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Math Prelude 1: Vector Algebra Essentials
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Math Prelude 1: Vector Algebra Essentials
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In analytic geometry, the direction cosines (or directional
cosines) of a vector are the cosines of the angles between
the vector and the three coordinate axes. Equivalently, they
are the contributions of each component of the basis to a
unit vector in that direction.




Vector Magnitudes and Collinearity
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Unit Vectors in Coordinate Directions
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Operations on Vectors in Coordinate Representation



Dot Product

Dot Product in Terms of Vector Components
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:> 6-5=axbx+ayby+a7_bz.

@-b=(azi+ayj+ak)- (bsi+byj+b.k)=

= agbti  + azbyi] + agbik +
+ aybji  + aybyji  + aybjk +
+ abski  + abykj +abkk =

= azby + 0+ 0+0+ayb, +0+0+0+a,b,



Vector Magnitude
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Vectors Orgthogonality Condition
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_ agby + ayby + a,b;

\/bg+b§+b§

Angle Between Vectors

. azbs +ay b, + a.b,
/a3 +ad + a2 - /b2 + b2 + b2




Vectors on a Plane

[7;1 s

Lo [:'J y
y o5

[ & i

]
»%
X
y
:'l
5
o
>4
X




Example: prove that the diagonals are perpendicular for
A(-4-44), B(-3;2;2), C(Z51), "

Example: find the length of for |al =2, |b| = 3, (@, b) = %

[
Example: calculate work performed by the force
to move a body from £ to . Calculate
the angle between the force and the displacement



Cross Product

The Cross Product a X b of two vectors is another vector that is at right angles to both:

ax
Which Way? axb *

The cross product could point in the completely opposite direction and still be (a
at right angles to the two other vectors, so we have the:
"Right Hand Rule" ,

With your right-hand, point your index finger along vector a, and point your
middle finger along vector b: the cross product goes in the direction of your thumb.

And it all happens in 3 dimensions!

WE can caLcurate THE Cross ProbucT THIS wAY:
axb=|al |b|]sin(B)n axb

* |a| is the magnitude (length) of vector a

|b| is the magnitude (length) of vector b
e G is the angle between a and b

* n is the unit vector at right angles to both a and b

So the length is: the length of a times the length of b times the sine of the
angle between a and b,

Then we multiply by the vector n to make sure it heads in the right direction (at right angles to
both a and b).



Cross Product

Ol

Area of triangle with sides a and b:

b= —(bxa)

: SA=%|5>-<5|
® (A@) x b= a x (A\b)
a||b &= axb=0
(@+b)xé=axc+bxeé



Cross Product in Coordinate Terms
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axb=(azi+ayj+a.k) x (byi +b,j + b.k) =

= azbz (i X 1) + azby (1 X J) + azb, (2 x k) + aybz (j x 1) + ayby(j x j)+
+ ayb,(j x k) + azbz(k x 1) + azby(k x j) + a,b.(k x k) =

=0+ azbyk — azb,j — aybsk + 0+ ayb,i + abyj —a.byi+0=

= (aybz = a‘zby)'Z — (azb; — az.b:c),-?7 = (azby - ayb,,)E —

az ay|r
]
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Cross Product in Coordinate Terms

When a and b start at the origin point (0,0,0), the Cross
Product will end at:

* cx = ayb, —azb,

* cy = azby — ayb,

* C; = ayby — ayby

Example: The cross product of a = (2,3,4) and b = (5,6,7)
* ¢y =ayb, —a;by=3x7 - 4x6 = -3
* Cy=azby —ayb, =4x5 -2x7 =6

* C; = ayby —ayby = 2x6 — 3x5=-3

Answer: a X b = (-3,6,-3)



Box Product

(@xb)-&=d-¢=|d np;c

(@xb)-c=(bxé-a=(Exa)b
(@xb)-¢=a-(bxc)
abé = —ach, abc = —bac, abc =&

& for vectors lying in the same plane



Triple Product in Coordinate Terms
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(d X b)é =|Qzx Gy Qaz |- (Czi + Cyj + czk) —
b, by b,
. Ay Q = Ay QA | = A, ay = P - = & _
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Example: find prism volume for

d=AB =(-1;-3;-2), b=AC=(1;3;-1), &= AD =(2;-2;-5)



