble Npon3BOAHLIE

ou 8f(‘xﬂay|]>z[])

Ox ox O06Go03Ha4YeHUs YaCTHOM NPON3BOAHOMN

f f no X
ux fx(‘xﬂay[]azl]) ( )
Dxu Dxf(xDDyUDZU)
AHanorn4yHo
. Ayu 1. f(xos Yot A, Z0) — f(Xas Yos Z0) YacTHaa npousBoaHas
]lm — ]Jln - 1“ — (no y)
ay=0 A 4y.0 e

du  9f(xo, Yo, 20
ay’ oy .

O6Go3Ha4YeHns YacTHOU NPoOn3BOAHOM (No y)

U;,, f;‘(xO’ -VO’ 2'0); Dyu’ Dyf(XOa yOs 20).



[Tpmepbl

o f(x,y)=2x*y? +2x+4y
[Ipumep 1.1 HaliTu gyacTHBEIE TPOU3BOAHEIE AT () YHKITHH

af of

=6x'y'+2 , =4x’y+4

ITpumep 1.2 Haiitu yacTHEIE MPOU3BOAHEIE M1 yHKIHH f(x, )= x7

F g Y F
ax oy

[Tprvep 1.3 3amucars (YHKIMIO, BRIDAKAKMIYIO CTOPOHY TPEYTOTBHUKA YEPE3 JBE APYTHE CTOPOHEL
1 yron. Haifti Boe qacTHEIC MPOM3BOTHBIE HTOH () VHKINH.



. - ou
[Tpousseaenne YaCTHOM IMPOH3BOIHOM g—x Ha TPOM3BOJIBHOE NMpHpaliie-

uue Ax HaspBaeTcs vacmusim oudpdepenyuarom no x gynkyuu u; ero 0b6o-
3HAYAI0OT CHMBOJIOM

ou
dxu —= 'é—x' . Ax.

Eciu | 34eCh nod dugdepenyuaiom dx He3a6UCUMOL nepeMEHHOU X pasymems
npupawyenue Ax, To npeapiAymas GopMyia HAIMIIETCA Tak:

_ o
dxu—é; dx.

AHAJOTHIHO,
ou ou
dyu—-‘;,}--d}, dzu=3—;-dz.
Taxum o6pa3oM, Mbl BHIHM, 9TO MOXHO ObUIO OBI M 9aCTHBIC NPOU3-

BOJHBIC [IPEACTABHTHL B BUAE A pobei

dyu dyu  du
dc’ dy’ dz’

HO TIPH HEMPEMEHHOM YCJIOBHH YKa3pIBaTh, MO KaKOi MEPeMEHHOH Gepercs
muddepennnrat.



[TonHoe npupalleHne PyHKLUNU

Ecmm. Hcxoaq u3 3Ha49eHHHA X = X,,) = ), ,Z = Z, HE3aBHCHMBIX IIePEMEHHEIX, IIPHIATh ECEM 3THM
IIepeMeHHEIM HeKOTOpEeIe nmpupamenns Ax, Ay, Az | To dvHKImE © = f(X, y,Z) HOIVIHUT IpHpameHHe
hu = Af(xy +hx, yy + 8y, 2y +82)— F(x0.50.20 )

KOTOPOE Ha3hIBaeTCA MOJIHLIM NpHpaleHHeM QVHKIHH.

Hna dveEKuHE ogHoMH nepeMeHHOH y = f(X) A4 nmpHpameHHd ObLIa cIIpaBeHea dopMvia
Ay = f(x) bx+ @ Ax,
rae &zaeucHT oT Axu & — 0 mpu Ax — 0. A f'(x,) HE 2aeucur ot Ax !

AmnanorudsHoe BplpakeHue 419 QVHKIMHE TpeX ITepeMeHHBIX OVAeT HMEeTh BHI!
Au=A1(xgs Yo 2o)=
"-"fx'(xm Vo> 20) - Ax +f}:(x0’ Yos zo) K AJ’ - (bopyyna 1.4)
+£, (%05 Yos Zo)*Az+a-Ax+p-Ay+y- Az,

&—>0mpudx—0, y—>0opu Ay -0, ¥y —=0 npu Az =0,



Teopema. Ecauvacmusie npouseodnsie f.(x, y, z), fy(x, y, 2), f;(x, y, 2)
cywecmeyiom He moavko 6 mouke (Xy, Vo, Z,), HO U 8 HEKOMOpPoii ee oKpecm-
Hocmu, u Kpome mozo nenpepwignvl (kax @dyuxkyuu om x, y, z) 8 3moii mouxe,
mo umeem mecmo opmyaa 14

JUis noxaszaTeNnbCTBa NpeACTaBAM MOJIHOE NMpApamenne Pynx-
uuu du B BHIE:

Au=[f(xo+ A%, yo+ Ay, 2o+ Az) = f(Xy, Yo+ 4y, zo+ 4A2))+
+ (X Yot+dAy, 2o+A2)=f(Xo, Yo, 2o+ 42)] +

+ [f(Xgs Yo» 2o+ 42) = f(Xo, Yo Zo)]-

Kaxgas ¥3 3THX pa3sHOCTeH NMpeACTaBiseT Y aCTH O € NMpHpallleHHe,
GYHKOMH b 00 0QHOM nepeMenHoM. Tak Kak MBI IPeIOIOXIIH CyIle-
CTBOBAHHE YACTHBIX MPOM3BOMHBIX B OKPECTHOCTH TOYKH (X,, Vy» Zo), TO —
pH JocTaTo4YHoi Manocti Ax, Ay, Az — X 3THM pasHOCTSM 110 OTHE/b-
HOCTH MOXHO NPHMEHHTH POPMYNY KOHEHHBIX IPHPALICHHH ); MBI
MOJTY9HM "

Au=f/(x,+04x, y,+ Ay, zo+A4z)+Ax +
+f5(Xos Yo+ 0,4y, 2o+ 42)- Ay + f(Xg, Yo, 2o+ 0,42) - 4z.



Ecau monoxuTsh 34eCh:

fo(xo+04x, yo+ Ay, zy+Az) =1 (X4, Yo, Zo)+,
Sy(Xos Yo+ 0,4y, zy+ 42) '—'fy'(xo’ Yos Zo) +B,
(X0 Yo» 2o+ 0,42) =1 (x4, Yo, Zo) +7,

TO NPHAEM K Bbipaxenuio 14 jusd du. IIpu Ax -0, Ay -0, 4z-0 apry-

MEHTHI MPOH3BOIHBIX B JICBBIX YacTAX 3TUX DABEHCTB CTPEMATCA K X,

Yos 2o (W60 0, 0,, 0, — npaBribEBIE APo6H), CIEIOBATENBHO, CAMH IIPOH3-

BOAHLIC, BBHAY NPECANOJOXCHHON HEONPEPHBHOCTH HX

ANA 3THX 3HAYEHHH NEepeMEeHHBIX, CTpeMATCA K MPOU3BOI-
HBIM B NPaBBIX YaCTHX, 4 BEJMYHHEI &, §, Y — K HYJIIO. DTHM ¥ 3aBEpLIACTCH
J0Ka3aTeNbCTBO.

Hoxazannas TeopeMa JacT BO3MOXKHOCTh, MEXKIY NMPOYHM, YCTAHOBHT,
4TO U3 CYUECIMBOBANUL U HENPEPHIGHOCTIU 6 OQHHOU MOYKEe YACMHBIX RPOU3-
B00HBIX BbIMEKAEM HENPEPbIBHOCMb 6 IMOl MouKe camoti GyHKyuu; neiicTBU-
TeabHO, eciai Ax -0, Ay -0, Az -0, To, oueBngno, u Adu 0.

Ecnun yacTHble Npon3BoAHbIE B HEKOTOPOM TOUYKE CYLLEeCTBYHOT U HernpepbIBHbI,
To chyHKUMA B 3TOU TOUYKe HenpepbiBHa. ObpaTHOEe HeBepHO!



Hnsa Toro urober hopmyity (1) Moxuao Obulo HamicaTs B Gonee xoM-
naxTHoi gopme, BBEIEM B PACCMOTPEHNE BHIPAKCHHE:

o=y A4x2+ Ay* + 422
—~ PACCTOSAHHE MEXIAY TOYKaMM
(X0s Yo» 200 B (xo+4x, yo+4y, z4+ 4z).
[Tonb3ysack MM, MOXEM HAIHCATD:

adx+f-Ay +p- Az—(a —-!ﬂ --+v ‘;—Z)g

OO0o3nauyus BeIpaxesue, croswee B ckoOkax, uepes &, OyaeM HMETh
asAx+pAy- - Az=g-p,
rae & 3aBucur ot Ax, Ay, Az u crpemurcs K nymo, eciau Adx -0, 4y -0,

Az -0 wmm, xopoye, ecnu p-0. Utak, popmyny (1) Mmoxuo Teneps nepe-
nmUcaTh B BHJE:

Au=Af(xy, Yo» 20) =S<(Xos Yo» Z0)*Ax+[y(Xgs Yo5 73+ Ay
+ 17 (Xos Yos Z0) Az +€-p, 1.5

roe e-+0 npu p-0.



. yHKUMA f(x,1,2)
Ha3bIBACTCS JUDDEPEHIIMPYEMOM B TOUKE
(X,),z), €CIIM €€ MNOJHOE IIPUPAILLICHUE UMMET

BU]T
Af(x,y,2)=f(x+Ax, y+Ay, z+ Az)—f(x,),z)=
=AAx+BAy+CA z+o Axta,Ay+ a,Az (1.4%)
A,B,C HE 3ABUCAT ot Ax,Ay, Az

hmAx—>0, Ay—0, Az—0 F17

- hmAx—>O, Ay—0, Az—0 Gy~ hmAx—>O, Ay—0, Az—0 U™
o

a.,,0,=0 ipu Ax=Ay= Az =0

0

19



nun gpyraa dpopma — pyHKLMSA
anddepeHLMpyemMa ecnm ee rnosiHoe
NnpupallieHne npencrasBMmMmo B Buae
Af(x,y,z)=f(x+Ax, y+Ay, z+ Az)-1f(Xx,y,z)=
=AAx+BAy+CA z+o(p), (1.57)
2oe o=VAax2 + A)* + Az2

Teopema 1.7 Ecnun dyHkuma guddepeHuympyema
B TouKe M(X,y,z), TO B 3TOMN TOYKE CYLLECTBYIOT YaCTHbIE
Npou3BO4HbIE, NPUYEM

ObpaTHOe HeBepHO!!



OnpepeneHue 1.8. JInHenHaa yactb popmyn (1.4)

n (1.5) Ha3bIiBaeTcAa NonHbIM aAndpdepeHumanom
n obo3HavaeTcs
dj'(xﬂ,yo,zo)=j;.'(?:u,yg,zo)-:“_'-.x+j;,'(xc,,y0,zg)-&y+j'z'(xo,y0,zo)-&z=
=j’;(xo,yﬂ,zoj-cz’x+f},'(x0,y,j,zo)-dy+f“_,'(xu,y0,20)-dz (1.9)

U
du=ug-dx +u,-dy+u,-dz. (1.9

[Mpn aTOM Kaxgoe u3 crnaraemblix B popmyrie (1.9) Has3biBaeTCs YacTHbIM
anddepeHumanom . Takum obpasom, NosnHbin andpdepeHumnan ectb Cymma
YacTHbIX AndodepeHumanos. A npupaLwleHnUs He3aBUCUMbIX NepeMeHHbIX
paBHbI (Kak 1 B criydae oyHKUMM 0gHOW nepemeHHon) anddepeHumanam.



[ eoMeTpUYECKNN CMbICIT YaCTHbIX

NPOU3BOAHBLIX N ANAMEPEHLINAIOB
(ANa PyHKUMKM OBYX NEepeMeHHbIX)

BcnoMH1M reoMeTpmnyecKknn CMbICTT
nponssogHoU N anddoepeHumnana

Ons pyHKUMM ogHOMN nepemMeHHOoU
[MponssogHas f'(x)=tga — yron HakmnoHa
KacaTesfibHOW.

[NpupalueHre pyHkumMmn — otpesok NM,
OnddpepeHunan pyHKLMM — 3TO
npupatleHue kacatenoHoun! To ecTb
g ondodepeHuman — otpesok NK.




. ['lnockocTb T,
npoxoadwasa Yepes TOUKY NO, Ha3bIBACTCA
KaCaTeJIbHOU IIIOCKOCThIO K IIOBEPXHOCTH,
€CJIM YIOJI MEXY 3TOM INIOCKOCTBIO U MIPSAMOMU,
MPOXOASAIICH Yepe3 TOUKY N, IOBEPXHOCTH U
IIFO0YI0 TOYKY TIOBEPXHOCTH N (X, ),u) #N,,,
crpemurcs K 0 mpu N, —N,






RN

N R

NN;N, — kacaTenpHasd II10CKOCTh

4

KiM; — gacTHOE IpHpalneHHe 110 X
K>M,; - 4acTHOE IpHpaIIeHHe 110 ¥

KM — noiHOe npHpameHHe QyHKIIHA
KN —gactHbIH quddepeHIHal no x
K)N, —gacteeiii guddepennman mno y
KN — nonssni nuddeperiman G yHKIHHA



. Ecnn doyHKUMSA u(x,y)
nuddepeHnupyema B TOUKe (x,,),), TO
KacaTrelbHas INIOCKOCTh K Tpa)uKy (yHKIIUH B
TOYKe N CYIIECTBYET H 3a/1aCTCsl ypaBHECHUEM




[lpumeHeHne gndpdepeHumana
npu NPUONMMKEHHBIX BbIYUCITEHUSIX

Fixg +hx,yy +hy.zy + 42) = F(x.00.2p) HAF
Af s df =f;-&x+f; Ay + £ Az

[Ipumep 1.12. BeraucauTh NpHOIHKEHHO 1,02

Pemenune. PaccMoTpHM QYHKIHIO IBYX ITEPEMEHHBIX
Fxy)=x’

IIycTh x,=1Ax=002 H y,=1Ay=-003

HaiineM f(x,,y,)=1=1

&

D =}"X'v~1=1'11-1=1 @f
%y

= =z mlmzx=1""lhl1=10=0
(Ll1)
Toraa

102%™ & f(xy,00.20) + fo - Ax+ £y - Ay =141.0,0240- (- 0.03)=1,02



